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Abstract: Using subspaces of the finite field GF(q2k) over GF(q), we
construct new classes of external difference families.
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1 Introduction

Let (G,+) be an Abelian group of order v. A (v,k, ) difference fam-
ily [(v,k,A)-DF in short] over G is a collection of k—subsets of G, D =
{D1, Dy, -+, Dy}, such that the multiset union

Utz-y:oy€ Dok} = MG\ {0)).
i=1
A (v, k, )) difference family is called disjoint, denoted by (v, k, A)-DDF,
if the base blocks of D are mutually disjoint and |Ji..; D; = G\ {0}.
Difference families are well studied and have applications in coding the-
ory and cryptography. Ogata et al7] introduced a type of combinatorial
designs, external difference families, which are related to difference families
and have applications in authentication codes and secret sharing.
Let (G,+) be an Abelian group of order v. A (v,k, A, u) external
difference family [(v, k, A, «)-EDF in short] D over G is a collection of u
k—subsets of G, D = {D;, Ds,---, D, }, such that the multiset union

U Di-Dj)=xG\{0})

1<i#j<u
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where D; — D; is the multiset {z — y|z € D;,y € D;}.
It is easily seen that if a (v, k, A, u)-EDF over G exists, then

Mu —1) = Ku(u — 1) (1)

Note that in an EDF the blocks D;’s are required to be pairwise dis-
joint, while this is not the case in difference families. They are different
combinatorial designs, but are related.

A difference system of sets (DSS) with parameters (n, 19, 71,
-++,T1_1,8) is a collection of ! disjoint subsets Q; C {1,2,---,n}, |Qi| = 7,
0 <i <1 -1, such that the multiset

contains every number i, 1 < i < n—1 at least § times. A DSS is per fect if
every number ¢, 1 < i < n — 1, is contained exactly ¢ times in the multiset
(2). A DSS is regular if all Q; are of the same size. Hence a perfect
and regular DSS is an EDF over Z,. Therefore, EDFs are an extension of
perfect and regular DSSs.

Difference systems of sets were introduced by Levenshtein[5], and were
used to construct codes that allow for synchronization in the presence of
errors[6]. Tonchev(3][4]{2], Mutoh and Tonchev(10], and Mutoh(11] pre-
sented further constructions of DSSs and studied their applications in code
synchronization. Chang and Ding][1) using cyclotomic classes of order 4 and
6 presented some constructions of EDFs and disjoint difference families.
Recently, Sun and Shen(8] constructed new classes of external difference
family from lines.

A convenient way to study an external difference family is to use a
group ring. Let (G, +) be an additive Abelian group and Z be the ring of
all integers. Let Z[G] denote the ring of formal polynomials

2(6) = {3 agX?leg € 2},
geG

where X is an indeterminate. The ring Z[G] has operations given by

e agX9+dY X =) (cag+bdg)X?

geG geG 9€G
and
O agX9)(D_ b X9) =D (D aghn-gX™)
geCG g€eG heG geG

for c,d € Z. The zero and unit of Z[G] are 3", »0X9 and X° := 1,
respectively. If S C G is a subset of G, we will identify S with the group



ring element S(X) =) .o X9. With the above notation, we can rephrase
the definition of a (v, k, A, u)-EDF D = {Dy,D,,---,D,} in G as

> Di(X)Dj(X7') = —A+ AG(X). (3)

1Si#5<u

The following proposition follows directly from (3).

Proposition 1 [1} Let (G,+) be an Abelian group of over v, and let
D = {Dy,Ds,---,D,} be a collection of pairwise disjoint k-subsets of G.
Then D is a (v,k, A\, u)-EDF in G if and only if

DIX)D(X™) - Y DOD(X ) = -A+)6(X) ()
i=1

u
where D = |J D;.
i=1
In the case that D is a partition of G\{0}, ku = v — 1 and by (1) we
have A = k(u — 1) = v —k — 1. Whence u = (v — 1)/k. A connection
between some DDFs and some EDFs is given in the following proposition.
Proposition 2 (1] Let (G,+) be an Abelian group of order v, and let
D = {Dy,D,,---,D,} be a collection of k-subsets of G. If D is a partition
of G\{0}, then D is a (v,k,v —k — 1,(v — 1)/k)-EDF over G if and only
if it is a (v, k,k — 1)-DDF over G.

2 Construction

In the following, let ¢ be an odd prime power and GF(qzk) be the finite
field of order qzk, where £ > 1 is an integer. r is an integer, 1 < r < k.
G is the additive group of GF(qzk). For convenience, we select and fix

a primitive element g of GF(q2"). We view GF(q?*) as a 2*-dimensional
vector space over GF(q).
Let

-1

Li, = {g(q"’"+1)t+i, t=0,1,---,¢ " — 2},
where i; = 0,1,2,---,¢>" . Then |L;,| =¢* ' -1 and
GF(@ N0} = U g Li,. Let S, = Ly, U{0}, then |S;,] = ¢*".
For L;,0 <4, < ¢, let
Liyi = (g 0@ Tttt 2 g1, g2 _ ),

. ok—2 ok—2 q2"‘2
whereiz =0,1,2,---,¢> ". Then|L;;,| =¢° "~land L;, = U], Li,.

o
Let S,'l,'2 = L3, U {0}, then |Si1i2| = q2 %

107



. k- k-2 . k=ril
For 0 < i; < ¢? l,OS’LzS 2700 < iy £ P . We can
sperate
gk—1 2k-2 Qk—r+1 =t et .
(@7 1@ T+ (e +0t+ Y GGy [] (@ 7 +1))+a
Liiio_, = {9 =z =

k=r4l
|t=0,1127""q2 }
into ¢~ + 1 sets

Lijigip_yi, =

ok—1 ok=2 ok=r41

r J1—-1 .
(8 7 41} T +1)(q +(@ T4+ 3 Gy [ @ TR0+
{g j1=2 Jj2=1
lt = 0) 17 21 Tt sqz"_r})

where i, =0,1,2,---,¢% .

Now we will construct new classes of external difference families.

At first, we have

Lemma 1For 0 < i, < ¢
Let

siliz"'ir-lirl =
ok—1 ok—2 ok—r =i acd ok ~i2 =S, .
@ D@ ) D Y Gy [T @ P4 T @ T D40
{9 =2 =1 i2=1 |

i;=0,1,2,,¢2 j=1,2,---,r-10<r < "}u{0},

k=1 . k-2 . k—r+1
2T 0<i <, 0<4 0 < g2 T

Siliz"‘ir—lirg

k-1 k-2 k-t = =t k—jg = k—jg
(CRERES ) CLRE S VRN CLANE S T2 W (PRI [ (N C AR ) EE S I N C LS OER A
{g i1=2  ig=1 i2=1 |

k—J

i;=0,1,2,-+,¢2 ", j=1,2,--,7 = 1.0 <1, < ¢* "} U{0}. Then

2k—r

o o 1 € Suigeici (X) mi=r2
Suteivaies OSuigtring ) = { § Stz K0 a2

Proof:When 7 # 7o, let 81,82 € Sijigevir_1in1 53,54 € Sijigevip_qiva
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k—~ k— -r k—r
= gl@ T D@ T )0 T D T
j1-1 r—1 .
k=
Z G [T @ 72 40)+iny, [] (@772 4+1)+i
=2 ja=1 j2=1 , where | =1,2.
k- k-2 k—r+1 k—r
= g(q2 L@ TR T e T
r—1 Jy=—1 . r—1
. k- . k—J N
> Giy [T @ 72 410)+in, [ (24144
n=2  g=1 jz2=1 , where [ = 3,4.
If
81+ 83 = s2 + 84, (5)

then
81 — 89 = 83 — 84.
We have
r—1 2k—j r f—j r k—j
i [J@ 7+ a6 7+) ][0+
g = (g = -g = )=
r—1 . r r .
i [1@ 741 & [[@® 741 [0+
g i=1 (g i=1 -g i=1 ),

r=1 . r . T
Gr=ir) [[@ 741 6 [[@@ 7+ &6+
g i=1 =(g = —~g = )t

t3 ﬁ(qzk-j+l) ts ]:[(q’k-j+1)
(g = —-g = )- (6)
16 +1) [T +)
Because of (g7=! )& D =1, gi=t € GF(¢®*™"). The
left side of (6) is an element of GF (g2 r).
Since 0 < 4y, < ip, < g2, 1 <4y, —ir, < g%, we have

L
( 2

r—1 .
(irg—iry) [J(** 77 +1)
g 3= ¢ GF(q

2kr

).
There is a contradiction. Therefore, Assumption (5) is impossible. i
We sperate GF(g2") into (¢2° " + 1)(g2* " +1)--- (¢** " +1) (¢*™ -
1)—subsets, each of which is a line of some GF(¢®" ™'). GF(¢®**™™*") has
¢®"" + 1 lines. We sperate these 2" + 1 lines of GF(g®* ™) into m
parts. Each part is a union of n lines, where mn = q2k—' + 1. Now we are
going to construct external difference families over GF (qzk).
Let m,n be two positive integers, m|(g2" " + 1), and ¢**" + 1 = mn.
Let

2k=J

D={Dil‘i2"'ir|i.’i=07112:"'7q aj=1y2a'°')r}a
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where
Diyiyori, = {Diigigeivs D2iyigeivy =y Dmiyigein 1o

is a collection of n(q>" ™" — 1)-subsets of GF(¢*™™"), each

Diiyiyeri, = Liyigeipy, Y Liyise. ,,,2U “ULj . i, is a union of n different
2k——r+l

Liyig.i,, where 0 < iy < ¢, 0 < ip < &7 0< i1 S g )
ir = 0,1,2,-+,¢% ", where | = 1,2,---,m. When 1 < j; # j» < m,
Djn'liz---ir n Dj2i1i2"'ir = 0. Then Dlhiz---ir, D2i,1’2-~i,.,’ .. aDmin’g---i, form
a partition of Lj iy...i,_, - _

Theorem 1 D = {D;,,,...i,.|i; =0, 1,2,--',q2k_1,j =1,2,---,7} con-
structed above is a
(¢ n(® -1),¢% —ng®  +n-1,m H 2" 4 1))—EDF over G =

j=1
k
(GF(¢*'), +).
ok -1 ] ok—-r 2k-r _,
Proof: Since —1 = g¢° +D@" "+D)la” +DE== ¢ [
N——

r .
we see that Li iy (X1) = Lijii,(X), where i; = 0,1,2,-.-,q2k-a
and j = 1,2,---,r. Now it suffices to check that D = {Dji,...i.|i; =

0,1,2,--- ,q2k—1,j =1,2,.--,r} satisfies the difference family equation (3)
or (4) in Z[G].

Dlili2"'ir (X)D,iliz...i,(X“)

N
M3

-
4
|
-
-~
Il
—

i1,82,000

L:

‘liQ"'irlj

(X))?

il
[V]
tﬁs
™=

-
"

|
-
~
1
—
<,
[
-

i1,82,001

Il
P’J
M3
NgE]

Sili?"'irlj (X) - n)2
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1
-

I
™
M3
M=

[
-

11,82, 8r o1

> Siyigeir, (X))?
1’!)12y""’y:r'—l
-2n El Siliz'uirl ) (X) + n2)

J:

= ¥ z<2(q2*"—2n)sm ing, (X)

tmz. ir— =1 j=1

( l)slllz vipod (X) + n2) .
= E ((q2k—r - 2n)Sili2“'ir—l (X) + q2 "‘(

tyiz,yie—g

+mn(n — 1)Si,ig.in_, (X) + mn?)
k=7
= > (T —n—=1)Siiei (X)

iy ai2 IR P

+(q2k—r+l _ nqzk-r + n))

~
1
-

.
Il
-

2‘:—1‘

—2n)
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= T i X)
+® T - 1)) i
= (7 —n - DEEENIN +@ T - D) 1T

= (ng®" —n—1)(GO\{1}) + (¢* - 1),

k—

“+1)

2k 1 2k -2 gk=r+1
where ) Z Z >
i1,82, " ip1 21=0 #2=0 1,._1=0

D(X)D(X™") = (GX\{1})? = (¢® - 2(GX\(1}) + (¢*" - 1)
Therefore,
Dyiyipin(X) Digiyigeni (X 1)
i1,82,ir-1 1SOh #El<m

DX)D(X~HY)- % EDM,, e (X)Dtiyig.ip (X 1)

ig,ig, 0 ipm I=1

= (¢ -ng®  +n-1)+(* —ng® +n-1)CG(X)

This completes the proof. o
From the proof of Theorem 1, we have '
Corollary 2 D= {Diliz...,-, l#; =0,1,2,-- ~,q2k-1,j =1,2,--+,7}
isa(q®,n(g® " -1),n¢* " —n-1)-DDFin G = (GF(¢%), +).

Example Let f(z) = z* + 2% + 22 + 2z + 2 € F3[z] and g be a root of
f(z). Then g is a primitive element of GF(3%°).

Let L;, = {g'%+4]t = 0,1,2,3,4,5,6,7} be lines of GF(3%’), where
3 —0123456789 Let 10--mnandDhl be a union of n lines
of GF(3?"), where l = 1,2,---,n. Then D = {D1i1,Dai1,+*+, Dmi1 } is an
(81,8n,80 — 8n,m) — EDF over GF(32").

Let L;;, = {g'°“t+#)+i1|t = 0,1} be lines of GF(32), where i; =
0,1,2,3,4,5,6,7,8,9, and i = 0,1,2,3. Let 4 = mn and Dy;,;, be a union
of n lines of GF(32%), where I =1,2,---,n. Let
D‘iliz = {Dlizig’ D2i2i2, vy, Dmiliz} . Then D = {Diliglil = 0, 1, 2, 3, 4, 5, 6,
7,8,9,42 = 0,1,2,3} is an (81, 2n,80 — 2n, 10m) — EDF over GF(3?%").

3 Conclusion

In this correspondence, we constructed new classes of external difference
families over GF(qzk), where £ > 1. When k = r = 1, the main result in
(8] is a special case of Theorem 1.
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