SOME CONVOLUTION SUMS AND THE
REPRESENTATION NUMBERS

BARIS KENDIRLI

Abstract

We evaluate the convolution sums

zl%)m:n g (l) g (m)! 23[+10m=n 4 (l) g (m) )

2l+15m=n o (l) 4 (m)! Z5l+6m=n 4 (l) g (m) ’

Ciraam=n 0 )0 (M)y Tap1im=no ) o (m),
2'+39m=n o(l}o(m), and 23!+13m=n o(l)o(m),
for all neN using the theory of quasimodular forms and use these convolu-
tion sums to determine the number of representations of a positive integer
n by the form x? + z1x2 + 23 + 23 + zaze + 23
+a (2 + 7576 + T2 + 77 + T778 + 23),
a=10,11,13.
Quasimodular forms, divisor functions, convolution sums, representation
number 11A25,11F11,11F25,11F20

1 Introduction

Let N denote the set of natural numbers and for n,ke N

or(n) == z d*,

djn

where d runs through positive divisors of n. If n¢ N, we set ox(n) := 0.We write
o(n) for oy(n). Let

Wy(n) := Z o(m)o(n — Nm),n,m,N € N

m<n/N
and
Wap(n) = Y a(lo(m)
all-l-brgzn
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for positive integers a,b. The convolution sums Wy (n)(for 1 < N < 24 with a
few exceptions) and W, ,(n) for (a,b) € {(2,3),(3,4),(3,5),(3,8),(2,9)} have
been evaluated by using either elementary methods or analytic methods or alge-
braic methods.(seef[8],[14],(26],(18],[19],[23],[16],[1],(2],[6],(3],(5],{11],[12],[20],[29}
,(30],[25]]). The number of representations of integers by certain quadratic forms
(see [[16],[1],(6],[3],[4]),[29],[30],[25]]) have been found by evaluation of these con-
volution sums. In this article following the method of Royer and using Magma
for the calculations, we evaluate the convolution sums

Wio (), W3 10 (n), Wa,15 (r) , W5 6 (n),
Was(n), W3 11(n), Wag (n) , W3,13 (n)

by using the theory of quasimodular forms. Then, by also using
W3, Wio, W11, Wis

we will determine the formulas for the number of representations of integers by
the positive definite quadratic forms

Q = $f+zlz2+z§+$§+z3w4+m3
+a (:z:g + T576 +z§ +-'L'3 + z7z8 +$§) .

for a = 10,11,13.

2 Evaluation of

Wiao (n), Waio (n), Wais (n) , Wse (n),
Was(n), Wa11(n), Wag (n), W3 13 (n)

Let
To(N) := {(‘; 3) cabcdeZc| N}

for N € N.
In this section, we evaluate the convolution sums

Wao (n), W3,10 (n), Wa,15 (), Ws 6 (n),
Wias(n), Ws,11(n), Wag (n) , W3,13 (n)

by using the lemma 1.17
ME2[Do(N)] = Ma[To(N)] ® DMa[To(N)] @ CDE;,
in [27), about the structure of quasimodular forms. Here

M Do(N))

66



is the space of quasimodular forms of weight 4, depth< 2 on I'o(/V) and

My[To(N)], Mz[To(N))

are the spaces of modular forms of weight 4 and weight 2 on I'g(IV) respec-
tively.The differential operator D is defined by D:=-2-}g£- and

oo
Ey(z)=1-24 Za(n)q",q =e*"* Imz2 > 0.

n=1

As an application, we use these convolution sums together with the convolution

sums

Ws(n)

Wio(n)

1 3 n
-2—403('n) + -8-0’3 (5) 12ncr('n)

Lo (§)# i+ 33)

n 25 n
= 312"3(")+ (‘)+m"3(-)
2% sny 1 1

+ 8"3(10) ™™ - 179l
1 n 1
"(") 24°(15) ~ 1357410 ()
3 3 n
~ 26074 (®) ~ ggTas (E) ’
Wu('n)=

5 605 /ny 1
1264°%(™ + 1464" ('ﬁ) u

1 n n
i (_) a(") *to (11)
2w + 43 47
~ 7026 41 1(n) + 4026 ———T4,11,2(R),

w=1+ \/5,
Wla(n) =

408 o3(n) + igg (17;) - Elﬁ’w(n)
1
~7% (%) + 3™+ 330 (5)

s s+ 5
+——74,132(n) - mf«t,ls,a(n),

442
1+ V17
2 :]

s =

67



see [27], to obtain formulas for the number of representations of a positive
integer n by the quadratic form Q given by

Q = xf+x1m2+x§+z§+x3x4 +x§
+a (22 + z526 + T2 + 2% + 2728 + 73),

for a = 10,11, 13.
2.1 Evaluation of Wiy(n), Ws10(n),Wa15(n), Ws6 (n)

The vector space M;[T'0(30)] has dimension 22 and is spanned by the 8 linearly
independent Eisenstein forms

E4, E49,E43, Eg 5,
E46,E4,10, E415, E4,30

(see theorem 4.5.2 in [13]),
12 old cusp forms (see theorem 5.8.3 in [13])

By (2) = Z T45(n)q"
n=1

= (A (2) A (52)/° = g — 4¢% + .-+ + 115¢% + O(¢*%),
D45 (22),A45(32),A45(62),
Dy (2) = q—2¢% + - + 54¢% + O(¢*°),

A4‘6 (52) N

A0 (2) = g +2¢2 + - + 185¢*° 4+ O(¢*%),
Ag0(32),

Dapsy =g+ + -+ +45¢% + O(¢%),
D52 =g+3¢% +--- +¢*® + 0(¢*®),

Agis,1(22), Bg152 (22),

and two newforms in S4[I'9(30)]

Agz01 = q+2¢° + -+ (—45)¢* + O(¢*°),



A4,3o'2 =q- 2q2 R o 45(]45 + 0(q46).

The vector space
M;(To(30)]

has dimension 10 (see theorem 4.6.2 in [13]) and is spanned by the 7 linearly
independent Eisenstein series:

D9, ®1.3, P15 P1,6, 1,20, P1,15, P1,30,

1 newform (see theorem 5.8.3 in [13])

Aggo =g —q°+-- +(—45) g% + O(¢")

and 2 oldforms
Agys =g—q° + -+ 9% +0(¢%),

Ag 15 (22) . By taking the suitable coefficients, we can get the following equal-
ity.
+o00 n
- — _ 2winz
Ex(2)Ep(30z) = 1-24 z [a(n) +0 (30)] €

n=1

400
+576 ) _ Wag(n)e?™

n=1

= 1/1300E, (z) + 1/325E4 (2) + 9/1300Ey 3 (2)
+1/52E45 (2) + 9/325E4,6 (2) + 1/13E4 30 (2)
+9/52E4 15 (2) + 9/13E4,30 (2) — 24/504,30,1 (2)
~12/7A430,2 — 108/35A4,15,1 (2) — 432/35A4,15,1 (22)
—16/TA4,15,2 (2) — 64/TA4,15,2(22) — 24/5A4,10 (2)
—216/5A4,10 (32) — 4/584,6 (2) — 20446 (52)
—864/455A5 () — 3456/455A, 5 (22)
—7776/455A 5 (3z) — 31104/455A 4 5 (62)
+2/5DE, + 29/5D@1‘30(2)

After simplification we get,

Wso(n) =

69



-~ 1/120n0 (n) +1/240 (n) - 1/4no (57)

+1/240 (%) +1/312003(n) + 1/78005(3)

+3/104003(§) + 5/62403(§) + 3/26003(%)

n n n
+5/15603(E) + 15/2080’3(Tg) + 15/5203(%
—1/1201'430.1(71) - 1/3367‘4’30,2(1'1.) - 3/5601'4'15‘1 (n)

n
—3/14074,15,1 (5) - 1/25274,15,2 (n)

n

~1/6374152 () — 3/910745(n) ~ 6/455745(3)
-27/91074,5(3) — 54/4557,5 (g) +1/72074 6(n)
-5/144¢4,6(§) —1/12074 10(n) — 3/4074-1°(§)-

Similarly, from the equality
E5(32) E5(102) =

+o0
1- 24'; [a(-l—o) +o (E)] g2minz

+o00 .
+576 Z Wa_lo(n)ezmnz

n=1

= 1/1300E; (2) + 1/325E4 2 () + 9/1300Ey 5 (2)
+1/52Ey5 (2) + 9/325E4 (2) + 1/13E4 10 (2)
+9/52E4'15(z) + 9/13E4'3o (Z) + 24/5A4'30,1 (z)
+12/704,30,2 (2) + 108/35A4,15,1 (2)
+432/35A4 15,1 (22) — 16/7A4 15,2 (2)
—64/7A4'15.2 (21) - 24/5A4'10 (z)

—216/544,10 (32) — 4/5A4,6 (2)
—20A46(52) — 864/455A, 5 (2)
—3456/455A 4,5 (22) — T776/455A, 5 (32)
—31104/455A4 5 (62) + 2/5DE,
+2/5D@1,3(z) + 9/5D¢1,10(Z).
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we get

Wi10(n) =

~1/40n0 (3) +1/247 (5) = 1/1200 (g5)
+1/240 (%) +1/312003 (n) + 1/78003 (g)
+3/104005 g) +5/62403 ( 5)

+3/26003 'Z') +5/15603 ( )

+15/20803 15) +15/5203 (30)
+1/120T4‘30 1 (n) + 1/3367'4 30,2 (n)

+3/560 % 74,15,1 (n) + 3/14074,15,1 (%)
—1/25274,15,2 (n) — 1/6374,15,2 (g)
—3/910745 (n) — 6/45574,5 (3)
—27/91074 (g) — 54/455745 (%)
—1/720746 (n) — 5/14474,6 (?)

~1/12074,30 () - 3/4074,20 (5)

By the following equality
E2 (22) EQ (152) =

1- 242 [a( )J+o (15)] 2minz

n—l

+576 Z W2,15(n)e2’“'"‘

n=l

71



= 1/1300E, (z) + 1/325E, 2 (2) + 9/1300E, 3 (z)
+1/52E4,5 (z) + 9/325E4'3 (z) + 1/13E4,10 (2)
+9/52E}4,15 (2) + 9/13E4,30 (2) + 24/544,30,1(2)
- 12/7A4'30'2 (Z) - 108/35A4’ 15,1
—432/35A4,15,1(22) - 16/7A4,15,2(Z)
—64/7A4,15,2 (22) + 24/544,10 (2)
+216/5A4,10 (32) - 4/5A4‘6 (Z) - 20A4's (52)
—864/455A 4 5(z) — 3456/455A 4 5 (22)
—T7776/455A4,5 (32) — 31104/455A4 5 (62)
+2/5DEs + 1/5D®; 2(2) + 14/5DQ1.15 (2).

we get
Wa,15(n) =

~1/60n0 (3) +1/240 (3)
~1/8n0 (g5) +1/240 (55)
+1/312003 (n) + 1/780073 (5)
+3/104005 (3 ) +5/62405 (3 )
+3/26003 (-) +5/15603 (110)

+15/20803 (1 ) +15/5203 (30)
+1/120T4,30,l (n) - 1/3367’4,30,2 (n)
—3/56074,15,1 (n) — 3/14074,15 1 (;)

—1/25274,15,2 (n) — 1/6374,15,2 (g)

~3/010745 (n) — 6/455745 ()

~27/91074s () - 54/45574s (5)

~1/720746 (n) ~ 5/14474 (5 )

+1/12074,10 (n) + 3/4074,10 (g) :
Similarly, from the equality

E; (52) F (62) =
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we get

1—24Z[a( )+a( )] 2minz

n=1

+576 z W5.6 ( n) e2m’nz

n=1

1/1300E; (2) + 1/325E4 2 (2) + 9/1300E4 3 (2)
+1/52E4 5 (2) + 9/325E4,6 (2) + 1/13E4 10 (2)
+9/52E4 15 (2) + 9/13E4,30 (2) — 24/504 30,1 (2)
+12/7A4 302 (2) + 108/3544,15,1 (2)
+432/35A4,15,1 (22) — 16/7A4,15,2 (2)

—64/7A4’15_2 (22) + 24/5A4’10 (2) + 216/5A4'10 (3z)
—4/5A46(2) — 20A46 (52) — 864/455A4,5 (2)
—3456/455A 4,5 (22) — T776/45504 5 (32)
—31104/455A, 5 (6z) + 2/5DE;

+4/5D®, 5(z) + D&, 6(2),

Ws6(n) =

~1/24n0 (5) + 1/24a( 2) - 1/20n0 (g)
+1/240 (5 6) +1/312003 (n) + 1/7800 ( 2)
+3/104003 (3) +5/62403 (5)

+3/26003 (E) +5/15603 (E)

+15/20805 (7 ) +15/5203 (35)
~1/1207430,1 (1) + 1/33674,30,2 (1)
+3/56074,15,1 (n) + 3/14074,15,1 (g)

~1/25274,15.2 (n) — 1/6374.15.2 (-'25)
—3/91074 5 (n) — 6/455745 (g)
~27/91074 5 ( ) — 54/455745 ( 6)
—1/720746 (n) — 5/144746 (g)

#1/1207430 (n) +3/4074,10 () -

73



In this example, we did not leave the field of rational numbers, but in the
next examples, we will work in number fields of degree 8 and 48 respectively.

2.2 Evaluation of Wi3(n), W311(n)

Let {Bx}ic(ojun be the sequence of rational numbers determined by
t — 5 t¥
ao1= 2B

and o
2k
Exm(2):=1— 5, Z k-1 (n)g™",

n=1

the Eisenstein series of weight
k=4,6,8,....,meN

(see [13] for details). Since the positive divisors of 33 are 1,3,11,33, the Eisenstein

subspace of M4[I'o(33)] is spanned by the 4 linearly independent Eisenstein

forms
E4,E43,E411,Fa,33

(see theoremd.5.2 in [13]). Using the dimension formula (see for example [13],
{24]) it follows that the vector space M[['0(33)] has dimension 14.We can easily
see by Magma that the cusp forms in M;[['o(33))

is spanned by 4 old cusp forms (see theorem 5.8.3 in [13])

Dga2(2) = g+ wg? + - + (—44w + 55) ¢* + O(¢*Y),
Agn1,2(32),8411,1 (2)
( the Galois conjugate of Ag1,2(2) by the polynomial
22 -2z -2,w=1+3),
Ay, (32)
and 6 newforms

Ay331(2),A4332(2) , Dg333(2),
Ay33,4(2),A4335(2) , Aszae (2),

where
Aga31 =

74



(o<
Z Ta33,19" =g — ¢+ +(=33)¢% + O(¢*),

n=1
Agas2(2) =
q—5¢° +-- +(—33)¢® + 0(¢*),
Ag333=
1 33
q+ tqZ ot 33q33 + 0(q34),t — +2\/_’
B433,4

(the Galois conjugate of Ay a3 3 by the polynomial x2-x-8),
Ay33s =

1 97
g+ug®+---+33¢%2 + 0(¢*),u= —+2—\/_,

Dy336

(the Galois conjugate of A4 335 by the polynomial x? —z —24).
The vector space M;[I'g(33)] has dimension 6 (see theorem 4.6.2 in [13]) and
is spanned by one newform (see theorem 5.8.3 in [13]

[+ <]
Boas =) 72338 =g+ ¢+ +(-1)¢® + O(¢*),

n=1

three Eisenstein forms
®y,3, 81,11, 1,33,

where

Bop = E%—a [bBa(bz) — aBa(az)] , alb

and two oldforms

D1 (z) =
g—2¢" +--+(-1)¢** + 0(¢*),
Az,n (3z) B
Consequently, we get
E; (z) B2 (332)
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= 1- 24+Z°° [a(n) o (%)] (2minz

n=1

400
+576 ) Was(n)q™.

n=1

+00
14576 Was(n)q"

n=1

= 24+Z.° [a(n) +0 (%)] q"

n=l

= 1/1220E,4 (z) + 9/1220E 3 (2)
+121/1220E4 1, () + 1089/1220E, 33 (z)
+(—12/11t — 48/11) A4 33,3(z)
+(12/11t — 60/11)A4,33,4 () + (—1248/7081u
—~8688/7081)Aq 33,5 (2) + (1248/7081x
—9936/7081)A4,33,6 () + (1/48983(—60672w
—120192))A4,11,1 (2) + (1/48983(—546048w
—1081728))A4 11,1 (32) + 1/48983(60672w
—241536)A4 11,2 (2) + 1/48983(546048w
—2173824)A 11,2 (32) + 64/11D®) 33 (2)
+4/11DE;.

So for n=1, 2,3, ....we have

Wias(n) =

76



~1/182n0 (n) + 1/240 (n) — 1/4nc (%)
+1/240 ( 33) +1/292805 (n)
+3/97604 ( 3) +121/292803 (11)

+363/97603 ( 33) — 1/528t74,33,3 ()
—1/1321‘4,33,3 (‘n) + 1/528t1'4,33,4 (n)
—5/52874,33,4 (n) — 13/42486ut4 335 (n)
—181/8497274 33,5 (n) + 13/42486u7T4 33,6 (n)
—69/2832474 23 6 (1)
—316/146949wr4 11,1 (n) — 626/14694974 11 1 (n)
n n
~948/48983wra 1 (3 ) — 1878/4898374,11, (5 )
+316/146949w74 11,2 (n) — 1258/14604974 11 2 (n)

+948/48983wT4 11,2 (g) — 3774/4898374 11 (g) .

Similarly, from the equality

we get

(32) E;(112) =

1+Z( 24(0( )+a(’;))

n=1

+576W3.u (n))q

1/1220E, (2) + 9/1220E, 3 (2) + 121/1220E4 11 (2)
+1089/1220F, 33 (z) + (12/11¢ + 48/11)A4 a3 3 (2)
+(—12/11 %t + 60/11)A4 33,4 (2) + (—1248/7081u
—8688/7081)A4 33,5 (z) + (1248/7081u
—9936/7081)A g 33,6 (2)

+(1/48983(—60672w — 120192)) Ay 11,1 (2)
+(1/48983(—546048w — 1081728))A4 11,1 (32)

+ (1/48983(60672w — 241536)) Ag 11,2 (2)
+(1/48983(546048w — 2173824))A4 11,2 (32)
+4/11D®, 5 (z) + 20/11D®; 11 (2) + 4/11DE,,

Ws11(n) =

7



n

~1/adn (3) +1/240 (2) - 1/1200 (2)

3
+1/240 (-'i) +1/202803 (n) + 3/9760s (g-)

11

+121/292805 (%) +363/97603 (%)

+1/528t7‘4_33.3 (n) + 1/1321’4|33,3 (n)
—1/528t1‘4'33'4 (n) + 5/5281’4|33'4 (n)
—13/42486ut4 33,5 (n) — 181/8497274 33 5 (n)
+13/42486u'r4,33_3 (n) - 69/28324T4,33,s (n)
—316/146949w7, 11,1 (n) — 626/14694974 11,1 (n)

-948/48983wr4 11 1 (3)

3
—1878/4898374,11,1 (g)
+316/146949wr4,11,2 (n)
~1258/14694974 31 2 (n)
+948/48983w74,11,2 (g)
~3774/4898374,11.2 (3 ) -

2.3 Evaluation of Wsy(n) W3 3(n)

The vector space M;[['o(39)] has dimension 16 and is spanned by the 4 linearly
independent Eisenstein forms

E4,Ey3,E4,13, B4 30
(see theorem 4.5.2 in [13]), 6 oldforms (see theorem 5.8.3 in [13])

D131 =9—-5¢ + - + (—91)¢%* + O(¢q*)
Ag13,1(32),

Agi33 =q+3g° + -+ (—39s — 13)¢* + O(¢*°),

14+ /17
2 )

s =

D4,13,2(32), Dg13,2

(the Galois conjugate of Ag13 3 by the polynomial x2 — z — 4 ),

78



Ay,13,3(32)
and 6 newforms

Dgz01 =g+ -+ (—39)g* + O(¢"),

Aga02 = q+rd®+---+39% +0(¢"),
r=1+ \/1-—4,
Ay39,3

(the Galois conjugate of A4 39,2 by the polynomial x2-2x-13 ),
Aygoq =g +ug® + - +39¢% + O(¢*),
uwd—2u? - 15u+24=0,
JAVELE
(the Galois conjugate of Ag 30,4 ),

Dy 306

(the other Galois conjugate of Ay 394 ),
The vector space M,[T'p(39)] has dimension 6 and is spanned by the Eisen-

stein series (see theorem 4.6.2 in [13])
@13, 81,13, D130,

and 3 newforms (see theorem 5.8.3 in [13])

Agz01 =q+¢>+--+(-1)¢* + O(¢"),

Baze2 =q+1¢* +---+(-1)¢* + 0(¢"®),
t=-1+4 \/5,
D393

(the Galois conjugate of Ay 392 by the polynomial x2+2x-1 ). Similarly, from

the equality
E; (2) E5 (392) =

1—242[0( —)+0( n)] 2minz

n—l

+576 Z Wag(n)e?™™* = 1/1700E, (2)

n=1
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we get

+9/1700E, 3 () + 169/1700E, 13(z)
+1521/1700E4 39 + 76/13D®) 39 (2)
+4/13DE; (z) + (—8928/9503s
—22176/9503)A4,13'2 (Z) + (—80352/95033
—199584/9503)A4,13,2 (32) + (8928/95035
—31104/9503)A4,13,3 (2) + (80352/9503s
—279936/9503)A4,13,3 (32)

(=576/1505r — 2952/1505) Ay 39,2 (2)

+ (576/1505r — 4104/1505) Ag,39,3 (2)
+(45/1703u® — 951/1703u
'—5640/1703)A4'39’4 (z)

+(—45/1703u — 861/1703)p — 45/1703u2
+90/1703u — 4965/1703)A 4 30,5 (2)
+((45/1703u + 861/1703)p

+861/1703u — 6687/1703)Ay 306 (2)

Wag (n) =

~1/156n0 (n) + 1/240 (n) — 1/4nc ( 39)
+1/240 ( ) +1/408003 (n)
+3/136003 ( 3) + 169/40800 ( : 3)

+507/136003 ( 39) + (—1/1505r

~41/12040)74 39,2(n) + (1/1505r
—57/12040)74 30,3(n) + (5/108992u>
—317/326976u — 235/40872)74 39,4(n)
+((—5/108992u — 287/326976)p
+(—5/108992u? + 5/54496u
—1655/326976))74 30,5(n) + ((5/108992u
+ + 287/326976)p + (287/326976u —
743/108992))74,39,6(n) + (—31/18006s
—77/19006)74,13,2(n) + (—279/19006s

~693/19006)74 13 2 (g) + (31/19006s
—54/9503)7'4‘13‘3 (n) + (279/190068
—486/9503)1'4'13'3 (g) .
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Similarly, from the equality

we get

E; (32) E; (132) =

1-24 +Z°° [a(%) +0o (g)] g2minz

n=1

+00
+576 Y W3 13(n)e?™™* = 1/1700E,4 (2)

n=1

+9/1700E4,3 (z) + 169/1700E4,13(z)
+1521/1700E4 39 + 4/13D®; 3 (2)
+24/13D® 13 (2) + 4/13DE; (2)
+(—8928/9503s — 22176/9503)A 4 13,2 (2)
+(—80352/9503s

—199584/9503)A4,13,2 (32) + (8928/9503s
—31104/9503)A4,13,3 (2) + (80352/9503s
—279936/9503)Ay,13,3 (32)

(—576/15057 — 2952/1505) Ag 302 (2)

+ (57615057 — 4104/1505) Ag 393 (2)
+(45/1703u% — 951/1703u
—5640/1703)A4,39,4 (2)

+(—45/1703u — 861/1703)p

—45/1703u? + 90/1703u
—4965/1703)A4 39,5 (2) + ((45/1703u
+861/1703)p + 861/1703u
—6687/1703)A4_3g,5 (Z)

Wia3 (n) =
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~1/52n0 (3) +1/20 (3) —1/12n0 (%)
+1/240 (13) + 1/408003 () + 3/1360073 (5)

+169/4080075 ( T5) +507/136005 ( 39)
+(~1/1505r — 41/12040)74 39 2(n) + (1/1505r
—57/12040)74,39 3(n) + (—5/108992x2
+317/326976u + 235/40872)74,39,4(n)
+((5/108992u + 287/326976)p
+(5/108992u® — 5/54496%
+1655/326976))74 30,5(n) + ((—5/108992u
—287/326976)p + (—287/326976u
+743/108992))T4.39,5(’n)

+(-31/19006s — 77/19006)74,13,2(n)
+(—279/190065

—693/19006)74 13,2 ( ) + (31/19006s
—54/9503)1'4,13'3(11)

+(279/190065 — 486/9503)74, 13 3 (%) .

The formulas are not complicated, even if we are living in a number field of

degree 48.

3 Application to the number of representations

Theorem 1 The number N; (n) of representations of a positive integer n by the

quadratic forms

Qi

are equal to

= 2+ 2179 + 23 + 22 + 7374 + 25
+a; (22 + 2576 + T3 + 22 + T728 + 23) ,

a) = 10,02 = 11,03 = 13,

Nl(n) =
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12/6503 (n) + 48/6503 (g)
+108/6503 ( 3) +60/1303 ( 5)
+432/6503 ( ) +240/1303 ( 10)
+540/1303 (7% 15) +2160/1305 (35 %)
+24/774,15,2 (n) + 96/774,15,2 (-2-)
+108/91745(n) + 432/91745(3)
+972/91¢4,5(§) + 3888/9174.5(%)
+6/574,6(n) + 301'4,6(%) +674,10(n)

n
+547'4,10(§)=

Na(n) =

12/6103 (n) + 108/6103 (3 )

+1452/6105 (1) + 13068/6103 (3z)

+1872/7081ut g 33,5(n) + 13032/708174,33,5(n)
—1872/7081ut 4 33,6(n) + 14904/708174 33 6(n)
+8592/4453wT4,11,1(n) + 8904/445374,11,1(n)

+77328/4453wr4,n,1(§)

+80136/4453-r4,11,1(-g)

—8592/4453wT4 11 2(n)
+26088/445374 11 2(n)

+77328/4453wr 4 11 2( g)
+234792/4453r4,n,2(§),

N3(n) =
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12/8503 (n) + 108/8503 (g)

+2028/850 (1—’;) +18252/8505 (%)

+(864/1505r + 4428/1505)74 39,2 (n)
+(—864/1505r + 6156/1505)74 30,3 (n)

+(792/7318 + 1368/731)7‘4,13'2 (n)
+(7128/731s + 12312/731)74 13,2 (g)
+(=792/731s + 2160/731)74 13,3 (n)

+(~7128/731s + 19440/731)74,13,3 (g) ,

respectively.
Proof. Let
r(l)=

# {(z1, 22,73, 24) € Z* : &3 + 21T + 23 + 23 + Tazy +z= 1}

for 1€ {0} UN. Since
M; (T (3))

is generated by the Eisenstein series (see theorem 4.6.2 in [13])

10 = 5BE3) - By(2)
_1ey 120 (n) — 360 (=) ) g™
(200050 (2) 0
So we have
r (1) = 120 (1) — 360 (é) .
Now for

Q1 = ¥ +z20 423 + 2} + 2334 + 22
+10 (22 + 2172 + 73 + 2} + TaT4 + 27),

N (n) =
r(0)r (-111) +7r(n)7r(0) + Z r ()7 (m)
i{,meN
l4+11lm=n



n

= 12¢ (11) 360 (33) + 120 (n)

~36s (Z)+ 2 (120 (1) - 360 (é))

l,meN
I+1lm=n

(120 (m) — 360 (1"-))

= 120(11) 360(33)+120'(n)
—36a(11)+144 Y. o(ho(m)

t,meN
I+11lm=n
—432 Z U(l)ﬂ(-g)
{,meN
+11lm=n
-432 Z ( )a(m)
i,meN
I4+11m=n
+1296- S ( ) (%)
l,meN
I+1lm=n

= 120(11) 360(33)+126(n)
—360( )+144W11 (n) — 432Wa3 (n)

—432W;y 1, (n) + 1206Wy, (5) .

Similarly,for

Q = xf + z120 +z§ +:r;§ +mgz4+x§
+11 (22 + 2132 + 23 + T3 + T334 + 23)

N2 (n) =

120 (1) - 360 (55 )+12a(n)

—360( )+144Wm (n) — 432Wso (n)

3
—432Ws 10 (n) + 1296Wio (3) ,

and for

Qs = zi+4zizp + 23 + 2%+ 2374 + 23
+13 (z} + 2172 + 73 + 23 + T374 + 23) ,
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N3 (n) =

120 (%) - 360 (3%) +120(n)

—360 (g) + 144W3 (n) — 432Wse (n)

—432W3 13 (n) + 1296Wyq (g) .

3.1 Numerical Examples

Here the calculations have been done by the formulas obtained in this article.

n  Wio(n) Wae(n) Wio(n) Wse(n) Wais(n) Ni(n)
1 0 0 0 0 0 12

2 0 0 0 0 0 36

3 0 0 0 0 0 12

4 0 0 0 0 0 84

5 0 0 0 0 0 72

6 0 0 0 0 0 36

7 0 0 0 0 0 96

8 0 0 0 0 0 180
9 0 0 0 0 0 12
10 0 0 0 0 0 228
11 1 0 0 1 0 288
12 3 0 0 0 0 516
13 4 0 1 0 0 312
14 7 0 0 0 0 1296
15 6 0 0 0 0 936
16 12 0 3 3 0 804
17 8 0 0 3 1 1368
18 15 0 0 0 0 2196
19 13 0 4 0 3 384
20 18 0 0 0 0 3132
21 15 0 0 4 4 2256
22 37 0 7 9 0 2736
23 26 0 3 4 7 2736
24 45 0 0 0 0 6660
25 42 0 6 0 6 3828
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49

Wio(n) Wao(n)

84

59

96

72

132
82

160
127
183
126
233
142
270
183
304
204
379
279
425
286
489
317
600
356
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Ws,0(n) Wse(n) Wais(n) Ni(n)
9 7 0 6264

0

12
12
0

8

21
4

15
18
12
13
36
16
18
24
28
19
45
24
49
39
48
42
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12
12
7

0

6

21
16
21
6

12
18
28
28
18
20
36
24
49
24
51
32
48
42

12
0

8

0

15
3

13
9

18
12
12
21
28
18
14
36
24
24
24
45
35
39
30

6060
7584
3672
14052
6864
9396
9792
14184
8496
19956
9528
12240
13272
26112
11304
28944
15648
25776
28692
27504
17136
48756
19548
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36
12
84
72
36
96
180
12
216
156
228
600
432
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1188
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Waa(n) Wian(n) Na(n) Wae(n) Wsaa(n) Na(n)
12 12

36
12
84
72
36
96
180
12
216
144
84
180
432
504
516
1224
900
672
1656
2256
576
2880
1908
1380



n
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49
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