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Abstract: The positive index of inertia of a signed graph I, denoted by i, (I"), is
the number of positive eigenvalues of the adjacency matrix A(') including mul-
tiplicities. In this paper we investigate the minimal positive index of inertia of
signed unicyclic graphs of order n with fixed girth and characterize the extremal
graphs with the minimal positive index. Finally, we characterize the signed uni-
cyclic graphs with the positive indices 1 and 2.

1 Introduction

Let G = (V, E) be a simple connected graph of order n with vertex set V(G) =
{vi,v2,+++,v,} and edge set E(G). The adjacency matrix A(G) = (@iInxn of G is
defined as follows: a;; = 1 if v; and v; are adjacent and a;; = O otherwise. A
signed graph T is a pair (G, ) where G = (V, E) is a simple graph, called the
underlying graph,and is a sign function foredges : E  {+, -}. Sometimes,
the underlying graph can be written as [[]. It is evident that V(I') = V(G) = V,
E(G) = Ebut E(I') = E . The adjacency matrix of the signed graph " is A(T') =
(a; j),,,(,, with a, = (vivj)a;j, where a;; is an element in the adjacency matrix of
the underlying graph G. If all edges are signed to positive, A(G, ) is exactly the
ordinary A(G). Moreover, we write (G, +) instead of (G, ). The positive index of
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inertia of a signed graph I', denoted by i.(I'), is the number of positive eigenvalues
of the adjacency matrix A(T) including multiplicities.

Let = (G, ) be a signed graph. A matching of T is a set of independent
edges of the underlying graph G. The matching number of T, denoted by m(I'),
is the size of a maximal matching of I'. For a graph I with at least two vertices,
avertex v V(I is called unsaturated in I if there exists a maximum matching
M in which no edge is incident with v; otherwise, v is called saturated in I'. The
graph I is called acyclic (resp. unicyclic) if its underlying graph G is acyclic (resp.
unicyclic).

The study of signed graphs attracted much attention since they have some ap-
plications in the fields of social psychology and chemistry, see (5,9, 13, 14, 15]
for details. Zaslavsky [20] and Chaiken [1] obtained the Matrix-Tree Theorem for
signed graphs, respectively. Hou etal [10, 11] investigated the Laplacian eigenval-
ues of signed graphs and got some bounds for the largest and the least eigenvalues.
Fan et al [6] studied the nullity of signed unicyclic graphs and characterized the
signed unicyclic graphs of order n with nullity n - i fori = 2,3,4,5. In [18, 19],
the authors studied the inertia of bicyclic graphs and weighted unicyclic graphs.

Let U, be the set of signed unicyclic graphs of order n and U, be the set
of signed unicyclic graphs of order n with fixed girth k. In this paper, we shall
investigate the minimal positive index of signed unicyclic graphs of order n with
fixed girth k. This paper is organized as follows. In Section 2, we present some
preliminary results. In Section 3, we investigate the minimal positive index among
all unicyclic graphs in U,,. In Section 4, we characterize the extremal signed
unicyclic graphs with the minimal positive index in U . Finally we characterize
the signed unicyclic graphs with the positive indices | and 2.

2 Preliminaries

Lemma 2.1. Let M be an n x n Hermitian matrix. Let N be the Hermitian matrix
obtained by bordering M as follows:

V=32
y a

where y is a column vector and a is a real number. Then i,(N) -1 S (M) s
i(N).
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Lemma 22. LetT" be an induced signed subgraph of T'. Then i, (' ) S i. ().

The sign of a cycle C of T is the product of the signs of all edges, denoted
by sgn(C) = 1. ¢ (e). A signed graph is said to be balanced if the signs of all
cycles are positive, or equivalently, all cycles have even number of negative edges;
otherwise, it is called unbalanced.

Lemma 23. [10] Let T be a signed graph. Then T is balanced if and only if
F=(G, ) (G+).

Lemma24. I. [I16]IfCy is balanced, the eigenvalues of Cy are 2cos™ (i =
0,1, ,n=-1).

2. [6]IfCy is unbalanced, the eigenvalues of C, are 2cos(2"')" (i=12---,n).
3. [16] The eigenvalues of signed path Py are 2cos ;7% L (i=1,-+,n).
From Lemmas 2.3 and 2 4, it follows that

Lemma 2.5. Let C,, P, be the signed cycle, signed path of order n, respectively.
Then

0 (mod 4),
1 (mod 4),
2 (mod 4),
3 (mod 4).

0 (mod 4),
1 (mod 4),
2 (mod 4),
3 (mod 4).

1. IfCy is balanced, then i.(Ca) = { ,* '

S S 3

2. IfCy is unbalanced, then i,(C,) ={ 2 '

S 33

' e n  0(mod2),
3. l+(Pn)—{ TN n | (mod?2).

The following result can be immediately deduced from Theorem 8.14 in [2]
and is implicit in Theorem 3 in [12].

Lemma 2.6. Let T be a signed tree. Then i .(T) = i_(T) = m(T).
The following result follows from Theorem 1.1(b) in [7].

Lemma 2.7. Let T be a signed graph containing a pendant vertex v with unique
neighbor u. Then i, ) =i,(C-u-v)+1.
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3 The minimal positive index of graphs in U,

Lemma 3.1. Let Ty be a signed graph of order n - p such thatu  V(I'g) and
Sp be a signed star with non-central vertices {vz, va,- -+, v,}. Assume that Ty is
a signed graph obtained from I'o and S , by inserting an edge between u and the
center vi of S p. Let Ty =Ty = {vyva, viv3, -+« , vivpl +{uvy, uvs, - -, uvp} be a new
signed graph such that (uv;) = (viv)) (i =2,3,--+,p). Then i, (I'1) 2 i, (I?7).

Proof. From Lemma 2.7, we have

L) =L@ =vi=v)+1=i(Io)+ 1;

) =i,T3=-va~-u)+ 1= i.,,(ro -u)+ 1.
From Lemma 2.2, we have i, () 2 i.(I's - ©). This implies the result. o

Lemma 3.2. Let Ty be a signed graph of order n =1 =t and u,v  V(I'o). Let
S1+1, St41 be two signed stars of order | + 1, t + 1, respectively. Assume that Ty
is a signed graph obtained from Tg, S 1.1 and S+ by identifying u with the center
of S1s1, v with the center of S, respectively. Tz is a signed graph obtained
from To, Sy and S . by identifying u with the centers of S1.1 and S.(. Then
iL(T) 2 i),

Proof. Letu,,v) be two pendant vertices of S .1, Sr+1, respectively. From Lemma
2.7, we have

LT = iC-y-w+l=i,C-y-u-vi=V+2=i,(lo-u-v)+2;
i) = -y -w+l=i,To-w+1.
FromLemma?2.1,i.(Tg-u-v) 2 i,(To-u)-1whichimplies i, (I')) 2 i, (I'2). D

Let H, be an ordinary unicyclic graph obtained from a cycle C; by adding
n - k pendant vertices to a vertex of Cy.

Theorem 33. LetT' U, be a signed unicyclic graph of order n with girth k
B3sksn-2).Theni (2 '2‘ . This bound is sharp.

Proof. Let Ci be the unique signed cycle in I'. Assume that 7; (1 s i 5 ¢) is all
disjoint signed trees rooted at vertices on Cy. From Lemma 3.1, the positive index
does not increase if all T;’s become signed stars whose centers are on Ci. From

248



Lemma 3.2, the positive index does not increase if all the above signed stars are
attached at the same vertex on C;;. Hence some signed unicyclic graph " with the
underlying graph H, attains the minimal positive index in U,;. From Lemmas
2.7and 2.5, we have

&1 if kisodd,

, _ Y
L) = L(Pg)+ 1 ‘{ 5 if k is even.

This completes the proof. u]

Corollary 34. LetI' U, be a signed unicyclic graph of order n with pendant
vertices. Then i,([') 2 2. This bound is sharp.

4 The extremal signed unicyclic graphs

The authors in [6, 8] investigated a class of (signed) graphs with pendant trees and
expressed their nullities in terms of their subgraphs. In the following we adopt the
notations in [6]. LetI'y be a signed graph containing a vertex u and I'; be a signed
graph of order n disjoint from I'y. For | S k s n, the k-joining graph of I'; and I';
with respect to u, denoted by I';(u) * I, is obtained from I, T’ by joining u
and some & vertices of I'; with signed edges.

Let T be a signed unicyclic graph and C; be the unique signed cycle of I, For
each vertex v V(Cy), let T'{v} be the tree rooted at v and containing v. Clearly,
T'{v} is an induced subgraph of T'. The unicyclic graph I is said to be Type I if
there exists a vertex v on the cycle such that v is saturated in I'{v}; otherwise, I is
said to be Type I1.

By modifying the proofs of Theorems 3.1, 3.3 and 4.1 in [8] and Theorems
2.9,2.10and 3.1 in [6], one has

Lemma 4.1. Let T be a signed tree with matching number m(T). Assume that T
is a signed graph of order n, then for each integer k (1 S k S n):
1. If u is a saturated vertex in T, then we have

i(T@) *T) = is(T) +is(D) = m(T) + i (D).
2. If uis an unsaturated vertex in T, then we have

Tw *D=i.(T-wy+i.T+u)=mT)+ i, +u),
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where T + u is the subgraph of T(u) * T induced by the vertices of T and u.
From Lemma 4.1, it follows that

Lemma 42. Lat T U, be a signed unicyclic graph and Cy. be the unique
signed cycle of T. Then the following statements hold:

1. IfTisof Type landv  V(Cy) is saturated in T{v}, then i, () = i, (T{v}) +
i(T = Tivh.

2. IfUisof Type I, then i,(T) = i, (T = Cr) + i,(Cy).

Let G be an ordinary graph obtained from a cycle C; and a star S, by
inserting an edge between a vertex on C; and the center of S .

Theorem 4.3. Let " U, be a signed unicyclic graph with the minimal positive
index g . Let Cy, be the unique signed cycle with vertex set {vg, v\, -+ , v} inT.
Then

1. If k = n, T is one of the following graphs: balanced cycle C, andn 0
(mod &), or n 3 (mod 4); unbalanced cycle C, and n 1 (mod 4),
orn 2 (mod4); ifk = n-1,T is a signed graph with Hyn_\ as the
underlying graph.

2. IfTisof Typeland 3 S k S n - 2. Assume that vo  V(Cy) is saturated in
T{vo}. Then T - Cy is a set of isolated vertices and all pendant vertices are

adjacent to some vertices with even index on Cy.

3.IfTisof Typelland3 s k s n-2. Then|[| = G, C; is balanced
and k O(mod 4), or k 3 (mod 4); [I| = G, Cy is unbalanced and
k 1 (mod 4),ork 2(mod4)

Proof. From Lemmas 2.5 and 2.7, it is easy to verify that the results hold if k = n,
n - 1. In the following we considerthe case 3 S ks n - 2.

Assume that T is of Type I. Let C; be the unique signed cycle inI". We divide
two steps to characterize the signed unicyclic graphs with the minimal positive
index in this case.

Step 1. Verifying that [{vo} is a star and m(I" - T{vo}) = ;' .

Since vo V(Cy) is saturated in T'{vo}. From Lemmas 2.6 and 4.2, we have

i) = i.(T{vo)) + is (T = Ttvo}) = m(T{vo)) + m(T" = T'lvo}).
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If k is even, then m(T'{vo}) + m(T - I'{vp)) = ; Note that m(T'{vo}) 2 1 and
m(T'=T{vo}) 2 *;2. Therefore it follows that m(I'{ve}) = 1 and m(T" - T{v,}) = k2.
If k is odd, then
+1
2
Note that m(T'{vo}) 2 1 and m(T" - ['{vo}) = *3'. So it follows that m(I'{vo}) = 1|
and m(I" - T{wo}) = 451

m(T'{vo}) + m(T" - [{vo)) = k

Step 2. Characterizing the extremal signed unicyclic graphs

LetI' =T -T{w}and P = v vy---v4_ beapathinT .

Claim 1.T - P isaset of isolated vertices.

Assume thatI" - P contains P; as an induced subgraph. Then

mT) 2 mP)+mP)=1 +[k; ljz 1 +k;2 = lzf

This contradicts to the fact obtained in Step 1. So this claim holds.

Claim 2. All pendant vertices in I must be adjacent to the vertices with even
index on C;.

Assume that there exists some pendant vertices adjacent to a vertex with odd

index on Cy. This yields that m(I" -~ ['{wp}) = ";‘ + 1, which is a contradiction.

Assume that I is of Type II. From Lemmas 2.6,4.2, we have
(4(0) = i (Cy) + in(T = Cp) = i.(Cr) + m(T - Cy).

If C; is balanced, then we have

0 (mod 4),
1 (mod 4),
2 (mod 4),
3 (mod 4).

m(I' - Cp) =

-0~
Eadit ol

-

If Ci is unbalanced, then we have

0 (mod 4),
1 (mod 4),
2 (mod 4),
3 (mod 4).

mlT-Co=<{ '

SC—=—-—0
XA A

(]

If m(T" - C;) = 0, then any vertex not on Cy is a pendant vertex attached at Cy.
in I[". This contradicts to the fact that " is Type /1. So " - C is a star. This implies
the result. (m]
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Figure 1: Twelve ordinary unicyclic graphs

Example 44. Let G; (i = 1,2,+ -+, 12) be twelve ordinary unicyclic graphs (see
Fig. 1).

In Ugs, T has the minimal positive index 3 if and only ifT is one of the follow-
ing signed unicyclic graphs: the signed unicyclic graphs withG; (i = 1,---,7) as
the underlying graph, the unbalanced unicyclic graph with Gg as the underlying
graph.

In Ugg, I has the minimal positive index 3 if and only ifT is one of the follow-
ing signed unicyclic graphs: the signed unicyclic graphs with G; (i = 9, 10, 1 1) as
the underlying graph, the unbalanced unicyclic graph with G2 as the underlying
graph.

Next we define four ordinary unicyclic graphs as follows (see Fig. 2): G (n, n2)
(ny,na 2 0, ny + ny = n - 3) is obtained from C3 by attaching n;, n; pendant ver-
tices at two different vertices on C3; Ga(ny, n2) (ny,ny 2 0, n +ny = n-4)is
obtained from C, by attaching n;, n, pendant vertices at two nonadjacent vertices
on Cs; G3(m) (m, = n - 3) is obtained from C3 by inserting an edge between a
vertex on Cs and the center of S,,; Ga(n2) (n2 = n - 4) is obtained from C4 by
inserting an edge between a vertex on C4 and the center of Sp,.

From Theorem 4.3, we have

Theorem 4.5. LetT U, be a signed unicyclic graph. Then we have

1. Ifi,(T) = 1, thenT is balanced C3, or balanced Ca.
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2. Ifi(T) = 2, then T is one of the following signed unicyclic graphs: the
signed unicyclic graphs with Gi(n\, n2) (i = 1,2) as the underlying graph;
the balanced signed unicyclic graphs with Gy(ny), or Ga(na) as the under-
lying graph.

n n, n n, n n

Gitny.n) Ga(nymy) Giny) Galny)

Figure 2: Four ordinary unicyclic graphs

From Theorem 3.3, we obtain the following result which can be deduced from
Theorem 6 in [4].

Corollary 4.6. Let G be an ordinary unicyclic graph of order n with pendant
vertices and fixed girthk (3 sk sn-2). Theni, (G) 2 ; . This bound is sharp.
Corollary 4.7. Let G be an ordinary unicyclic graph with the minimal positive in-
dex é (3 5 k s n-2). Let C; be the unique cycle with vertex set {vo, vy, ++ , vi-1}
inG. Then

1. G is of Type I. Assume that vo  V(Ci) is saturated in G{vp}. Then G{vg}
is a star and all pendant vertices are adjacent to some vertices with even
index on Cy.

2.Gisof Typell. ThenG =G andk O(mod 4),ork 3 (mod 4).

< <E<F D><

e G, Uy

Figure 3: Eight ordinary unicyclic graphs in Ug

Example 4.8. All unicyclic graphs of order 8 with two positive eigenvalues are
G;s(i=13,---,20) (see Fig. 3).
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Remark. Example 4.8 corresponds to the result obtained by Cvetkovi¢ et al in
[3]. G;s (i = 13, ,20) are the graphs corresponding to the graphs numbered by
89,86, 88,80,43,40,30,45 in [3).
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