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Abstract

For a bipartite graph the extremal number for the existence of a
specific odd (even) length path was determined in J. Graph Theory
8 (1984), 83-95. In this article, we conjecture that for a balanced bi-
partite graph with partite sets of odd order the extremal number for
an even order path guarantees many more paths of differing lengths.
The conjecture is proved for a linear portion of the conjectured paths.
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1 Introduction

In [2] the extremal number is given for a path to be embeddable in a
bipartite graph. We first describe a specific bipartite graph that determines
the extremal number for the path Poy.o of order 2k+2, k a positive integer.

Let K 4,B be bipartite with partite sets A and B, |[A|=|B|=2k+1, k
a positive integer. Further partition both A and B into two sets of order
k and k + 1. Joining all vertices in the k (k + 1) element set of A to the
k+1 (k) element set of B gives a graph G with 2k? + 2k edges composed of
two vertex disjoint copies of Ky x+1. This graph G clearly contains no path
Popto. Surely G is extremal for Pog42, since the addition of any edge gives
a graph with 2k? + 2k + 1 edges which contains the path Pyi2. In (2] this
is proved, that for a balanced bipartite graph with parts of order 2k +1, the
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path Pyi.2 has extremal number 2k + 2k, i.e., any such balanced bipartite
graph with 2k? + 2k + 1 edges contains a Psy2.

Thus let G be as described and let G’ denote the graph obtained from
G by adding an additional edge (there are two such nonisomorphic graphs).
Interestingly this graph G’ satisfies a much stronger property. Let C be any
k + 1 element subset of A in G’. Then for each fixed [, 2 <1< k+1, it is
easily checked that G’ contains k + 1 distinct paths with one end vertex in
C and k+1 different end vertices in B. This example suggests the following
conjecture.

Conjecture 1. Let G be a subgraph of the complete bipartite graph Kog11 2k+1
of size e(G) > 2k* + 2k + 1 with partite sets A and B. Then for each k + 1
element subset C C A and 2 <1 < k+1, there exist k+ 1 paths of order 21
with one end vertez in C and each of the k + 1 paths with a different end
vertez in B.

This conjecture, if true, is interesting in that an extremal number for a
fixed Pgy2 implies the existence of many different Pyg2's, starting in an
arbitrary k + 1 element set in A and ending at different k + 1 elements in
B. In addition the truth of the conjecture would imply that the same is
true for all Py'’s, 2 <1<k —1.

The objective of this article is to give credibility to the conjecture by
proving it holds for at least k/9 values of !. In addition the truth of the
conjecture would appear to be applicable, for example, in Ramsey ques-
tions involving the existence of cycles. At this point there seems to be no
comparable extremal result which forces the existence of many similar well
defined paths from the extremal number of a single path.

All notation and terminology not explained here is given in [1].

2 Main result and the Proof

The remainder of this article is devoted to the proof of the following theo-
rem. Its proof is somewhat technical and after some introductory notation
and basic observations is broken into three separate cases. For a vertex sub-
set W of a graph G, we denote the maximal degree max{dg(w) : w € W}
by Ag(W), the minimal degree by ég(W) and |Ng(W)| by dg(W)

Theorem 2. Conjecture 1 holds for at least k/9 values of .

Proof. Let ag,ay,...,az; be the vertices in A such that dg(a;) > dg(ait1)
for all i < 2k — 1. Let Ag(A) = dg(ao) = k+7, A; = {a; : dg(a;) = j},
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and A} = A; \ {ao}. Since the degree of a4, | is at most k,

[Akgr]-1 2k
(k+7)|Acsr] + B2k +1— [Aea]) = D dola) + Z dg(a;)
i=0 i=|Ak4]
> 2k% + 2k + lk .
+
= lAk+1| > T. (1)

Let U be a subset of A and v a positive real number. Let H(U,v) be
the graph whose vertex set is U and edge set is {uv : |[Ng(u) N Ng(v)| >
v}. Suppose U contains three vertices u,v,w such that all of |[Ng(u) N
Ne(v)|, INe(v)NNg(w)| and |[Ng(w)NNg(u)| are smaller than k/9. Then,

|Ng(u) U Ng(v) U Ng(w)|
|Ne(u)| + [Na(v)| + [Ne(w)|
=(|Ne(v) N Ng(v)| + [Ng(v) N Ne(w)| + |[Ne(w) N Ne(u))
> 36c(U)-3k/9
<= 6c(U) <de(U)/3+k/9.
Conversely, if 6g(U) > de(U)/3 + k/9, then for any three vertices in U,

there are two vertices which are adjacent in H(U,k/9). Therefore, the
following claim holds.

Claim 1. Let U be a vertex subset of A. If 6c(U) > dg(U)/3 + k/9, then
the stability of H(U,k/9) is at most two.

In particular, since dg(U) < |B| =2k + 1,

de(U)

ALY

if 6a(U) 2 gk+ %, then the stability of H(U,k/9) is at most two.  (2)

We denote the vertices in C by ¢g,ci,...,cr where dg(c;) = de(ciy1)
for all i < k — 1. If Ag(C) < k —r + 1, then

2k%24-2k+1 < (k—r+1)|C|+(k+7)(|A|—|C|) = 2k*4+2k—r+1 < 2k +2k+1.
Therefore, since [Ng(ao) U Ng(co)| < |B| =2k +1,
A¢(C) 2 k—r+2 and [Ng(ao) N Ng(co)| > 1. (3)

We divide the remainder of the proof into three cases.
Case 1. Ag(A)=k+1, te.,, r=1.
From (1), |Ak+1| = k£ + 1, and so Ag4; contains a vertex of C. From (2),

the stability of H(Ak41,k/9) is at most two. Therefore, H(Ak41,k/9) has
a hamilton path or is the union of two cliques.
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1. Suppose that there is a component X in H(Ax+1,%/9) containing a ver-
tex z of C such that | X| > k/9. Since X is a clique or X = H(Ag41,k/9),
obviously for any 2 < I < k/9, there is a path P = =125 ---z; in X where
z; = z. Since |Ng(z;) N Ng(ziv1)] = k/9, for any y € Ng(z1), there exists
a path

Py =yzipz2 - 21117

where y; € (Ng(z:) N No(zi+1)) \ {s»y1,92,- - i1} for 1 < <1 -1
Since dg(z1) =k+1 and z; = 2 € C, the set {P, : y € Ng(x;)} gives the
desired set of k + 1 paths.

2. Assume that any component in H(Ag4+1,k/9) contains no vertex in
C or the order is less than k/9. Since Ax4; contains a vertex of C,
H(Ak+1,k/9) is the union of two cliques. Let X be the largest compo-
nent in H(Ag41,k/9). Since the other component contains a vertex of C,
|X] > 8k/9. As C contains a vertex of degree k + 1 and |B| = 2k + 1,
[Ne(C) N Ng(X)| = 1.

2.1. Suppose that [Ng(C) N Ng(X)| 2 2. Let 3!,y € Ng(C) N Ng(X)
and z7 € Ng(y?)NC and 29 € Ne(y?/)N X for j = 1,2, i.e., G contains two
paths z'y'z? and z2y222. For any 2 <1< k/9,let P=1r1z5---2;_; be a
path in X where z;—; = z!. For any y € Ng(z;) \ {y'}, there exist a path

1 1,1
Py =yniy1z2--- 711y 2

where y; € (Ng(zi) " Ne(Zi+1)) \ {v, ¥ s v1, 92,y ¥ic1 } for 1 <6 <12
Since dg(z1) = k + 1, the set {P, : y € Ng(z1)} gives the desired set of
at least k. If y' € Ng(z;), then by using z2y%22, we can obtain one more
desired path as above.

2.2. Assume that |[Ng(C) N Ng(X)| = 1. This implies for any z € X,
Ng(X)\ Ng(C) = B\ Ng(C) and dg(C) = k + 1, and

for any z € C, |Ng(2) N Ng(cp)| 2 dg(2). (4)

Let U = {co,c1,- - -5 C2k/9-11}-

2.2.a. Suppose dg(U) > dg(U)/3 + k/9, then from Claim 1 the stability
of H(U, k/9) is at most two. Let X¢ be a largest component in H(U, k/9).
From (4), co € X¢. For any 2 < I < k/9, there is a path 2125--- 2 in X¢
where 21 = ¢p. For any y € Ng(cg), there exists a path

Py =yYyayi1z22 0 Z1-1Y1-12

where y; € (Ng(z:) N No(ziv1)) \ {#, ¥1,92,-- s ¥i1} for 1 <4 <11,
Since dg(cp) = k + 1, the set {P, : y € Ng(co)} gives the desired & + 1
paths of order 2I.

2.2.b Suppose 6g(U) < dg(U)/3 + k/9 = (k + 1)/3 + k/9 = (4k + 3)/9,
then dg(crak/91) is also smaller than (4k +3)/9. Since |C\U| = [7k/9+1]
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and [A\ (C\U)| = 2k + 1 — 7k/9 — 2, the number of non-adjacent pairs
between A and B is:

(2k +1)% — (2k? + 2k + 1) = 2k* + 2k
4k +3

2 (Zk+1-(+D))(ANC\U) -1+ @2k +1-——=)(C\U|+1)
> (2k+1—(k+1))(2k——9’E—2)+(2k+1—ik—ﬁ)(7 +2)
_ 197 k+4

a contradiction.
Therefore, for the remainder of the proof

Ac(A) > k+2,ie,r>2

Case 2. |Af 4| > 2k/9 - 2.
From (2), the stability of H(A},,, k/9) is at most two. Since k+1+k+r >
2k + 3,

|Ng(ao) N Ne(z)| > 2 for any z € Ay y,. (5)

1. Suppose that there is a component X in H(Aj,,,k/9) containing a
vertex z of C such that |[X| > k/9 — 1. Since X is a clique or X =
H(A},1,k/9), obviously for any 2 <! < k/9, there is a path P = z3-- -,
in X where z; = 2. For each y € Ng(ap) and ' € (Ng(ao) N Ng(z2))\ {v},
there exists a path

Py = yaoy'Tay2 -+ Ti—1Y1-1%1

in G such that y; € (Ng(z:) N Ne(zit1)) \ {v, ¥, y2,...,¥i—1} for all 2 <
i <1 - 1. Since dg(ao) > k + r, the set {P, : y € Ng(ao)} gives a desired
set of k£ + 1 paths of order 2I.

2. Suppose that any component in H(Af,,,k/9) contains no vertex in
C or the order is less than k/9 — 1. Let X be a largest component in
H(A},,,k/9). Then |X| > k/9—1.

2.1. Suppose there exist z € C and z € X such that |[Ng(z) N Ng(z)| > 2.
For any 2<1<k/9,let P=zyz5--- ;1 be a path in X where z;_; = z.
For any y € Ng(z1), there exist ¥ € (Ng(2) N Ng(z)) \ {y} and a path

Py =yzipizo - mi1y'z

where y; € (Ng(z:;) N No(zit 1)) \ {#, ¥ v1,92,. -, yim1 P for 1 i <1 -2,
Since dg(z1) = k+ 1, the set {P, : y € Ng(z,)} gives the desired set of
k + 1 paths.
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2.2, Suppose
for any z € C and z € X, |[Ng(z) N Ng(z)| < 1. (6)

This implies ag # co by (5) and |Ng(ag) N Ng(cp)| = 1 from (3). Let
y' € Ng(ag) N Ng(co). Then, obviously {P, = yaoy’co : ¥ € Ng(ao) \ {¥'}}
contains the desired k + 1 paths of order 4. Hence in the following we
consider when 3 <! < k/9.

2.2.a. Suppose |Ng(ag) N Ng(co)| > 2. Forany 3 <! < k/f9, let P =
z1Z9 -+ Zy—2 be any path in X. At first, we specify y € Ng(z1), and let
¥’ € (Ng(ao) N Ng(c)) \ {y}. If Ng(ag) N Ng(zi-2) # {y,¥'}, then we can
choose ¥ € (Ng(ao) N Ne(21-2)) \ {y,¥'}. If Ng(ao) N Ne(z:1-2) = {y,¥'},
then from (6), y ¢ Na(ao) N Ng(co). Hence we can choose ¥y’ € (Ng(ag) N
Ng(co)) \ {¥,¥'}. In either case, as in the above, we can construct a path

" ’ ! n
Py = YTiy1T2y2 ¢ - T2y QoY Co Or YT1Y1Z2Y2 - - - T1-2Y QoY Co

in G, respectively. Since dg(z;) > &k + 1, we have the desired k + 1 paths
of order 2[.
2.2.b. If |Ng(ao) N Ne(co)| < 1, then equality holds and dg(cp) = k—r+2
from (3). Let {y'} = Ng(ao) N Ng(co), and then Ng(cp) = (B \ Ng(ap)) U
{v'}.

Suppose there is a vertex £ € X such that Ng(z) \ Ng(ao) # 0. Let
y" € Ng(z)\Ne(ao). Since Ng(co) = (B\Ng(ao))U{y'} end y’ € Ng(ao),
y" € Ng(co), let P be a path zez3---7;—; in X where z;_; = z and
3 <1 <k/9. For any y € Ng(ag), we can construct a path

Py = Yyao1T2y2 'ivz—ly"co

in which y; € (Ng(z;) N Na(zi+1)) \ {#, ¥, v1,¥2,-- ., yi—1} for i <1 —2.
Since dg(ao) = k + r, there are k 4 1 paths of order 21.

Suppose Ng(X) C Ng(ag). Let z1z2---x1—2 beapathin X for3 <1 <
k/9. For any y € Ng(z1) \ {y}, there is y” € (Ne(21-2) N Ng(ao)) \ {v,¥'}
since |[Ng(zi1~2) N Ne(ao)| = dg(zi—2) = k + 1. Thus we can construct a
path

P, = yz1y1Z2y2 - - - 12" aoy’co

in which y; € (Ng(z:) "\ Ne(zi+1))\ {9, ¥, ", v1,92,. .., yim1} for i < 1-3.
Hence, if |[Ng(z1) \ {¥'}| = k+ 1, then there are k + 1 paths of order 2I. If
|Ng(z1) \ {¢'}| =k, then 3’ € Ng(z1), and so for "’ € Ng(ao) \ Ng(z1),
we can obtain (k + 1)th path

y" a0y T1-2 - yazay1 31y co.
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Case 3. |Aj 4| < 2k/9-2.
From (1), since 2k/9—2 > |A; 4| = |Aks1| =12 (k+1)/r =1, 7 2 5. Let

m = dg(ak+1) and p = [{a; : dg(a;) <k and 1 < i < k}.

Then p > k — (2k/9 — 2) = 7k/9 + 2 and

k-p k 2k
2% +2k+1<e(G) <) do(a)+ D, dolas)+ Y, do(as)
i=0 i=k—p+1 i=k+1

<@k+1)(k-p+1)+kp+mk
= km>2pk+p-—k
=m>2p>Tk/9+2>Tk/9+1/3.

Hence,

the stability of H(Ar,, k/9) is at most two

from (2). Furthermore

k—-p k 2k
U+ 2%k +1<e(G) <) dola)+ Y, do(a)+ D dolas)
i=0 i=k—p+1 i=k+1

<(k+r)k—p+1)+kp+mk
= km>k +k—kr+pr—r+1

=}m2k+1—r+p—:F—1.

Since r > 5 and p > 7k/9 + 2, the following inequalities hold:
-r+1

m+(k+7)22%+1+% = 2% +3
= rp-1)22k-1
Therefore
for any z € A}, and a; € Ag4r, Ne(z) N Ng(a;) > 2. )

Notice that as |A},| = &k + 1, A, contains a vertex z in C \ {ap}. Let
¥’ € Ng(ao) N Ng(z). Then, obviously {P, = yaoy’z : y € Ne(ao) \ {¥'}}
contains the desired k + 1 paths of order 4. Hence in the following, we
consider the case when 3 <! < k/9.

1. Recall that the stability of H(A},, k/9) is two. Therefore if H(A?,,k/9)
has a component X which contains a vertex z of C with | X| > k/9—1, then
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we can construct the desired k + 1 paths of order 2! for any 3 <1 < k/9 as
done in part 1 in Case 2.

2. Suppose that each component X in H(A?,, k/9) has no vertex of C or
|X| < k/9— 1. Since A}, N(C\ {ao}) # 0, H(A},,k/9) is the union of two
cliques X and X’ such that |X| > 8k/9+1, XNC =9, |X'| <k/9—1 and
X'NnC#0.

2.1. Suppose that there are z € X and z € C\ {ao} such that Ng(z) N
Ng(z) # 0. Let ¥’ € Ng(z) N Ng(z) and P = zoz3--- ;) be a path in X
where z;_; = z for any 3 <1 < k/9. Let y" € (Ng(ao) N Ng(z2)) \ {¥'}.
Then for any y € Ng(ao) \ {¥',¥”}, we can construct a path

P, =yaoy"zoy2 - - - 11y 2

in which y; € (Ng(z:)NNe(zit1))\{v, ¥, v, ¥2,. . ., yic1 } for2 <i < 1-2.
Since dg(ag) > k+7 > k+5, we obtain the desired k+ 1 paths of order 21.
2.2, Assume that Ng(X) N Ng(C \ {ac}) = 0, ie,, Ng(C \ {ao}) C
B\ Ng(X).

2.2.a. Suppose dg(X) > k+ 1. If ag € C, then for any y € Ng(X) and
3 <1< k/9, there is a path P = ;x5 -+ 2, in X such that y € Ng(z,),
and y” € (Ng(zi—1) N Ng(ao)) \ {y}, and so there is a path

Py =yninhray2 - '$z-1y"ao

in which Yi € (NG(xi)nNG(zi-l-l))\{ys ylaylﬁy% cee 1yi—l} for 1 <iLl-2
Since dg(X) > k + 1, we obtain desired k + 1 paths of length 2I.

If ap ¢ C, then from (3), Ng(ap) N Ng(co) # 0. Let 3’ € Ng(ap) N
Ng(co). Notice that y' ¢ Ng(X). For any y € Ng(X) and 3 <[ < k/9,
there is a path P = 125 -+ ;2 in X such that y € Ng(z,). For y” €
(Ng(zi1-2) N Ne(ao)) \ {y}, we can construct a path

P, = yziy1z2y2 - - - Ti—2y"agy’co

in which y; € (Ng(z:) N No(zi+1)) \ {v, ¥, ¥", 1,92, ..., gic1} for 1 <@ <
l - 3. Since dg(X) = k + 1, we obtain the desired k + 1 paths of order 2.
2.2.b. Assume dg(X) < k. Let U = {co,c1,...,¢126/0-21} \ {ao}.

Suppose
dg(U)
3

k
‘SG(U) 2 + 6,

and then from Claim 1 the stability of H(U, k/9) is at most 2. Let X be
a largest component in H(U, k/9).

If there is 2 € X¢ such that Ng(z) N Ng(ag) # O, then there is a
path P = 2023---2 in X¢ for any 3 < | < k/9 where zp = 2. Let
y' € Ng(z2) N Ng(ao). For any y € Ng(ao) \ {¥'}, we can construct

P, =vyaoy'zoy2 - 21
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in which y; € (Ng(z:)) N Ng(zit1) \ {9, ¥, v2,.. s yic1} for 2 <i <l -1
Since dg(ag) > k + r, we obtain the desired &k + 1 paths of order 2!.

If Ne(Xc) N Ng(ag) =0, then Ag(Xc) < k—r+ 1. This implies that
de(crarjo-21+1) < k—r+1. Let L = {c;: [2k/9—-2] +1 < i < k}. Since
|X) > 8k/9+1, | Xc| > k/9-1,

|L| = [Tk/9+2] > Tk/9+ 1, |A\ (X UXc UL)| < 2k/9,
and k + r > max{k,k —r + 1},

2k? 4+ 2k +1 < ¢(G)
< Ydel@+ Y do(2)+ Y dele)+ D, do(as)

zeX 2€Xc ci€L a;€A\(XUXcUL)
< kX|+ (k—r+1)|Xc|+ (k—r+1|L|+ (k+7)A\ (X UXcUL)|

k 7

< k(§k+1)+(k—r+1)(§ ~ 1)+ (k-r+1)(Gh+ 1)+(k+r)§k
= 2k2+%7k—%k< 2k% + 2k + 1.

This is a contradiction.

Therefore
de(U) , k _2k+1-do(X)  k
= "7 ST e\ x
dc(U) < 3 + 5 < 2 + :
Since 1
de(X)26c(X)>2m2k+1—r+ P%,

2k+1-dg(X)<k+r, andso

k+r > max{da(X), 2 + 1 — dg(X), 2F 1 ;dG(X)) + g}.

Since | X| > 8k/9+1, |U| > 2k/9—-2, |L| > 7k/9+1 and |A\(XUUUL)| <
k/9+1,

2k% + 2k + 1 < ¢(G)

< Y de(x)+ Y de(z) + > dele) + > dc(ai)

zeX zeU ci€EL a;EA\(XUUUL)
8 2
< dG(X)(-k +1)+(2k+1- dG(X))(—k -2)

+(2—'°—+—1ﬁ(£2 5e k+1)+(k+r)( +1)

3
_ 94 \ lldg(X) 8dg(X) 47 5
= k Qk + 27 k+ 3 ?k -3 +r
11de(X), . 8de(X) 2, 101, 8
57kt —3  +r2 81'c 7kt3

= §k+
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Since dg(X) <kandr<k+1

r 11de(X),  8dg(X) k+1 11k, 8k
z <2 gy 2P SR

9k+ 57 k+ 3 +r< 9 k+ 27k+3+k+1
11,, 34 10 68, 101 8

27k +?k+ ) <81k + 27k+§,

a contradiction. This completes the proof of this case and the proof of the
theorem. (m|

References

(1] R. Diestel, Graph Theory, Second edition, Graduate Texts in Mathe-
matics 173, Springer (2000)

[2] A. Gyarfss, C. C. Rousseau, R. H. Schelp, An extremal problem for
paths in bipartite graphs, J. Graph Theory 8 (1984), 83-95.

32



