A note on the thickness of K, ,
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Abstract The thickness 8(G) of a graph G is the minimum number of planar
spanning subgraphs into which G can be decomposed. In this note, we obtain the
thickness of the complete tripartite graph Kim,a(l < m < n) for the following
cases: (1) I+ m < 5; (2) l+ m iseven and n > -;—(l+m—2)2; (3) I+ m is odd
andn > ({+m—=2)({+m~1).
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1 Introduction

The thickness 8(G) of a graph G is the minimum number of planar spanning
subgraphs into which G can be decomposed. It is a classical topological invariant
of a graph and also has important applications to VLSI design {1]. Determining
the thickness of a graph is NP-hard [5], so the results about thickness are few,
the only types of graphs whose thicknesses have been determined are hypercubes
(4], complete graphs [2] and complete bipartite graphs [3]. It is natural to ask,
what are the thicknesses for the complete tripartite graphs. On this problem,
as far as the author know, the only result was shown in [7], Poranen proved
that 8(Kn,nn) < [3]. The reader is referred to [6] for more background on the
thickness problems.

In this note, we study the thickness of complete tripartite graph Ki m,. (we
assume | < m < n throughout this note), the main result of this note is the
following theorem.

Theorem The thickness of Kimn is [{52] when {4+ m is even and n > 11+
m—2)%; orl+mis odd and n > ({ + m — 2)(l + m — 1).

From this theorem and some constructions, we determine the thickness of K m »
for | + m < 5, as follows.

Corollary The thicknesses of Ki1,1,n, K1,2,2 and K222 are all one; the thick-
nesses of K1,2.n, K1,3,n and K2,2 » are all two whenn > 3; the thickness of K1,4,n
is two when 4 < n < 12, three when n > 13; the thickness of Ko 3 n is two when
3 < n <12, three whenn > 13.

2 The proofs of the theorem and the corollary

Prove the theorem For the complete tripartite graph Ki ... with the ver-
tex partition (X,Y,Z), where X = {z1,...,z:}, Y = {y1,...,ym} and Z =
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{z1,...,2n}, firstly, we prove

0K1m) < [ M

by constructing a planar subgraphs decomposition of it with |‘l_+22] planar sub-
graphs as follows:

(1) Arrange all vertices from Y and Z to a line, place a vertex from X on
each side of the line, and join both vertices from X to all vertices from Y and Z,
then we will get a planar subgraph of Kim,n.

(2) Repeat this proceduce with different vertices from X, until all of them
have been used, then we will get [4] planar subgraphs of Ki m,n-

(3) Arrange all vertices from Z to a line, place a vertex from Y on each side
of the line, and join both vertices from Y to all vertices from Z, then we will get
the ([é] + 1)th planar subgraph of Kimn.

(4) Repeat this procedure with different vertices from Y, until all of them
have been used, if  and m are both odd, then place the last vertex from Y in the
[-é-]th planar subgraph such that the last vertex from X on one side of the line
and the last vertex from Y on the other side. A planar decomposition of Ki m,n
with [4™] planar subgraphs is obtained.

Secondly, we show that (K mn) > [2] when n is sufficiently large in com-
parison with { + m. Because the complete bipartite graph Kiim,n is a subgraph
of Ki,n,m, we have

G(Kl,u,m) 2 0(Kl+m.n) (2)

From (3], we have

(l+m)n
20+m+n-2)

(2 > 6(Kisma) 2 T

1 )
in which the upper bound comes from a planar subgraphs decomposition of the
complete bipartite graph in [3] and the lower bound follows from the Euler’s
polyhedron formula. And from (3), we get that the thickness of Ki4m » is |"_+2£'|
when | + m is even and n > %(l+m—2)2; orl+misoddandn > (I +m —
2)({ + m — 1). Combine it with (1) and (2), the theorem follows. O

Prove the corollary It is trivial to see the graphs Ki,1,n, K1,2,2 and K222
are planar graphs, so their thicknesses are all one. From the theorem, we have
0(K1,2,n) = 0(K1,3,n) = 0(K2,2,n) =2, when n > 3 and 8(K1,4,n) = 8(K2,3n) =
3, when n > 13. From (2) and (3), we have 6(K1,4,2) > 2, when 4 <n <12, and
0(K2,3,n) > 2, when 3 < n < 12. We construct a planar decomposition of K1,4,12
as illustrated in Figure 1, which shows (K1 4,12) < 2, so we have 8(K;,4,n) = 2
for 4 < n < 12. From the planar decomposition of K} 4,12 as shown in Figure 1,
we regard ys in Kj,4,12 as z2 in K> 3,12, delete edge z1y4 in G1 and add edges
1194, ¥2vs and yays in G2, we will get a planar decomposition of K2 3,12 with
two planar subgraphs, which shows 8(K2,3,12) < 2, so we have 8(K2,3,n) = 2 for
3 < n < 12. Summarizing the above, the corollary follows.
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Figure 1 A planar decomposition of K1 4,12
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