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Abstract: Let G = (V, E) be a connected graph. G is super-A if every minimum
edge cut of G isolates a vertex. Moreover, An edge set $ C E is a restricted edge
cut of G if G — § is disconnected and every component of G — S has at least 2
vertices. The restricted edge connectivity of G, denoted by A'(G), is the minimum
cardinality of all restricted edge cuts. Let £(G) = min{dg(u) + dg(v) —2:uv €
E(G)}, we say G is A'-optimal if \'(G) = £(G). In this paper, we give a sufficient
condition for bipartite graphs to be both super-A and X-optimal.
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1 Introduction

It is well-known that an interconnection network can be modeled by a
graph with vertices representing sites and edges representing links between
sites of the network. One fundamental consideration in the design of net-
works is reliability. Let G = (V, E) be a simple undirected connected graph
with vertex set V(G), edge set E(G) and the order of G denoted by n(G).
For a vertex v € V(G), Ng(v) denotes the set of vertices adjacent to v in
G and dg(v) = |Ng(v)] is the degree of v in G. Let Ng[v] = Ng(v) U {v}.
For an edge e = uv € E(G), let £g(e) = dg(u) + dg(v) — 2 be the edge-
degree of e. We denote the minimum degree and the minimum edge degree
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of G by §(G) and £(G) respectively. If X C V(G), then G[X] denotes the
subgraph of G induced by X. We denote V(G)\X by X for simplicity. For
two disjoint vertex sets of G, namely X and Y, let [X,Y]¢c denote the set
of edges with one endpoint in X and the other one in Y. The subscript G
is often omitted when G is understood from the context. A star of order n
is a complete bipartite graph Ky n—1.

An edge set S of G is an edge-cut if G — S is disconnected. The edge-
connectivity M(G) of G is the minimum cardinality of all edge-cuts of G.
A classic measure of network reliability is the edge-connectivity A(G). In
general, the larger A(G) is, the more reliable the network is. Obviously,
MG) < §(G). A graph G with A(G) = §(G) is naturally said to be maxzi-
mally edge connected, or A-optimal for simplicity. A graph G is super-\ if
every minimum edge cut of G isolates a vertex. Sufficient conditions for
graphs to be A-optimal and super-\ were given by several authors, for ex-
ample, in the papers by Balbuena et al.[2], Dankelmann et al.[5], Hellwig(8],
Meng[12]. The more results on it refer to the survey by Hellwig and Volk-
mann [9].

Esfahanian and Hakimi [6, 7] propose the concept of restricted edge con-
nectivity. An edge set S C E(G) is a restricted edge cut if G — S is discon-
nected and every component of G — S has at least 2 vertices. The restricted
edge connectivity of G, denoted by N (G), is the minimum cardinality of all
restricted edge cuts. If |S}| = X(G), we call S a X-cut of G. The restricted
edge connectivity A’(G) also has been used to measure the reliability of a
network. In [14], Wang and Li proved that the larger A’(G) is, the more
reliable the network is. In order to more accurately measure the reliability,
XN-optimal was proposed. In (6], the authors proved that A'(G) < £(G)
holds for any graph G of order at least 4, which is not isomorphic to the
star K1 ,—1. A graph G is X -optimal if X (G) = £(G). For many results
on M-optimal of graphs, please refer to [1, 3, 10, 11, 13, 15, 16, 17] and the
survey [9].

For a non-complete graph G, let NC2(G) = min{|[N(z) UN(y)| : z,y €
V(G) and d(z,y) = 2}, where d(z,y) is the distance of z and y in G. In
[5), Dankelmann and Volkmann obtained a sufficient condition for bipartite
graphs to be A-optimal by condition NC2(G). Inspired by it, in this paper,
we want to prove that bipartite graph is both super-A and M-optimal by
the condition NC2(G). The idea in our proof follows the lines of the proof
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of Theorem 4.1 in {11} with modifications needed because of the complexity
and with a result of Hellwig and Volkmann, we obtain a sufficient condi-
tion for bipartite graphs to be both super-A and M-optimal. The graph
terminology and notation not defined here, we follow [4].

2 Main results

Firstly, we give some previous results on A'-connected graphs, which will
be needed in our proof.

Lemma 2.1. (Hellwig and Volkmann [10]). Let G be a X' -connected graph.
If there is a X -cut [X, X such that there ezists an edge wv in G|X| with the
property that |[X\{u,v}, X]| > [(N()\N[]) n X[ + |(N(@)\N[u}) N X| +
2IN(u) N N(v) N X|, then G is N -optimal.

Let G be a bipartite graph and the two parts of G denoted by V' and
V" respectively, by Lemma 2.1 we can easily obtain the following lemma.

Lemma 2.2. Let G be a N -connected bipartite graph. If there is a X'-
cut [X,X| such that there ezists an edge wv in G[X| with the property
that |[X\{u,v}, K] | (N\{o}) N X| + [(N)\{u}) 0 X], then G is
XN —optimal.

Lemma 2.3. (Esfahanian and Hakimi [6]) Let G be a connected graph
with n(G) > 4, except for the star K ,(c)—1, is A'-connected and satisfies
A(G) < N(G) <&(G).

Lemma 2.4. (N. Alon Exercise 16.2.13 of [{]) Let G = G[V',V"] be a
bipartite graph such that d(z') > 1 for all ' € V' and d(z') > d(z") for
all 2’2" € E(G), where 2’ € V' and 2" € V". Then G has a matching
covering every vertez of V',

Lemma 2.5. (Dankelmann and Volkmann [5]) Let G be a connected bipar-
tite graph of order n(G) > 3. If NC2(G) > [XEH1], then M\(G) = §(G).

Lemma 2.6. (Hellwig and Volkmann [11]) If a graph G is A'—optimal and
0(G) > 3, then G is super-A.

In the following, we give a sufficient condition for bipartite graph to be
both super-A and A-optmal by condition NC2(G).
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Theorem 2.7. Let G = G[V',V"] be a connected bipartite graph with
n(G) =n > 12 and §(G) > 3. If NC2(G) > [2£L] + 2, then G is both
super-A and XN -optimal.

Proof. Since §(G) > 3, G cannot be isomorphic to the star K ,_;. By
Lemna 2.3, G is M-connected. By Lemma 2.6, we only need to prove
that G is M-optimal. We may assume that G is not X-optimal and let
[X,X] be a N-cut with 3 < |X| <| X|. This implies that |X| < |3]. Let
X'=XNV'and X" = XNnV". Without loss of generality, we may assume
that | X’| < |X"”|. This leads to | X'| < |Z].

Case 1. |X'| = |§].

Since |X| < %], we have that |}] < |X”| £ ] + 1 and we consider
the following cases.

Subcase 1.1. There exists an edge e = z'z", where 2’ € X’ and 2" € X”
such that [N(z') N X"”| > 3 and |[N(z")NnX'| > 3.

In this case, we may assume that (N(z') N X")\{z"} = {a1, 02, ,ax}
where k£ > 2.

If k = 2p is even, there exist p pairs of vertices, say (a1, azp), (a2, azp—1),
-+ ,(ap, ap41) satisfies that

IN(a:) N X| +|N(azps1-:) N X| 2| (N(ai) UN(agpr1-:)) N X|

> |N(a:) UN(azp41-:)| — | X'|
L
> 3 (1)

fori=1,2,---,p by NC2(G) > [2H] + 2 and |X'| = []].

If k=2p+1isodd, by NC2(G) > [2}] + 2 and | X’| = | %], there are
at least one vertex in {a1,as2, - ,ak} , say agpy1, satisfies that [N(agp41)N
X| > 2. For other vertices {e1,a2, - ,a2p}, similar to the above, we also
obtain that

|N(a;) N X| + |N(agp+1-:) N X| > 3, i=1,2,---,p.

Hence, in both cases, we deduce that

I[N (z') 0 (X"\{z"}), X]| 2 IN(z") 0 (X"\{z"})] (2)
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By analogous method, let N(z”)N(X'\{z'}) = {b1,b2,--- , b}, where ! > 2.
If |X"| = | %], the similar to the above, we have that

[N (=") N (X"\{='}), X]| 2 N (z") 0 (X"\{z'})| (3)

We may assume that |X”| = |2]+1. Since NC2(G) > [2H1]+ 2, we have
that for any two vertices b;, b; in {b1,b2,--- , b}

INB) N X+ INE)NTE] 2 (V) UNE) N T
> IN(b) UN(b;)| = X"
> [ +2-15)-1
> 2

If | = 2q is even, let b; = bygy1-:. If | = 2¢ + 1 is odd, there are at least
one vertex in {by, b2, -+ , b}, say bgg41, satisfies that |N(bgqs1) N X| > 1.
For other vertices {b1, b, -+ , by}, the similar to the above, we also obtain
that

IN(b:)) N X| + |N(b2gs1-:) N X| > 2, i=1,2,---,p.

Hence, in both cases, we deduce that (3) and for an edge e = z2'z"” €
E(G[X])

I[N (=) 0 (X"\{="}), X]| + |[N(=") N (X"\{z'}), X

IX\{=', ="} Xl 2
2 [N@E)N X"\ {"PI+INE") N (XD (4)

By Lemma 2.2, G is X-optimal, a contradiction.

Subcase 1.2. For any edge e = 2’2", where z’ € X' and z/ € X", have
that |[N(z')NnX"| < 2or [N(z"”)NX'| < 2. We consider the following cases.

Subcase 1.2.1. There exists an edge e = z'z”, where 2’ € X’ and 2" ¢
X", such that |[N(z')n X"”| > 3 and |N(z") nX'| <2

IE|N(z") 0 (X\{z'})| = 0 or [N(z") N (X\{z'})] = [{v'}] =1 and
IN(v') N X| > 1, we can obtain the inequalities (3) and by the similar
method to the Subcase 1.1, we also have the inequality (4) and we have
done.

Now we may assume that |[N(z”) N (X"\{z'})| = |[{¢'}} =1 and [N(v')N
X| = 0. If there is a vertex v/ € N(z') N (X"\{z"}) with |[N(x") N X'| >
3, then we consider the edge z'v”. By Subcase 1.1, G is XN -optimal, a
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contradiction. Thus, |[N(v”) N X’| < 2 for all vertices in v € N(z') N
(X"\{z"}). Since |N(z') N X"| > 3, there exists a pair of vertices u,w €
N(z") 0 (X"\{z"}) such that

INw)NX| +Nw)nX| 2 [(N(u)UNw)nX]|
IN(w) U N(w)] =] (N(z) U N(w)) N X'|

1

2 [N@UN(w)| -3
> [231+2-3
> 3.

Hence,

(N (z") n X"\ {="}, X]|

(N (@) N XN\ ="} +1

(N (") n X"\ {z"H + (N (z") 0 X\ {z'}]

(X \{=", 2"}, X]|

v v

Il

and so to the desired result.

Subcase 1.2.2. There exists an edge e = z'z”,z' € X',z” € X" such that
IN(z')Nn X"| <2and |[N(z")nX'| > 3.

This case is similar to subcase 1.2.1.

Subcase 1.2.3. Both |[N(z') N X"”| <2 and |[N(z") N X’| < 2 for all edges
e==x'z" where z' € X', 2" € X",

Since § > 3, we have that |[N(v') N X| > 1 and [N(v") N X| > 1 where
v’ € N(z')n(X'\{z'}) and v" € N(z') N (X"\{z"}) respectively. Hence,
both the inequalities (2) and (3) are hold and we have done.

Case 2. |X'| < [3] - L

If there exists an edge e = z'z"”,2’ € X',z € X" such that |N(z'} N
X" > |N(z")n X'| and |[N(z') n X"] > 3. Let N(z') n X"\{z"} =
{al,ag, cee ,ak}.

If k = 2p is even, there exist p pairs of vertices, say (a1, azp), (a2, @2p—1),
.-+ ,(@p,aps1). Since NC2(G) > [2L] + 2 and |X'| <| §] — 1, we have

358



that

|N(a:;) N X| + |N(agps1-:) N X| =] (N(ai) U N(agps1-:)) N X|
2 |N(a:) U N(azp+1-:)| —| X'|
R LI

4(Gi=12--,p)

If k = 2p+1is odd, by condition NC2(G) > [2H]+2 and | X'| < [3]-1,
there are at least one vertex, say asp41 satisfies that |[N(agp41) N X| > 2,
and as the above, we have that
IN(@)NX|+IN(azps1-)NX| 2 [2H1+2-F]+124, i=1,2,--,p.
Hence, in both cases, we deduce that

(N (=) N X"\ {="}, X]} 2 2(N (") 0 X")\{z"}I.

Since |[N(z')N X"| > |N(z") N X’|, this leads to (4) and G is N-optimal, a
contradiction.

In the following, we may assume that |N(z') N X”| < |[N(z"”) N X'| or
[N(z') N X"| < 2 for any edge x'z", where ' € X', z" € X" and consider
the following cases.

Subcase 2.1. For any edge e = z'z", where z' € X',z € X", have that
2> |IN@Z')NX"| > |N@E")n X'].

If IN(z') N X"”| = 1, we have that |X| = 2, a contradiction. Thus,
IN(z') N X"| = 2 and let {v"} = N(z') N (X"\{z"}). If there is a vertex
v’ € N(z")N(X'\{z'}) with |N(v')nX| = 0, we have that |[N(v')NnX"| > 3
by 8(G) > 3, a contradiction. Thus, [N(v')NX| > 1 and the inequality (3)
holds. If [N(v”) N X| > 1, this leads to inequality (2) and we have down.

Thus, we may assume that | N (v”)NX| = 0. But in this case, by §(G) > 3,
we have that |[N(v"”) N X’| > 3, also a contradiction. Hence, inequality (4)
holds and so the desire result.

Subcase 2.2. |[N(z') N X”| < |[N(z"”) N X'| for any edge e = z'z",2’ €
X',z"e X".

We consider G[X], it is clear that G(X] is connected by [X,X] by is a
X' —cut. By Lemma 2.4, G[X] has a matching covering every vertex of X".
Since ). cx: dx (') = 3 nexn dx(z”), we have that | X”| < |X’|, which
contradicted with our hypothesis, and we have done.

We consider all the cases, and complete the proof. (]
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By the proof of Theorem 2.7, we can obtain the following results.

Corollary 2.8. Let K, n, be a complete bipartite graph with n(G) =n >
12. If min{ny,na} > ["—:*‘i'[ +2, then K| n, is both super-A and X -optimal
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