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Abstract: The first and second multiplicative Zagreb indices of a simple graph
G are defined as:

M(6) = [luevy de)® and (G) = [upeg(s)y dg (W (v),
where dg(u) denotes the degree of the vertex u of G. In this paper, we present
some strict lower bounds on the first and second multiplicative Zagreb indices
of several graph operations in terms of the first and second multiplicative
Zagreb indices and multiplicative sum Zagreb index of their components.
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1. Introduction

Throughout the paper, we consider connected finite graphs without any
loops or multiple edges. Let G be such a graph with the vertex set V(G) and the
edge set E(G). A ropological index Top(G) of G is a real number with the
property that for every graph H isomorphic to G, Top(H) = Top(G). In organic
Chemistry, topological indices have been found to be useful in chemical
documentation, isomer discrimination, structure-property relationships (SPR),
structure-activity relationships (SAR) and pharmaceutical drug design [1-5].

The Zagreb indices belong among the oldest topological indices, and were
introduced as early as in 1972 [6]. For details on their theory and applications
see [7-10], and especially the recent papers [11-16]. The first and second Zagreb
indices of G are denoted by M;(G) and M,(G), respectively, and are defined as:
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My (6) = Zyeysyde(w)®  and My(G) = Zyper) de(Wde (v),
where d;(u) denotes the degree of the vertex u of G which is the number of
edges incident to u. The first Zagreb index can also be expressed as a sum over
edges of G:
M (G) = Zyvege)ldeW)+dc (V)]

The multiplicative versions of Zagreb indices were introduced by Todeschini
et al. in 2010 [17]. The first and second multiplicative Zagreb indices of G are
denoted by I1,(G) and I1,(G), respectively, and are defined as:

M,(6) = yevicy de)? and 1(G) = [Nuver(e) de(W)de (V).
The second multiplicative Zagreb index can also be expressed as a product over
vertices of G [18]:
11,(6) = Myevcsy de ™.

The multiplicative sum Zagreb index of G which can be considered as

another multiplicative version of the first Zagreb index is defined as [19]:

M1;(6) = [uveg(eylde (W) +dg()].
We refer the reader to [20-23], for mathematical properties and applications of
multiplicative Zagreb indices.
Many interesting graphs are composed of simpler graphs via several operations
(also known as graph products). In [24], Khalifeh et al. presented some exact
formulae for computing the Zagreb indices of some graph operations. In [25],
Das et al. obtained some upper bounds for the multiplicative Zagreb indices of
various graph operations in terms of the Zagreb indices of their components. In
this paper, we proceed to obtain some strict lower bounds for the multiplicative
Zagreb indices of several graph operations in terms of the first and second
multiplicative Zagreb indices and multiplicative sum Zagreb index of their
components. For more information on computing topological indices of graph
operations see [26-28].

2. Main results

In this section, we compare the first and second multiplicative Zagreb
indices of some graph operations and their components. We refer the reader to
monograph [29] for more information on graph operations. All considered
operations are binary. Hence, we will usually deal with two simple connected
finite graphs G, and G, which are considered to be not singleton. For a given
graph G;, its vertex and edge sets will be denoted by V(G;) and E(G;), and its
order and size by n; and my, respectively, where i € {1,2}.

At first, we recall the Arithmetic- Geometric Mean inequality.

Lemma 1 (AM- GM inequality) Let x,...., X, be nonnegative numbers. Then

Xyt X,
2> Xy Xp,

n
with equality if and only if x, = %, = - = x,.0



The join G, + G, of graphs G; and G, with disjoint vertex sets V(G,) and
V(G,) is a graph union G,UG, together with all the edges joining V(G,)
and V(G,). The degree of a vertex u of G, + G, is given by:

d dg, () +n, u € V(Gy)
G0, (W) = {daz W+n, u€evV(@G,)’
Theorem 1 The first and second multiplicative Zagreb indices of G; + G,
satisfy the following inequalities:

® M,(G; +G2) > (3V2)™ ™ nf ] 1, (G) 11 (G
(ii) 1,(G, + G,) > 3™ *M2p, M2, ™1 (4 my )2 /11, (G, )2 1T,(G,)™
V' (GDM,(6), (G, (G,) .
Proof. (i) Let G =G, + G,. By definition of the first multiplicative Zagreb
index, we have:
me) = nuevw)da(u)z
2 2
= nueV(G,)(dGl W + 'ﬂz) nuev(az)(dgz(u) -+ 77,1)
= nusV(cl)(da, W)? + 2n,d; (u) + n3)
% [uevey(ds, W)? + 2n,dg, (u) + n2).

Now by Lemma 1,

M(6G) > [ueviey) 33\/d61(u)2 x 2n,dg, (u) x ng

x [luevie,3 3\/1102 (w)? x 2n,dg,(u) x n?
n n
= (3wn2) ' nueV(Gl) dal (u) x (33'\/5711) : nuEV(Gz) dGz (u)

= (33¥2)" " nln LGOI (Gy) -

(ii) By definition of the second multiplicative Zagreb index, we have:
M3(6) = Muver(s) d6 ()dg (V)
= nuveE(Gl)(dcl W + nZ)(d61 ) + "2)
x nuves(az)(dcz W + nl)(daz(") + nl)
x [Tueviey nvEV(Gz)(d61 (W + nz)(dc:2 @ +ny)
= Muveecar [ + (do, (W) + dg, () 1, + dg, WG, )]
x [Tuver @, [nf + (d,,-2 (W + daz(v)) ny +dg, (Wdg, (v)]

x [nuEV(Gﬂ(dG, (u) -+ nz)]nz [nvEV(Gz)(daz (v) -+ nl) ]n1 .
Now by Lemma 1,

M1,(6) > MNuvera,) 33Jn§ x (do1 (W) +dg, (v)) ny X dg, (Wdg, (v)

x Muveeccy 3’Jn§ x (dg, W) + dg, W) ) n; x dg, (Wdg, ()

x [”ueV(G,) 2nydg (w) ]nz [nvGV(Gz) 2\ymdg, (v)]nl
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= (3n,)™ 3Jl—luve)r(al) (da1 (w)+dg, (”)) [uvercs,) do, Wdg, ()

x (3n,)™2 :[nuveE(Gz) (daz (u)+dg, (")) nquE(Gz) dg,(wWdg, (v)

x (2 T nyng J[HVEV(GZ) daz(v)z ]7‘1

x (2y77) mnztj[nuev(al)da,(u)z ]nz
= 3mg+mzn1mzn2m1(4, /‘—)nl-n2 nin2 ‘\'/”1(61)"2 "1(Gz)n’
x Y17 (GDM,(G)I,*(G)T,(Gy). 0

The corona product G, o G, of graphs G, and G,is a graph obtained by
taking one copy of G, and n, copies of G, and joining the i—th vertex of G, to
every vertex in i—th copy of G, for 1 £i < n,. The i—th copy of G, will be
denoted by G,;, 1 < i < n . The degree of a vertex u € V(G, ° G,) is equal to:

de, (W) +n, u € V(G,)
dg,eq, (W) = {d ’( ) .
6, W) +1 u € V(Gyy)
Theorem 2 The first and second multiplicative Zagreb indices of G, ¢ G, satisfy
the following inequalities:

(i) 1,(G, ° Gp) > BVYZYym@+D 2t [11,(G)) 1, (G)™,
(i) 11,(G, ° G;) > 3™M¥mmz gminz (fn, ymm2+2ma /11, (G,)™2 11,(G,)™

x ’Jn;(a,)nz(al) (M, GO G))™ .

Proof. (i) Let G = G, o G,. By definition of the first multiplicative Zagreb
index, we have:

M1,(6) = Myuev) de(u)?

2 211
= nuEV(Gl)(dax (u) + nz) [n‘uEV(Gz)(dGz (u) -+ l) ]
= [Tueviep(de, W)? + 2n,dg, (W) + n3)

n
x [nueV(Gz)(dcz W)? +2dg,(w) + 1)] '
Now by Lemma 1,
m6 > ﬂuem,)f dg, (W)? x 2n,dg, (W) % nj

x [Tueviey 33/dg, @WE X 2dg, @) X 1]
= (3V2 n)™ [Nuevie, dg, W) X 3BV2)""[[1yev(a,) de, W) |
= (3Y2)am2+D 71 [17,(G,) I, (G ™.
(ii) By definition of the second multiplicative Zagreb index, we have:
1,(6) = uves sy 4 Wdg (V)
= nuues(c,)(da, (u) + nz)(da,(”) + nz)
% [Muvercey(de, W) + 1)(dg, () + )™

m
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x l-lwsv(a,) nvei/(c:z)(da1 W) + nz) (dcz W) + I)
= nuveg(ol) [n% -+ (dcl (u) -+ dGl (17)) n; + dG, (u)da1 (v)]
x [Muvercepll + (de, @) + dg, ) + dg, W, (]]

x nuEV(GI) HVEV(GZ)[dGl (u)dg, (v) + dg, (W) +nydg, (V) + nz]
Now by Lemma 1,

115(6) > Muvescory 3ijnzz x (dg, () + dg, (@) my x dg, (w)dg, (@)

11y
x [Huveﬁ(cz)33\j1 x (dGz(u) +dg, (v)) x dg, (u)dcz(”)J
% [Tueviey [vevieyy 4V de, @dg, () % dg, (W) x nydg, () x 1,

= 3™ [Mavescony (e, @ + ey ) Mavescar doy 30, )
x 3Mmz [z\h]quE(Gz) (dGz W) + daz(")) Muvee(c;) de; (Wde, (v) ]

n; n
X (44/ny Y™ [:’nuevw,)dal (u)? ] [Jnvewaz) dg, ()? J
= 3Mittamz grune ((fo yranz+2m, vnl(cl)nz m(G,)™
x i]nl‘(Gl)nz(cv‘l)(nl‘<Gz)ﬂz(Gz))"‘ e

The composition G,(G,] of graphs G, and G, is a graph with the vertex set
V(G,) x V(G,) and vertex (uy,u;) is adjacent with vertex (v;,v,) whenever
fw, is adjacent with v, in G,] or [u, = v, and u, is adjacent with v, in G,]. The
degree of a vertex u = (u,,u,) of G,[G,]is given by:

dGl[GZI (u) - nzd Gl (ul) -+ dGz (uz).
Theorem 3 The first and second multiplicative Zagreb indices of G, [G,] satisfy
the following inequalities:
3 nn
(@) 1,(G, (G > (3V2n,) " *VI,(GO™ N,(G,)™ ,
(i) ,( G, [G,]) > 3mmz gnim nz"!"'Z*"gml\/ 1,(G,)™2 I1,(G,)™™

x Jﬂz(Gl)"g 1[(”1‘(62)”2(62)),'1 .

Proof. (i) Let G = G, [G,]. By definition of the first multiplicative Zagreb
index, we have:
M(G) = [, upevicy dg ((uyg, u))?

2
= nu,EV(Gl) nuzev«;z) (nzd G, (w,) +d G2 (uz))

= nu;eV(Gl) nuzevwz)[n%da1 ()% + 2n,d g, (u,)d G2 (up) + dg, (u, )2]-
Now by Lemma 1,
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F () + (') 0p = () p
:KquaalB s1 29 x 'p jo (n*m) =n xauoA e
Jooa8ap oyl ‘[(*9)g 3 *a'n puv Za = n]io[(?9)3 3 %an puv 'a= ']
J1 A[uo pue J1 1uaorlpe are (Zata) pue (?n‘'n) sadiaa oml pue (29)4 x (*9)A
195 XauaA oY) sey %n pue'n sydes Jo ipx 'n ponpoid uvisarp) Yyl
o (D). 1) I: x
zzu(ID)zU/\ zu‘w(zg)tu zw(ID)IU/\‘w%uq-zm‘uzu‘lu%uv 2ty =
Zutw[z(za)zop(zg)aamu][t «
zutw[Z( Zn) zﬂp (ZD)ABZHH][t Eu[( Ia) ‘Dp( In) ‘Dp (*9)33 ‘ﬂ'nu][\'wgu( Zuv) x
tu[( 20y *9p(%n)p (‘9)33%‘"”] /: x
J(cop+ enyop) sty | [y op O uys(Pug) =
2%a)™9p ,(tn)*p z((la) p(tn) ‘op) {z’u[:v(zomazau Coyastn[ [ (Frantatn] | x
(a)p(*m)@p (%) P + (') p ) (') "péu[:s: Corastatny | (ot |

<Mt
‘] ewiwa AQ MON

[2a) 2 p(*n)®p + (%n) P p(*a) P pPu
+ (2a)™p(*n) 2 pu + (Fa) Op(tn) Vpqu] AW GO | CRatatny|

[Garopmy*op
+('n)Ppu ((za) “p + (n) zop) + ('n)"%p %u] (*0)as%ain] [ (F9)a2™ Y| =
(Gay®p + () Pp7u) x
((zn) Dp+ ()2 pzu) (D)As%ap [ (F9)a3%ny [ (*)FBMATN| | ¢
((za) Dp+ ()"0 pzu) (( 2n) 0 p + ('n) 2 pzu) (9)gatain[ [ (M| =
((%a**a))?p((*n**n))%p (9)3;(24'14)(Zn"n)u = (9
:9ARY oM ‘xopui qa18ez aanedidnnw puodas sy jo uontulyep Ag (1)
uCDWaf, | (UThE) =
!u[ n)®p (zo)Aaan] 2u[ ('n)"p ('o)Aa'nu] zutu(zu ;_/gs) =
(3n) p x (?n) P p(*n) P puzg x ,(*n) p Zu /: g zD)Aaznu 043 ‘nu

<M'u




Theorem 4 The first and second multiplicative Zagreb indices of G, %G,
satisfy the following inequalities:

() I, (G; % G,) > (3¥2) " T, G™ (G ,
(ii) [1,(G, % Gy) > 3Mm™z+mama []1, (G, )™z [T,(G,)™

x ij("i.((ﬁ)”z(cl))"z (1,6, (G))™ .

Proof. (i) Let G = G, x G,. By definition of the first multiplicative Zagreb
index, we have:
M) = n(u,.uz)eV(G) d((uy,u,))?

= [, eviey Mueveayy(ds, ) + de, (uz))2

= u,evcery uzevea, (de, 1) + 2dg, () dg, (u) + dg, (1)?).
Now by Lemma 1,
M(G) > [Nu,eviey [uzeviay) 3 de, (W1)? x 2 dg, (uy) dg, (uz) X dg, (uz)?

= BV [[1,,evie, 46, @) 1 [Museveayy de, ) ]™

= (332)"" VI, G)™ MG -
(ii) By definition of the second multiplicative Zagreb index, we have:
,(G) = n(u,.uz)(vl.vz)es(a) dg((uy, u2))ds ((v4,v,))

= nuIEV(GQ nuzvzeE(Gz) (d(;1 (u) + de, (up )) (dc, (u) + dg, (v, ))
* [Nueviey Mu,vyee@y) (dcl (uy) +dg, (u, )) (da,(%) +dg, (u, ))
= [Tu,eviop Mugvyeecay) [dq W) + (dG2 (uz) +dg, (vz)) dg, (u) +
dg, (up)dg, ()]
x HquV(Gz) nulv,eE(GQ [da, ()% + (dal () + dg, (v, )) dg, (up) +
dg, (uy)dg, ().

Now by Lemma 1,
11,(6) >

nuleV(al) nuzszE(Gz) 3 :lda, (uy)? (dGz (up) + dg, (”z)) dc.-z (u, )dcz (v,)

* Muzevien Muyvyesien 3 i/dGz (w,)? (d01 () +dg, (v, )) 4, Uy )dg, (vy)
= 3mm; [nuleV(c,) dG; (ul)]"u
3 "
< [num G (dcz (up) +dg, (v, )) Muyv,ee6,) de, (2)dg, (v, )]
x 3Mamy [nugeV(Gg) dGz (u2 )]ml
3 "
x \l[nuxvles(t};) (da, (u) + da; (v, )) nuxvl €E(Gy) dGl (y )dcl vy )]
= 3IMmztnym, \/Hl (G™2 [1,(G,)™
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< ‘J(n{(al)nz(a,))"’ (1,°(6,)M,(6))™ .o

The strong product G, X G, of graphs G, and G, has the vertex set
V(G,) x V(G,) and two vertices (1, u,) and (v, v,;) are adjacent if and only if
[w, = v; and u,v, € E(G;)] or [u, =v, and wv, € E(G,)] or [u,v, €
E(G,) and u,v, € E(G,)). The degree of a vertex u = (u,,u,) of G; X G, is
given by:

d 5, m6, W) = dg,(u;) +dg, () + dg, (uy) dg, (uz) .

Theorem 5 The first and second multiplicative Zagreb indices of G, X G,
satisfy the following inequalities:
(i) 1,(G, ® G,) > (6v2)m™2 {/11,(G,)?" 1,(G,)*™
(i) 11,(G; B G;) > 7™ma(642) " §/T,(G, P e [T,(G)>m +om
x 7\/172(61)4"'2”2(02)4"'1 zm‘(cl)htz%)mz nl'(62)7n,+3m, .
Proof. (i) Let G =G, X G,. By definition of the first multiplicative Zagreb
index, we have:
M1,(6) = [, upreviey de (g u2))? )
= nu,eV(c,) nuzevwz)(dc, (u) + dg,(uz) + dg, (u)) dg, (u; ))
= nu,eV(a,) ﬂust(cz)[dal(W ¥ +dg, (u, P+ dg, (111)2%z (uy)? +
2dg, (u))dg, (uy) + 2 dg, (wy)? dg, (up) +
2dg, ()% dg, (u,)).

Now by Lemma 1,
mG) > ﬂuleV(a,) nuzevwz) 66\/23da, [N )edaz (u,)?
= nu,eV(Gl) nuzeV(Gz) 6v2 3\/dc;l (u1)4d62 (uy)*

= (6VD)m ifmu,evwn dg, @)*]" [Ty evcey de, @2)*]™

= (6v2)M"2 {/11,(G,)?"2 11,(G,)*™ .
(ii) By definition of the second multiplicative Zagreb index, we have:
1,(6) = M, uyywr.vyeE) G6 ((Ua. u2))ds ((v1,1,)).
By definition of the strong product, we can partition the above product into
three products as follows:
The first product P; is taken over all edges (u;,u;)(vy,v,) € E(G) such that
u, = v; and u,v, € E(G,). The calculation of P, is as follows:

P = nu1€V(01) nuzl’zEE(Gz) (dG1 (u’l) + dGz (uZ) + d61 (ul) ng (uz ))
X (d01 (uI) —+ dGz (vZ) -+ d61 (ul) ng (‘Uz ))




LoV

(Coy®op+m@p) (Coyopem®p)f, x

15\ Iny ™o 12\ Opciny 9 (29)ga%anyy (*n)gataln €
(C®p+m™p) (Cayop(mp)[is U U<
‘| ewiwa] £Q MON

. [( Za) sz( Zn) zgp( tﬁ) IDp( tn) tDp
+ (%) 2p(*m)*2p () '9p + (*n) "9p)
+(CCa)*p + (1)) (*a)"9p('m) 2p
+ (%) 2p(*n)0p + (*a)p (*m)®p
+ (%) 2p(*n) Pp+(ta) Op(in) ‘9p] (0)ga%atn | Co)gatan][ =
(Ca>*p (2)"2p + (Pa) op + (*a) p) x

((zn) p ('n)"9p + () ?Pp + ('n) ‘op) (For33%a%n[ 1 (*9)a3 ] = gy

SMO[[0] sE ST 4 JO uonenojes oYL *(29)g 3 tain pue (*n)g 3 'a'n

1’y) yons (9) 7 3 (%a‘ta)(®n‘'n) sa8pa [je 1940 uaye) s1 &7 1onpoid pay sy

" w(W, W) s DS, (ZA9) < W
‘AnowwAs Ag

(P (') "9p + () 2p + () 9p) x
(( n)*0p (") Vp + () ¥p + ('n) '9p) Coypin (9a3tatnl ] — 7y
‘0§ % =7 npue (*9)g > tan
teys yons (9)F 3 (fa'ta)(*n ‘™) sa8pa e 1940 udxe) si 2y npoid puoosas ay|
: tu(zg)IU/‘ tu(zﬂ).lll/: ?-wz(l.’))tg/: zw,u(_Z_AQ) =

. [(( 20)%p + (%n) zop) (COY-E) annu]/: v
‘u[( 2a) zop( Zn) ‘ap (zo)aszaznu] /\zw[f( n) 9p (‘D)Aa‘nu]/: zw‘u(%g) =
Cay2p(*my2p/*
(%a) p + (%n) z"’p/; (1) t”p/‘g ZA9 (zo)aazaznu (‘a)Aatnu =
e(( za)®p(2n) Zop) z((zn) p + (%n) zop) o('n) 2pg [:9 (9)g3%a%n| | (*9)a3'ny |

<Y
‘1 ewwy AQ moN

[y p(ny@p + (*ny 2p(2ay 2p(imyPpz
-+ Z( In) ‘.')p( Za) sz(Zn) sz
+('m)"2p ((Pay*2p + (*m)*0p)

+2(') 2P () P + () 0p) + () op] DT o3y



7 4
= 7mlm2 \I[nuiv;eE(G,) dG1(u1)dG1 (vl )] "

7 me
o2 Moo (e, ) + i, )]
" Mugseeccor ey @), 0™ [Mugvyeian (dey @) + oy )]

= 7mam; 1[(172((;1)4 11,°(6)) ™ (M,(6,)* M (G))™.
Hence,
+
M,(G) = P,P,Py > TMm2(6%42) "2 2 $[M,(Gy)a+mz [1,(G,) ™+
x Vnz(GI)4mz n2(62)4mlzv nl‘(Gl)7n2+3m2 171‘(62)7"1*“3"‘:.0
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