A note on the vertex-distinguishing proper
edge coloring of graphs*

Engiang Zhu, Chanjuan Liu

Peking University; Key Laboratory of High Confidence Software
Technologies (Peking University), Ministry of Education, CHINA
zhuenqiang@163.com

Abstract. The number of colors, required to color properly
the edges of a simple graph G in such a way that any two
vertices are incident with different sets of colors, is referred to as
vertex-distinguishing edge chromatic, denoted by x,4(G). An
interesting phenomenon on vertex-distinguishing proper edge
coloring is concerned in this paper. We prove that for every
integer m > 3, there is always a graph G of maximum degree
m with x| (G) < x/4(H), where H is a proper subgraph of G.
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1 Introduction

All graphs considered in this paper are simple and finite. We use [1] as a
general reference, and the notation and terminology are standard.

A proper edge k-coloring of a graph G is called a vertez-distinguishing
proper edge coloring, or simply k-vdec, if for any two distinct vertices u and
v of G, the set of colors assigned to the edges incident to u differs from the
set of colors assigned to the edges incident to v. It is easy to see that if G
contains no more than one isolated vertex and no isolated edges, then there
is a k-vdec of G and G is called a vdec-graph. The vertez-distinguishing

*This project is supported by National Natural Science Foundation of China
Equipment(61127005); National Natural Science Foundation of China under grant
61309015.

ARS COMBINATORIA 116(2014), pp. 93-99



edge chromatic number of G, denoted by x,(G), is the minimum number
k such that G admits a k-vdec of G.

The concept of vertex-distinguishing edge coloring was introduced inde-
pendently by Aigner et al.[2], by Burris and Schelp[3] and by Hor#dk and
Soték [6], and has been considered in several papers [4},(5],(7),(8],[9],[10].

For convenience, we here use the notation [a, b] to denote an integer set
{a,a+1,a+2,---,b}, where a, b are two integer with 0 < a < b. Let nq(G)
denote the number of vertices of degree d in a vdec-graph G. It is clear
that (X*4(®) > ng for all of d in [§(G), A(G)], where 6(G), A(G) denote
the minimum and maximum degrees of G, respectively. In (3], Burris and
Schelp posed the following conjecture.

Comecture 1. Let G be a vdec-graph and k& be the minimum 1nteger
such that (%) > n4(G) for all d with §(G) < d < A(G). Then x’4(G) =
ork+1.

The above conjecture is rather difficult to verify, even for regular graphs.
One of the reasons is that there may exist some vdec-subgraph H of a
vdec-graph G such that x ! ,(H) > x.4(G), which indicates the induction
can not be used to attack the above conjecture. However, according to
our knowledge, there have been no papers discussing this problem and
constructing such graphs up to now. In this paper, we will show the theorem
as follow.

Theorem For every integer m > 3, there exists a simple graph G of
mazimum degree m such that x| ,(H) > x!4(G) for some proper subgraph
H of G.

2 The proof of Theorem

In (3], the vertex-distinguishing proper edge coloring is also computed for
some families of graphs, such as complete graphs K, bipartite complete
graphs K, n, paths P, and cycles C,.. Here, in order to prove the theorem,
we introduce one of the results as follow.

Lemma 2.1 (3] Let » > 3 and let k be the minimum integer such that
(5 %) > n. Then

k+1 szzsoddand(;‘) 2<n<(®)-1or
1a(Cn) = k is even and n > (k% — 2k)/2, and
k  otherwise.

In [9], some regular graphs are studied concerning vertex-distinguishing
proper edge coloring. For the proof of the theorem of this paper, we need
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the following lemma.

Lemma 2.2 [9] Let G be an union of cycles Cpyy-++,Crp, and let L =
t

Y. mi,m; 23 fori=1,-.-,t. Then x.,(G) <k if and only if either

i=1

1. kisodd, L= (5) or L<(§) -3, or
2. kiseven, L < ('2°) - £

A fan on m + 1 vertices, denoted by F,41, is a graph with vertex-
set V(Fpt1) = {ui : ¢ € [0,m]} and edge-set E(Fpny1) = {uoui : ¢ €
(1,m]} U {ujuig1 : ¢ € [1,m — 1}}. A cycle on n vertices is denoted by
Cpn = v1vg -+ - .

In what follows, we use C(u) to denote the set of colors assigned to the
edges incident to vertex u, and (I7!) to denote all of 2-subsets of [m], where
[m] ={1,2,---,m}.

Lemma 2.3 For a (m + 1)-vertex(m 2> 5) fan F,i, defined as
above, let P = ugujuoumum—1 % the subgraph of Fp,iq induced by
{u2, u1,u0, Um,um—-1}. Then any proper edge m-coloring of P satisfying
C(u1) # C(um) can be extended to a m-vdec of G.

Proof. Let f is a proper edge m-coloring of P with C(u;) # C(um).

If fugu1) # f(uoum) and f(ur%o) # f(Umum-—1), then without
loss of generality, assume that f(usu1) = 1, f(uiug) = 2, fluoum) =
3, f(umum—1) = 4. Thus, f can be extended to a m-vdec of G by follows:
Let

f(uoum—l) =1 f(“oui) =i4+2,1=2,3,---,m—2; f(uiui+l) =1i,i=

2,3,---,m — 3; f(um—gum-1) = m — 2 if m # 6, otherwise, if m = 6,
f(um—Zum—l) =5,
If fuou1) = f(uoum), we assume that f(usu;) = f(uoum) =

1, f(uaug) = 2, f(umum—1) = 3. Then we extend f by follows: Let
f(“oui) =1+2,1=23,.---,m— 1 f(uiui+1) =1, = 2139"'17"""3;
f(um—oum—1) =m — 2 if m # 5, otherwise, if m =5, f(um—stm-1) = 1.
Under any cases it is easy to show that f is extended to a m-vdec of G.
So the result holds. O

The proof of the Theorem. To prove this theorem we will construct
the desired graphs with the property required in the theorem as follows.

Case 1. G is disconnected.

When m = 3, let G3 be the union of C3 and the paw, which is the union
a C3 and a K3 with just one comment vertex (see Figure 1(a)). Obviously,
A(G3) = 3 and it is an easy task to show x,,(G3) = 4. Let G; is the
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subgraph of G3 by deleting vertex uy and its 1nc1dent edge ujuy. Then
according to Lemma. 2.2, x| ,(G3) > 4(in fact x14(G3) = 5). So Gs is the
desired graph.

When m = 4, let G4 be the graph obtained from G3 by adding a vertex
us and an edge upus, and obviously A(G4) = dg,(u2) = 4 (see Figure 1(b)).
Similarly, let G4 is the subgraph of G4 induced by {v1,v2,v3, ug, us, uq}.
According to Lemma 2.1 and Lemma 2.2, x/ 4(G}) > X 4qa(G4).

Figure 1: G3 = C3U paw and G4 = G3 + uous

When m > 5, for two positive integer m and n = ['"2;2’"], let C,, and
Fo+1 are n-vertex cycle and (m + 1)-vertex fan respectively, and they are
disjoint. Now-we construct a disconnected graph G,, through the union of
Cn and Fiipy, ie. Gy =Cr U Fppyyq and A(Gp,) = m. Now we prove G,
is the desired graph.

First we prove x ,4(Gm) = m. According to Lemma 2.1, it is easy to
show X {4(Cn) = m. Let f be a m-vdec of Cp,. Because of n = [B252m],
there are at least two different elements of (7)) to be not included in
Uiz, C(wi). Further, let Cy = {c1,c2} and Ca = {c3,c4} be different
two 2-subsets of [m] not in |Ji., C(u;). Obviously, |{c1,ce,c3,cq4}| > 3.
So there is an edge-4-coloring f of the subgraph of F,,,, induced by
{u2, %1, %0, Um, Um—1} such that C(u;) # C(un), where the color-set is
{c1,€2,¢c3,¢4}. Thus, according to Lemma 2.3, f can be extendsed to a
m-vdec of G, and x . ,(Gm) = m.

Next, consider the subgraph G, of G, by deleting edges uqu; for i =
2,3,---,m—1, ie. G is the union of two disjoint cycle C’m+1 and C,,.

Accordmg to Lemma 2.2, it has x ! ,(G.,) > m form+14n = -—f— > (7)-
So X 4a(Grn) > X 4a(Grm).
Case 2. G is connected.

When A(G) = 3 or A(G) = 4, let G3 and G, be the graphs obtained
from a 5-vertex cycle Cs by adding a chord viv3 and two chords vyv3, vyv4
respectively, i.e. Gz = Cs+ {v1vs} and G4 = C5 + {v1v3,v1v4}. Obviously,
A(G3) = 3 and A(G4) = 4, and it is easy to show x | ;(G3) = x|,4(G4) = 4.
In addition, Cs is a subgraph of G3 and G4, and x/,;(Cs) = 5 by Lemma
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2.1, so G3, G4 are the desired graphs.

When A(G) 2 5.

For integer m > 5 and n = [2-5=2 ’2'"], we construct a connected graph G
with maximum degree m in the followmg way. Suppose Cp, = vjua* -+ Unty
is a n-vertex cycle, and Fy,4. is a (m+1)-vertex fan defined above, and they
are disjoint. Let G,, be the graph obtained from C, U F;,41 by deleting
edge v1v, and adding edges viu; and vpum, ie. Gy = CoUFpi1 —v1vn+
{viu1, vaum }. It is clear that A(G) = m.

According to Lemma 2.1, x,,(Cr) = m. Suppose that f is a m-vdec
of C,. Without loss of generality, assume that f(vjv,) = 2. Then f can
be extended to a m-vdec of G, by coloring edges of F,,,,; as follows. Let
fluiw) = 2, f(vnum) = 2; fluow) = i,i = 1,2,---,m; f(uuiy1) =
i+2,i=12,---,m—2; and f(um-1tm) = 1.

Because dg, (v;) =2fori=1,2,---,n,dg,_(u;)=3fori=1,2,---,m
and dg, (w0) = m, we only need to show that C(v;) # C(v;) for any
i # j € [1,n] and C(u;) # C(u;) for @ # j € [1,m]. The former holds
immediately by the selection that f is a m-vdec of C,,. Further, according to
the method of edge-coloring of Fin+1, we have C(u;) = {1,2,3}; C(um) =
{1,2,m};C(um-1) = {1,m — 1,m};C(w;) = {i,i + 2,4 + 1} for i =
2,8,---,m — 2. So C(u;) # C(uy) for i # j € [1,m], and f is a m-vdec of
Gnm.

Now, let G, be the subgraph of G, by deleting vertex uo and all of its
incident edges, i.e. G" = Cm4n. Becauseof m+n = -’L‘: > (’"), it follows

that x/,(G,) > m = X1 4(Gm). So Gp, is the desired graph

Considered the two cases discussed above, the proof of the theorem is
finished. O

Note that there are in fact many kinds of graphs G (differ from the G,
constructed in the proof of the theorem) with the property described in the
theorem. Here, we will present an interesting example.

Let C!, = vjvh---vi;v] be a copy of a 1ll-vertex cycle Ci; =
v1vg - - - U1ty First, construct a S-regular graph H from C,,C} by adding
edges v;u;, ViUiq1, Vittipe for i = 1,2,--+,11, where the subscript addition
is taken modulo 11. Next, add a new vertex w and seven edges wu; and
wug;_1 for i = 1,2,--+,6 to H, and then denote the resulting graph by G
(see Figure2),

Because the maximum degree of G is 7, it naturally has x.,(G) > 7.
Now, we give an edge 7-coloring f of G by coloring the edges of G through
(1) to (6) as follows:

(1) the edges wu;, wug, wug, wus, wuz, Wug, wuy; are colored by 2, 3, 4,
5, 6, 7, 1, respectively;



Figure 2: a graph G

(2) the edges wvvs,vou3, V3v4, V4Vs, UsVs, VsU7, VU8, Vsla, YoV10, V10V11,
v1v; are colored by 7, 1, 6, 1, 4, 1, 5, 2, 3, 6, 5, respectively;

(3) the edges wujua,ugus,uauy, Ugus, Usus, Usly, Urlis, Uglly, Uglig,
ulo¥11,u11%) are colored by 5,1, 7, 3, 1, 2, 1, 6, 2, 3, 6, respectively;

(4) the edges wiuy,voug, v3us, vaus, vsus, vsus, Vrur, Vgug, Vous,
v10U10, V11U1; are colored by 3, 4, 5,4, 6,7, 7, 4, 1, 1, 2, respectively;

(5) the edges viug,vous,v3ug, vaus, Usus, YUz, UrUs, UsUe, Yolio,
V1011, V11 are colored by 2, 2, 2, 7, 5, 5, 3, 3, 5, 5, 4, respectively; and

(6) the edges wyus,vous,vaus,vsus, Usuy, VgUs, U7lg, Vsliio, VU,
v1ou1, Y11U2 are colored by 6, 6, 4, 3, 3, 2, 4, 6, 4, 7, 7, respectively.

It is easy to show f is a 7-vdec of G, but x.,(H) > 7 for |V(H)| =
22 > (). Therefore, x/4(G) < x'4(H).

From the above discussions, we have an observation as follow: For a n-
vertex graph G, if there are m(< n) vertices, vy, v, ++,¥m, of G such that
G—{v1,v2,+,um} £ H is a k(> 2)-regular graph, and (X ;'L(G)) <n-m,
then G has the property that x/,(G) < x.4(H). However, if G itself is
a regular graph, then G may not have this property. So we propose the
following conjecture.

Conjecture 2. For any k-regular graph G with & > 2, there exists no
proper vdec-subgraphs H of G such that x . ,(H) > x 1 4(G).
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