EXPONENTIAL OPERATOR DECOMPOSITION FOR
CARLITZ TYPE GENERATING FUNCTIONS

JIAN CAO! AND XI-LAI ZHAO

AssTrACT. In this paper, we give the Hahn polynomials represents by Carlitz’s
g-operators, then show how to deduce Carlitz type generating functions by the
technique of exponential operator decomposition.

1. INTRODUCTION

One of the customary ways to define the Hermite polynomials is by the relation
(14, p. 193]

Hy(x) = (-1)" exp(x*)D" exp(—#?), D =d/dx, (1.1)
which is equivalent to [22, p. 191]

B —1miay

Hy(x) = T "€ N, (1.2)

k=0

where the symbol [n/2] means the largest integer smaller or equal to /2.
Burchnall [4] deduce many important formulas of the classic Hermite polyno-
mials by employing the operational formula

(D-2x)" = Z(—-l)""‘ (Z) H,_(x)D*. (1.3)
k=0

For more information about the classic Hermite polynomial and its operational
formula, please refer to [1, 4,9, 14, 15, 17, 20].
The Rogers-Szegd polynomials [7, 24]

hn(xlg) = Z[Z]#‘ and  ga(xlg) = Z[Z] g = h(xig ™), (14)
k=0

k=0
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which are in some respects the analogue of the Hermite polynomial (See [8)), are
closely related to the continuous g-Hermite polynomials via [23]

Ho(cos flg) = e hy(e*¥|q). (15)
For more information, please refer to [2, 5, 6, 12, 13, 18, 19, 21, 25].

Carlitz gave a clever g-analogue of Burchnall’s method by defining the shifted
operator B and it’s formula [8, Eq. (4) and p. 522] as

B'f(x) = f(xq") and (B;+x)"= Z [’:] XEL. 1.6
r.;o

In this paper, we give the auxiliary operator of (1.6)
n
(B +x)=>" [Z] g kg .7
k=0
by the noncommutative g-analogue of binomial theorem (See Lemma 2.1 below).
The reason why we use Carlitz’s g-operator and the auxiliary ones are based
on the following facts.

hu(xlg) = (Bx + x)"(1) and gy(xlg) = (E;' +x)'(1}. (1.8)

In [8], Carlitz gave a elegant proof of g-Mehler’s formula for h,(xlq) (See
Proposition 3.1 below) by relations among operators By, B, and E,. There are
many others methods, such as the method of transformation theory [10], the com-
binatorial method [18], the method of parameter augmentation [12, 13], etc.

In fact, we can deduce g-Mehler’s formula for Rogers-Szeg6 polynomials as
one purpose by Carlitz’s g-operators directly, the thought is decomposition, so
the method may be called “exponential operator decomposition”. See details in

Sections 3.
In this paper, we first represent the Hahn polynomials [3, 11, 25]

¢(xlq) = Z[Z] @qnx* and yP(xlg) = Z[Z] ¢“"x'(ag' " qx (19)
k=0 k=0

by Carlitz’s g-operators as follows.

Theorem 1.1. For k € N, we have

Ot = (0, 58 e 4 EEF
¢ (xlg) = (4, 5%; 9)en { @ + o). {1)} . (1.10)

Theorem 1.2. For k € N, we have
1 k
O 7Y = -1 -1 )
VGla) = G {(1&3x +x) ((13x + x)tg; q)w{l}} . (1.11)

Remark 1. Fort =0, (1.10) and (1.11) reduce to (1.8).

Another purpose of this paper is to show how to deduce the following Carlitz
type generating functions by the method of exponential operator decomposition.



Theorem 1.3. For m,n,k € N and max{lu|, |xul,|v|,yv], wl} < 1, we have

S 4@ ®) umvwt _ _(aux,byvi @)

,,,,Z;o It )8 010) (% D@ DG D (s X0, v, YV, W3 @)
o S (@ ekt Drek(D; )5k (V; @k (w; @ew” S xkHrykts (1.12)
= (@ D(q; 9)s(qs P(axie; Qs r(byV; @ies S

Remark 2. Carlitz [11, Eq. (3.5)] gave the result of Theorem 1.3, but it's missing
XY (axu; @rar(BYV; @icrs ON the right of (1.12). We can just taking x =y =0
for checking.

Theorem 1.4. For m,n, k € N and max{laxuql, |byvqgl} < 1, we have

S @ By o (= 1yt gUE NI ymymk

m...z.:how'""k(xlqw"*"(qu) (7 DT Dn(g: @i

(ug, xug, vq, yvq, wq; 4)eo

= 1.1
(axug, byvg: g)e (1.13)

o (1/u, 1/a; ), (1/v,1/b; Q) (1/w; g)w <+ 2 gl1-Rr+)+k2-H)
(9: D(q; 9)(q; 9)s(1/(axu); @), (1/(BYV); @)ios

k,r,s=0
Remark 3. Foru = v = 0, Theorems 1.3 and 1.4 reduce to g-Mehler’s formula
Jfor Hahn polynomials (3, Eq. (1.17) and (1.18)] respectively. Fora = b = 0,
Theorems 1.3 and 1.4 reduce to Carlitz type generating functions for Rogers-Szegd
polynomials (See Lemma 3.3 and 3.4 below), respectively.

2. SOME LEMMAS AND PROOF OF THEOREMS 1.1 aND 1.2

In this paper, we follow the notations and terminology in [16] and suppose that
0 < g < 1. The g-shifted and its compact factorials are defined by

n-1 )
@ao=1, @an=]]0-ad) @@w=]]01-adh
k=0

k=0

and (a1,a2,...,8m; @)n = (@1;@n(G2; @n - . . (Gm: @n, respectively, where n € N =
{0,1,2,---). The operator E acting on the variable x will be denoted by E,.
The basic hypergeometric series ,¢; is given by

a0t ] NV @182 i D ap (]
'¢’[ brs.obs ’q’z] 2 G begn 2 DO @D

for convergence of the infinite series in (2.1), |g] < 1 and |z] < co when r < s,
or|gl < 1and |zl < 1 when r = s+ 1, provided that no zeros appear in the

denominator.
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The g-difference operator D, and 6 = 77 D,, and the g-shifted operator 7 are
defined by
1
Dq(f(@)} = ~(f(@) - flag)) and nif(a)) = flag),

the g-difference operator D, and 6 acting on the variable a will be denoted by D,
and 4,, respectively.
The g-binomial theorem reads that [16, Eq. (1.3.2)]

(a; q)k _ (az,9)w
Z (g Q)k Y Il < 1. 22)

The noncommutative g-analogue of binomial theorem states that

Lemma 2.1 ([16, p. 28] or [13, Lem. 2.2]). Let A and B be two noncommutative
identerminates satisfying BA = gAB, then we have

(A+B)Yy = Z [Z] AFBTk, (2.3)

k=0
Lemma 2.2. For k € N, we have

1 {xj‘(xqu q) }
((IEX + x)a; q)w (xu, xw; @)oo
(@xu; q)eo i (ug*; g) (a; W X4

= 24
(a,ax, xu; Q)0 =4 (q: @r(@xu; Qrer @9
Proof. The left hand side of (2.4) is equal to
S (uqk;q)rwrus 1 {xk+r+s}
oo (9:9)(g; 9)s ((Ex +x)a; )
o (ugh; g)wu J
- +x AJc+r+s
;g, (@99 9)s ,.Zo (q,q);(E" Y
= Zw: (ut.[k; q)n.v’us o« fzj J [{] xj_lxk+r+sql(k+r+s)
r,s=0 (q9 Q)r(q’ q)S j"-’o ( ’ q)j 1=0
o (ughg) W' ke
2 @:9)(g:9)s (ax,ag**™*s; q),,
_ Z (ug*; 9),(@; @hrrw i u'x'(ag""; q),
(a,ax; q)w (@:9)r S @aes
which is the right hand side of (2.4) by g-binomial theorem and simplification.
The proof is complete. O



Lemma 2.3. Fork € N, we have
1 . (xug, xwq; q)o
((E" +x)ag; q)«» {xk (xuwg'*; q),, }
_ (ag, axg, xuq; g)eo i (¢*/u; 9),(1/a; Qosrw g —o"
(axug; q)eo (q: 9 (1/(axu); q), . u*
Proof. The left hand side of (2.5) equals

2.5)

i (¢*/u; q), (uwg' %Y us(~1)7¢(3) Z (-l)fq(z)a’q’ £ ) {x;ﬁm]

CHNCH)E & @9
Z (¢*/u; ), (uwg' ) u(~1)°¢(2)
rs=0 (@ q)r(q; 9)s

Z (-1)’4(1)0" ¢’ [ ] - ) g1 ghsrs geltkerss)
]_0 (q! q)] I,_.o

= o (@1 q)r(qu k) u‘(—l)‘q( 2) gkires 1=k-r-s,
) Z (4:9)r(g: 9)s (axg,aq 19

r,s=0

o (g /us q), (uwg Y XN () e L
= s @)oo (-1 +r 2 +r =;
(aq,axq; q) ; @D (-1**7g~ 2k (a q)k"

00 SR+ kT | e s
g~ ®*(g**" [a; q) (axug)
X Z (q; 9)s

which is equivalent to the right hand side of (2.5). The proof is complete. a

’

Proof of Theorem 1.1. The right hand side of (1.10) is equivalent to

. 1 = , y k l .
(380 {m""‘(""’”} - eai0- )] )
= (1, xt; oo Z [ Z (]Ex +x) {xj}
]—0 S"'o

= (1, Xt Qoo Z ["J i ; (—q% _120] [‘,‘] x*ql

X
= (1, X, @) Z [ il ot a),

which is the right hand side of (1.10) by the definition (1.9). The proof is com-
plete. 0O

~.
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Proof of Theorem 1.2. The right hand side of (1.11) is equal to

1 . Zk: m qju—n((m;l + X)ig; q)w{ )

(tg, x19; 9)eo 4

JG-k) (-1)° q(”l)ts [] I(1=5) s=1+j —lJ
CEZTN xtq, Deo £ H ,Zé @9 & d

1 k| ; i ;

= — g Pxi(1g' 7 xtq; q) ,
(tg, xtq; q)es ,.Z:(}uq (1™ 1ziq),

which is the right hand side of (1.11) by (1.9). The proof is complete. O

3. CARLITZ TYPE GENERATING FUNCTIONS FOR ROGERS-SZEGO POLYNOMIALS

Carlitz [7] deduced the following g-Mehler’s formulas by using the recurrence
relations of Rogers-Szeg6 polynomials.

Proposition 3.1 ([7, Eq. (3.9)]). For max{ltl o |xtl s [y, lxytl} < 1, we have

(%5 9)es
hn hin = . 3.1
; (adhaole) - q)n T @3.1)
Proposition 3.2 ({7, Eq. (3.13)]). For |xyr?/q| < 1, we have
= ~1)* (;)t” y Aby )by yq)oo
3 enrig)gati) S L = EFhIL DL (32

e @D (92/4:9)

In this section, we deduce Propositions 3.1 and 3.2 directly by the method of
exponential operator decomposition. Then we continue to deduce the following
Propositions.

Proposition 3.3 ([11, Eq. (1.3)]). For max{|ul,v],w|, |xul, yvl, |xw|,ywl} < 1,
we have

S wmwk
R (xlg)h
,,.,.ZJ:‘:o k(1) "*k(qu)(q; Dm(q; Pl i
(xuw, yvw; @) [ uv,w
T (u, v, W, Xt YV, XW, YW @)oo 362 xuw, yyw P w]. G3)

Proposition 3.4 ([5, Eq. (4.4)]). For max{|xuwgq|,lyvwgl} < 1, we have

wmVw
(@ Dm(q: Dn(q; @

D7 (= 1ymnkgCER I (g, (xlg)gne V1)
mun k=0

_ (ug,vq, wg, xuq, yvq, xwq, ywq; @)es u, 1/v, 1/w ]

- (xuwg, yywg; @)oo %2 1/ (xuw), /owy®9 G4

250



Remark 4. The form of the right hand side of (3.4) is different from that of [5,
Eq. (4.4)], but they are equivalent, see details the proof in Section 5.

Proof of Proposition 3.1. The left hand side of (3.1) equals

- " 1
ha(Ylg) E, +x)"{1} = {1}
; 0D, B (@: + D), +y)t5q)_

- ! (1)
T (B + 21, (Bx + X))

_ 1 . (yt)k (E k
T (s +0)19) {;Z—:; G “}}

1 1
T ((Br+0)59), {(yt. XVt Qoo }

1 1 1
" 019w (B + D59)., {(xyt: 9o } '
Iﬁlfing (a,k,u,w) = (,0, yt,0) in Lemma 2.2, we achieve the proof of PropositicEg
Proof of Proposition 3.2. The left hand side of (3.2) is equal to
(5" + 2)E;" +5)sa) (1)
= ((IE;‘ + x)t, (IB;' + x)yt; q)mlll
= (&' + s q)wl(w, X1, Qles}

= 09((E:" + 2)1q) (95 0)a)

Letting (a,k,u,w) = (t/q,0,yt/q,0) in Lemma 2.3, we conclude the proof of
Proposition 3.2. (]

Proof of Proposition 3.3. The left hand side of (3.3) is equal to

1
{n
((]E, +x)u, (By + y)v, (Bx + x)(Ey + y)w; Q)N
= 1 { 3 (W; q)kwk xk yk
((]B, + x)u, (B, + y)v; q)m = @ Do (GW; Q0 OW; Qe

ST N N I W R A
B @D (Bt x)usq) (WD) (B, +y)vig) \OWid
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o Cuwywigde N0 _mawt mgrt i@t
(u, X1, XW, V, YV, YW; @)ea &8 (W3 D)oo Pk (xruw; @) vw; g’

which is the right hand side of (3.3). This completes the proof. O
Proof of Proposition 3.4. The left hand side of (3.4) is equivalent to
((IE;' + x)uq, (]B;' + y)vq. (IE;l + .x)(]l’l;l + x)wq; q) {1}

-3 (wq;q)m((lq{:;f)k(wzq)*((ﬂ;l + x)ug; q) {owg: o)
k=0 ’ -

x((&" +y)aia)_{owai ),

which is the right hand side of (3.4) after simplification. This leads to the proof.
0O

4. ProoF oF THEOREMS 1.3 aAND 1.4

In this section, we deduce the Carlitz type generating functions directly.

Proof of Theorem 1.3. The left hand side of (1.12) is equivalent to

= m+k n+k
Z (a,ax,b,by, @) Byt )7 @ +)) Wt {1}
mak=0 (B + D)a, B, + )b q) _ @ D@3 Dn(g: O
1
= (a, ax, b, by; q)e
(s + x)a, B, +)big),,

1

* (CBx + x)u, (B + x)v, (Bx + 2)(Bx + x)wigq)_
1

(Bx + x)a, (B, +»)biq)_
{ (xuw, ywW, @)oo 9 (4, v, W, @ ( )k}

{n

= (a,ax,b, by; @)c

(4, X0, v, yv, W, XW, yW; Q)0 =3 (g, XUW, yyW; @)
_(a,ax,b,by; @)oo T (4, v, w; qlW 1 {x"(xqu";q)w}
wvwide o @D (B +x)aq)_ | (i xwig),
g 1 {y‘(vaq";q)w}
(B, + x)a;q)_ OV, W; @)oo

_ (@xubyv;@e O (v, Wi @i (4g*; 9),(a5 Qe
(v, w, xu, v Qoo S (G (4: 9)r(axue; Qrsr
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o 25.a), B sy
(2 Ds(byv; P
which equals the right hand side of (1.12). The proof is complete. a

Proof of Theorem 1.4. The left hand side of (1.13) is equal to
1 > m+k n+k
B'+x) (E'+ E:! + x)ag;
(aq,axq,bq, byq; ) mg-‘,;;o( (8 o (B + saaia)
(= 1ymenkg (T () ) ymympk
(7 D s Dn(q: @k
1 ( -1 -1 )
= BZ' + x)a R E>" + y)b H
(aq, axq, bg, byq; g)x ( '+ x)ag & Y)baiq o
X ((B;‘ + x)ug, (B + y)vq, (]E;' + Jc)(lE;l +y)wg; q) {1)
g, Vg wg; Poo < (111, 1/9,1/w; ), g P(uvw?)

~ (aq,axq,b9,byq:9)w & (@9

_ - (xug, xwg; @)oo x* , YWG; Qoo
([ o 55 o) { G GrA D)

_ (ug, xuq,vq, yvg, w; @)oo i (1/u,1/v, 1/w; g) g ® O (uvw?)"
(axug,byvg; P & (4 9k
N Z"’: (4 1139),(1/a; @rer(g"V; @)s(1/b; Qg sw*5 g1 R+
= (q; (g5 @)s(1/(axu); @), (1/(BYV); @)

which is equivalent to the right hand side of (1.13). This completes the proof. [J

{1}

X ((IE;I + y)bq; q)°°

’

5. ADDITIONAL PROOF OF 3¢2 TRANSFORMATION

Zhang [26] utilized the method of parameter augmentation [12, 13] to deduce
the following g-exponential operator identity .

Proposition 5.1 ([26, Theorem 2.5]). For max{lav|,ladsw/qi} < 1, we have

E(d6,) {(at,as, aw, q)ao} = (at,as,aw, ds,dw; @)« 1/v,q/(as), q/(aw). ]

(@v; @)oo (av, adsw/q; @) 3¢2 [ q/(av), ¢*/(adsw)’ 9]’
6.

where B(b8,) defined by

= 4B
q
B(b6) = ) ———(b6)". (5.2)
per ACHN

The author [5] used parameter augmentation to deduce many generating func-
tions of Carlitz, one of which is
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Proposition 5.2 ([5, Eq. (4.4)]). For max{|xuwgql, |xyvwql} < 1, we have
umVrwk

S 1yt g, ladgne
mZJ;:o( ‘ ? Smsi(l0)8 k(qu)(q: D (s Dn(q:

_ (uq,vq, wq, xug, yvg, xwg, Xywq; q)es . 1/v, 1/(xu), 1/(xw), q
(xuwgq, Xyvwq; oo P (xuw), 1/ (xyvw)’

In this section, we will prove the equivalence of (3.4) and (5.3).

q]. 5.3)

Proof. The left hand side of (5.1) is symmetric in s and w, and so is the right hand
side. Interchanging s and w we obtain the following result.

(ds; @)oo @[t/v,q/(aS).q/(aW) ]
(@dswiq; @) 2La/(av),¢*/(adsw)* %9

_ _@ng)w . [s/v.q/(at).q/(aw)
= (adtw; q)w3¢2[q/(av) q2/(adtw) 1 4, q]- (5.4)

Taking (a,d, 5,1, v, w) = (uv/(yw), v, xywq/v, ywq/v, xyw q/ v, ywgq/u) in (5.4), we
obtain

(xywq)eo b 1/v, 1/(xu), 1/(xw), (Wg)e P [ 1/u, 1/v, 1w ]
o) > P21 17wy, 1/0ovw) P = Gvwgye >P2L1/ euw), 1/ vy €9

substituting this equation to the right hand side of (5.3) gives (3.4). The proof is
complete. O

REFERENCES

[1) W. A. Al-Salam, Operational representations for the Laguerre and other polynomials, Duke Math.
J. 31(1964), 127-142.

[2) W. A, Al-Salam and M. E. H. Ismail, g-beta integrals and the q-hermite polynomials, Pacific J.
Math. 135(1988), 209-221.

[3] W. A. Al-Salam and L. Carlitz, Some orthogonal q-polynomials, Math. Nachr. 30(1965), 47-61.

{4] J. L. Burchnall, A note on the polynomials of Hermite, Quart. J. Math. Oxford Ser. 12(1941), 9-11.

(5] J. Cao, New proofs of generating functions for Rogers-Szegé polynomials, Appl. Math. Comp.
207(2009), 486-492.

[6] J. Cao, New proofs of generating functions for Rogers-Szegd polynomials I, submitted.

[7) L. Carlitz, Some polynomials related to theta functions, Annali di Matematica Pura ed Applicata
41(1956), 359-373.

[8] L. Carlitz, Some polynomials related to theta functions, Duke Math. Jour. 24(1957), 521-527.

[9] L. Carlitz, A note on the Laguerre polynomials, Michigan Math. Jour. 7(1960), 219-223,

(10] L. Carlitz, A g-identity, Monatsh. filr. Math. 67(1963), 305-310.

(11] L. Carlitz, Generating functions for certain g-orthogonal polynomials, Collectanea Math.
23(1972), 91-104.

[12] W. Y.C. Chen, Z.-G. Liu, Parameter augmentation for basic hypergeometric series, 1, J. Combin.
Theory Ser. A 80(1997), 175-195.

[13] W. Y.C. Chen, Z.-G. Liu, Parameter augmentation for basic hypergeometric series, 1, in: B. E.
Sagan, R. P. Stanley (Eds.), Mathematical Essays in honor of Gian-Carlo Rota, Birkiuser, Basel,
1998, pp. 111-129.

254



[14) A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher Transcendental Functions,
I, McGraw-Hill, New York (1953).

[15) G. Dattoli, A. Torre and M. Carpanese, Operational rules and arbitrary order Hermite generating
Sunctions, J. Math. Anal. Appl. 227(1998), 98-111.

[16) G. Gasper, M. Rahman, Basic Hypergeometric Series, Cambridge Univ. Press, Cambridge, MA,
1990.

(17]) H. W. Gould and A. T. Hopper, Operational formulas connected with two generalizations of
Hermite polynomials, Duke Math. J. 29(1962), 51-64.

(18] M. E. H. Ismail, D. Stanton and G.Viennot, The combinatorics of q-Hermite polynomials and the
Askey-Wilson integral, Europ. J. Combinatorics 8(1987), 379-392.

[19]) Z.-G. Liu, g-Hermite polynomials and a g-Beta integral, Northeast Math. J. 13(1997), 361-366.

[20) Z.-G. Liu, Some identiites of differential operator and Hermite polynomials, J. Math. Res. Exp.
18(1998), 412416 (in Chinese).

[21) Z.-G. Liu, Some operator identities and q-series transformation formulas, Discrete Math.
265(2003), 119-139.

[22] E. D. Rainville, Special functions. New York, Macmillan, 1960.

[23} L. 1. Rogers, On the expansion of some infinite products, Proc. London Math. Soc. 24(1893),
337-352.

[24] G. Szegd, Ein Beitrag zur Theorie der Thetafunktionen, Sitz. Preuss. Akad. Wiss., Phys. Math.
Klasse 19(1926), 242-252.

[25) H. M. Srivastava and V. K. Jain, Some multilinear generating functions for q-hermite polynomi-
als, J. Math. Anal. Appl. 144(1989), 147-157.

[26] Z.Z. Zhang, J. Wang, Two operator identities and their applications to terminating basic hyper-
geometric series and q-integrals, J. Math. Anal. Appl. 312(2005), 653-665.

(J. Cao) East CHINA NORMAL UNIVERSITY, DEPARTMENT OF MATHEMATICS, DONGCHUAN ROAD S00#,

SHANGHAI 200241, P.R. CHINA.
E-mail address: 21caojian@gmail.com; 21lcaojian@163.com

(X.-L. Zhao) Hesr VocatioNaL TecuNicaL CoLLEGE, HeI CrTy, HENAN ProVINCE, 458030, P.R. CHINA.

255



