ON THE PROPERTIES OF NEW FAMILIES OF PELL
AND PELL-LUCAS NUMBERS
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ABSTRACT. In this paper, new families of Pell and Pell-Lucas num-
bers are introduced. In addition, we present the recurrence relations
and the generating functions of the new families for k = 2.

1. INTRODUCTION

There are a lot of integer sequences such as Fibonacci, Pell, Lucas, etc.
Pell and Pell-Lucas numbers are used by scientists for basic theories and
their applications. For interest application of these numbers in science and
nature, one can see (2, 4, 7, 12]. For instance, in science, authors gave
sums of the generalized Pell numbers could be derived directly using a new
matrix representation [4]. In [3], Horadam showed that some properties
involving Pell numbers and gave Simpson formula

Poy1Pay — Pi=(-1)"

for the Pell numbers. Also Ercolano (5], found the matrix M for generating
the Pell sequence as follows

2 1
M= [ 10 ]
In (2], Horadam and Mahon obtained Simpson formula for the Pell-Lucas
numbers as follows

Qn+1Qn-1 — Q% =8(-1)"*.
For the rest of this paper, for n > 2, the well known Pell {P,} and Pell-
Lucas numbers {Q,} are defined by
Pp=2P,_ 1+ P2 and Qn = 2Qn—1 + Qn—2

with initial conditions given by Py = 0,P; = 1 and Qo = Q; = 2, respec-
tively.

In (1, 3], Horadam gave some equations related to Pell numbers and gen-
erating functions for powers of a certain generalized sequences of numbers.
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Falcon, in [11}, introduced the k-Lucas sequences by using a special se-
quence of squares of k-Fibonacci numbers. Recently, Catarino and Vasco
have considered the k-Pell numbers, k-Pell Lucas numbers and have pre-
sented some properties involving these number sequences (7, 9, 10]. In (8],
Catarino and Vasco obtained an explicit formula for the term of order n
of the k-Pell numbers sequence and Cassini’s formula by using a matrix
method.

The aim of this study is to introduce new families of Pell and Pell-Lucas
numbers. The recurrence relations and the generating functions of the new
families for k = 2 are also considered. In [6], authors gave similar results
for Fibonacci numbers.

2. MAIN RESULTS

In this section, we define the new generalized Pell and Pell-Lucas num-
bers and obtain some results related to these numbers by using (6].

Definition 1. Let n and k # 0 be natural numbers. There exist unique
numbers m and r such that n = mk+r (0 < r < k). Using these parameters,

we define new generalized Pell numbers P,(;k) and Pell-Lucas numbers Qs,k)
by

(k) — 1 m+1 _ pm+1\" m _ gmyk—r
(2.1) P, (a—ﬁ)k (e ) (a B™)
and
(22) ng) = (am+] +ﬁm+l)r (am +ﬂm)k—r

where o = 1+ V2, B =1 — /2, respectively. The first few numbers of the
new Pell and Pell-Lucas numbers as follows

4 4
(P} =1(01,2,512}, {9} —(2.2,614,34},

n=

{P,&”}4 ,=10,0,1,2,4}, { 5;2)}1=0={4,4,4,12,36},

n=

{PE”}4 ={0,0,0,1,2} {Q,‘,3’}:=0={8,8,s,8,24}

n=0
fork=1,2,3. {1 s the ordinary Pell numbers P, and QS) is the ordinary
Pell-Lucas numbers Q.

In the following we give some properties of the new generalized Pell and
Pell-Lucas numbers.

Theorem 1. Let k,m € {1,2,3,...} be fired numbers. The generalized Pell
numbers and the ordinary Pell numbers satisfy
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k-1
. - -1 k 1-k k-1
@ X (7 CD7 Pl = (T PP ey,

k-1
., k—1Y i plk) k—1)
(#) e§o( N2ZPEL = PuPo ey

k-1
—iplk - k k
(445) igo 2 'Pr(nk)-;-i =21 k?ﬁ".‘? [P((m)-l-l)lc - 2’°Prfuf] :
Proof. ()
k=l (k-1 ~i plk
= ("7 o e,
- k=l (k-1 ~1-i —1-i i
= R S (1) (2 B ()
1=

- k=1 7k -1 —~1—-1 i
= (-2)! kpm_z%( ) )(—2Pm)’° = (Puy1)’.
1=
Then by using the binomial theorem

k=1 fl 1 . _ )
1=

(=2)'"7* Py (Pm1)* ™

_ 1~k (k1)
= (27 PP ko)

is obtained and this completes the proof.

(%)
- B, kg (’“;1) (Pr)* ™™ (2Pms)'

Then by using the binomial theorem

k=l (kg — 1\ . -

ig) ( i )21P1$:2+-’ = Pn(2Pm4 +Pm)k '
P (Pry2)™ ™

= (k—1)
= PuPr 5y k-1)

is obtained.
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D)

k=1 —i p(k) k=1 k—i ig—i
;02 Pmk+1 = .Z..%(Pm) (Pm+1) 2
= eE (B2)
=0
(Pmil) _1
= (Pm) Plll
2P"I —1
P,
_ ol—k_fm _
= 272 [(Prn) - 2P

g1—k_Fm_ [P""

k p(k)
(m+1)k — 2 Pr(nk] :

m—1

0O

Theorem 2. Let k,m € {1,2,3,...} be fited numbers. The generalized
Pell-Lucas numbers and the ordinary Pell-Lucas numbers satisfy

. k—1 _ - k -k k-1)

O T (770 =27 Qi
k-1

g —1y ik k=1

(i) ,.;0 (ki 1)21Q$nl)c+i = Q"‘Q§m+g)(k—l)’
k-1

(i12) i;()?"Qf:;)m =21kl [Q(m+1)k‘2ng3c '

Proof. The proof can be given in a similar way to the proof of Theorem
1. O

Theorem 3. We have the following relation for the new family of Pell

n'u,mbels with k=2
P() —P+P+_ -'—(—1) s
2(n+s—1) n+sints—2

where 0 < n,0<sand1 <n+s.

Proof. From the matrix M and the definition of ordinary Pell numbers, we
have

I

[ Pn+s Pn+s—l ]

M 1 n+ts—1 1 n+s—2
13n.+s—l Rt+s—2 | |

Pn+s—2 Pn+s—3

P, P
— (n+s—2) 2 1
S Vs

_ (n+5-2) 21
e[ 2 1]
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If we take the determinant of the both sides we have the following
P2((21)1+s—1) Pn+sPn+s-—2 = (_1)n+s .
O

Theorem 4. For the new family of Pell-Lucas numbers with k = 2 we have
the following relation

Qg?ﬁs—l) — QuisQnis—2 = 8(—1)"*1
where 0 <n,0<sandl1 <n+s.

Proof. The proof can be obtained in a similar way to the proof of Theorem
3. O

Theorem 5. A recurrence relation for P( ) is given by
PP =2P? +2P? + PP, n=4,5,..
Also we can give a recurrence relation for Q(z)
QP =202, +20@, +Q?,, n=4,5,..
Proof. If we take n = 2m we have the following equation
P =2P() | +2Bf) s+ PO,

Here we use two relations for the proof

P(2) = ( Pm)2
P2(72,3+1 = Pum+1.
Then by using these relations we have the following
P(Q) — ( Pm)2

P, (2P -1 +Pm—2)
= 2PnPn_1+ (2P -1+ Pp_2)Pp_2
2 2 2
= 2P{) | +2 P+ B2,
Also we have the following equation for n = 2m + 1
2 2 2 2
Py = 2P + 2P 5 + P

Similarly,
P® = P,P,
2m+1 m&m+1
= Pn(2Pn + Pn-1)
= 2PnPpn+ Pn_1(2Pp_y + Pp3)
= 2P0 +2P) 4+ P,
is obtained. The proof is similar for QSf). O
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Here we note that for the case n = 2m + 1, we can easily get a shorter
recurrence relation

ngn = PnPai
= 2PnPpn+ PpPpn

]

= 2P+ PR,
Similarly, for the even case n = 2m, if m is odd we have
P() Pm-1Pmsr = (_1)m+1
P® = Pui(2Pn+ Pm_1) +(-1)™"
P = 2PnPu_i+ (Pnoa)? + (-1)™
P2 = 2P®  +P® ,+1.
If m is even we have
P PpyPpy = (1™
P& = Pn_i(2Pm+ Puor) + (-1)™!
P = 2PpPp i+ (Pm )2+(—1)'"+’
Py = 2P0+ P 5

Finally,

2m-—1 2m—

p2 P2

PO = 2P P(z) ,+1 ifmisodd,
2Py 1+ Pym_o—1 if miseven.

We can give a shorter recurrence relation for Q,(,z)

ngr)1+l = Q(z) g‘l,’,_l, forn=2m+1 and

(2) (2) i i
@ _ { 2@ + sz—z if m is odd, , for n = 2m.

e 2Q23n_1 + Q2m_2 - 8 if m is even.

Theorem 6. The generating function el (z) for PP is given by

2

1 -2z — 2x3 — x4’

G () =

Proof. Let G¥® () be as the following function

(2.3) GP (z) =) PPam.

n=0
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Hence, we can write

o =]

(2.4) 22GP (z) = 3 PPz
n=1

(2.5) 223G? (z) = ZP(_az ,
n=3

(2.6) 4GP (z) = ZP‘”
n=4

Operations (2.3) — {(2.4) + (2.5) + (2.6)} and using Theorem 5 give
(1-2z—22% - 2*) G (z)
= (P + PPz + PP2? + PP3%) — 20 (F? + PPz + P{a?)

[ o]
-2 (P{a*) + (Z P® —2P® _2p®, _ P(_4> "

n=4

= Zz.

Hence the generating function is
6P (@) =

which completes the proof.

2

1-2z 223 — g4

Theorem 7. The generating function G (z) for ng) is given by

4(1-z—2%-2%)
1—-22—2g3 — 24"’

6P (2) =

Proof. Let G (z) be as the following function

oo

(2.7) GP (z) =) QPa".
n=0
From Theorem 5, we have
(2.8) 22G? (z) = z Q¥ zm
(2.9) 20°GP) (z) = Z QA am,
n=3
(2.10) G (z) =Y QP,am.
n=4
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Operations (2.7) — {(2.8) + (2.9) + (2.10)} and using Theorem 5 give
(1-2z-22°-2*)GP (2) =4(1-z-2* - 2%).

Hence the generating function is

(1-z—22-2%

-2z — 23 — 4

which ends the proof. a

6P (@) =%

3. CONCLUSION

In this study we mainly obtained new families of Pell and Pell-Lucas
numbers. Also we gave some properties for these new families.
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