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1 Introduction

Let n be a positive integer and Z,, be the residue ring of intergers module n.
A difference systems of sets (DSS) with parameters (7,70, 1, * y Tom1,P)
is a collection of s disjoint blocks Q; C Z,,, [Qi| =7, 0< i <s— 1, such

that the multiset
{a—b|a€ QtybeQ]‘l‘ '_Ié])o < l?j _<_S— 1}

contains every number ¢, 1 < i < n — 1, at least p times. A DSS is regular
if all blocks @; are of the same size.

Tonchev constructed difference system of set using cyclotomic classes,
difference scts and balanced weighting matrices[5, 6]. Fuji-Hara, Mune-

masa and Tonchev obtained difference system of sets from hyperplane line
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spreads and hyperplanes[4]. Tonchev and Wang developed algorithms for
constructed optimal difference systems of sets(7, 8]. Rencently, Ding pre-
sented some algebraic constructions of optimal and perfect difference sys-
tems of sets[2]. In this paper, we will give new class of optimal difference
systems of sets with three blocks.

Cyclotomy is powerful tools for constructing combinatorial designs, such
as[3]. The key idea of our construction is to use cyclotomic class of order
6.

Let p be a prime and GF(p) be the finite field of order p. Let e divide
p—1and p = ef +1, where f is a positive integer. For a primitive element
6 of GF(p), define Dy =< §° >, the multiplicative group generated by 6°,

and

D; =6' Dy, for ¢=1,2,---,e—1.

These D; are called cyclotomic classes of order e. The cyclotomic numbers

of order e with respect to GF(p) are defined as
(,5) = |(Di + 1) N Dj| 0<i,j<e-1

Clearly, there are at most e? different cyclotomic numbers of order e.
When e = 6, let p = 6f + 1 be a prime, where f is even. GF(p) is
the finite field of order p, and @ is a primitive element of GF(p). In the
remainder of this section, we consider cyclotomic classes D; with respect
to GF(p) and cyclotomic numbers of order 6. Let p = z2 + 3y, where
z,y € Z and £ = 1(mod3). Here y is two-valued depending on the choice

of the primitive element @ employed to defined the cyclotomic classes[1].



The cylotomic numbers of order 6 are

0 27374
O(ATB|IC|DJE
ITTBIF|GITHJ[TI
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SIDITH]ITTD|THTTI
41 ETTTJIJTH|ICTG
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where

t =0(mod3) | ¢t = 1{mod3) T ¢=2(mod3)

36A | p-17-20x p-17-8x+6x p-17-8x-6y
368 | p-5+4x+18y | p-5+4x+12y | p-5+4x+06y
36C | p-5+4x+6y | p-5+4x-By p-o-8x
36D | p-5+4x p-9+4x-6y p-o+4x+0y
36E | p-5+4x-by p-o-8X p-o+4x+6y
36F | p-5+4x-18y | p-5+4x-6y p-5+4x-12y
36G | p+1-2x p+1-2x-6y p+1-2x46y
36H | p+1-2x p+1-2x-6y p+1-2x-12y
36l | p+1I-2x p+1-2x+12y | p+1-2x+6y
30J | p+1I-2x p+1+10x+6y | p+I+10x-6y

and t is an integer such that §* = 2(modp).

2 The Construction of Difference System of
Sets

Now we will present a construction of difference systems of sets over Zs,.
Because of (3,p) = 1, we have Z3, = Z; x Zy. For w € Z3,, we have
(w1,we) € Z3 x Z,, where w; = w(mod3) and wp = w(modp). Under the
isomorphism. the construction over Z3p is equivalent to the construction
over Z3 X Zp.

Lemma 2.1 Let p = 6f + 1 = 22 + 3y? be a prime, where f is even
and z = 1(mod3). Let 6 be a primitive element of GF(p). Assume that

t = 1(mod3) for an integer ¢ such that 6% = 2. Let
C1 = ({0} x (Do U D2)) U ({1} x (D2 U Dy)) U ({2} x (D4 U Dy)),

C2 = ({0} x (D1 U D3)) U ({1} x (D3 U Ds)) U ({2} x (Ds U Dy)),



Cs = ({0} x (D4 U Ds)) U ({1} x (Do U Dy)) U ({2} x (D2U Ds)).

Then

p—1 w1 =1,2,w, =0
3 p—4+y w =0,wp€DoUDUD,
S iCitw)nCil=4 P-4-y wy =0,wy € D1 UD3U Ds

})—2+y- w1=1,2,w2€DoUD2UD4
p—?.—‘?zz w1=1,2,w26D1UD3UD5
Proof: When w; = 1,2,wp =0,

(Cy +w)NCy

i=1

[(C2 +w) N Cy

11 | T | | R O 1 B

|(C3 +w) NCa

3
Therefore, we have Y [(Ci +w)NCi| =p—1.
i=1
When w; =0, w{l € Dy, we have w;‘Dk = D(1+k)( mod 6) and

w2 € Dg—i( mod 6), Where 0 <1 <5, k=0,1,2,3,4,5.

({1} x (D2 U Dy))U
0,wz)) N ({0} x (Do U D2))U
{2} x (D4 L Dy))

({0} x ((Do U Dy) +w3)) U ({1} x ((Da U Dyg) +w2))U
0} x (Do U D»))
} x (D2 U Dy)) U ({2} x (Da U Do))

((Do U D2) + w2) N (Do N D3)))

x (((Dg U Dy) + w2) N (D2 N Da)))

x (((Da U Do) + w2) 0 (D4 N Do)))l
= ({0} x ((w5 (Do U D2) +1) N w3} (Do N Dy)))U
(w5 }(D2 U Dyg) + 1) Nwy (D2 N Dy)))U
(w3 }(Da U Do) +1) Nw; " (Dg N Do)))|
2+L)+ 2+ D)+ 2+ L2+ )+
T+ @+LA+D) +@+L2+10)
l);—(4+l,l)+ 4+1,4+0)+



)+ (B+ L4+ D)+

+

Y

L2+ + (1 +3,14+3)+ (1 +2,1+2).

5l4+5)+(l+4,4+1
+(1+0L1+0)+(,

+
1)
+

!
L,

We also have
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When w; = 2,wy # 0, we also have

3
LICi+w)nCi

= (u) +(LI+ )+ (+2,0+4)+(+2,D)+
(C+2,D)+(0+4,)+((+2,1+2)+ (1 +4,14+2)+
(l+4,l+2)+(l+4l+4)+(l,l+2)+(l,l+4)+
(l+1,l+5)+(l+3l+5)+(l+3,l+1)+(l+1,l+1)+
C+3 1+ +(+31+3)+({+51+1)+ (1 +51+3)+
(l+5,l+3)+(l+5l+5)+(l+1,l+3)+(l+1,l+5;+
(l+4,1+2)+(1+4l+3)+(l+5,l+2)+(l+5,l+3
+(I+4)+ (LI +5)+ (U +1L,1+4)+ (1 +1,1+5)+
G+, +(@+3,D)+(1+2,14+1)+(1+3,1+1)

_ [P~ 2+,;,1/ wo € Dy U Dy U Dy
p—2-— Y wo e D;uD3UDs

Theorem 2.2 Let p = 6f + 1 = 2 + 3y? be a prime, where f is even,

= 1(mod3) and |y| = 2. Let 6 be a primitive element of GF(p). Assume

that ¢ = 1{mod3) for an intcger t such that 6* = 2.Then S = {C1, C2,C3}
is a (3p, p, 2p — 2) regular differcnce systems of sets, where

C1 = {(1,0)} U ({0} x (Do U D2)) U ({1} x (D2U Da)) U ({2} x (D4 U Do)),

Cz = {(2,0)} U ({0} x (D1 U D3)) U ({1} x (D3 Ds)) U ({2} x (Ds U D1)),

Cs = {(0,0)} U ({0} x (D4 U D5)) U ({1} x (Do U D)) U ({2} x (D2 U Ds)).

Proof: For w # 0, w = (w,w2) € Z3 X Zp.

M

> (Ci+w)n Gyl

1<i#5<3

= |(Z;,,+w)ﬂZ3,,|- Z I(Ci + w)NCi

= 3p—|(Cl\ (1, 0)!+w)ﬂ(01\ (1, O)i)
2,0)t +w)N(C2\ {(2,0)})
,0)} +w) N (C3\ {(0,0)})

1\ (é:g)w
0,04
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Because of w # 0, we have
[({(1,0)}+w)n{(1,0)}] = [({(2,0)}+w)N{(2,0)}] = |({(0,0)}+w)n{(0,0)}| =

Let

My = [(Ci\{(L,0)}+w)n(C;\{(1,0) gl+
[(Ca \ (2,0)I+w;ﬂ(c’z\ §2,0)} [+
(C3\ {(0,0)} +w) N (C3\ {(0,0)})]
and
M = [({(1,0)} +w)n(C \{(l 0Dl +1({(2,0)} +w) N (C2 \ {(2,0)})
’ +({(o, 2}+w)ﬂ(103 {( 0)})I+I(Cl\{(1:‘6)}4-‘3)”%(1,0;}
+(C2\ {(2,0)} +w) N {(2,0)}] + [(C3 \ {(0,0)} + w) N {(0,0)}},

we have M = 3p — M, — M,.
When w € {(1,0),(2,0)}, we have M) = p—1 and Ms = 0 from Lemma
2.1. Then
M=3p— M —M,=2+1.

When w; =0,1,2, we # 0. From Lemma 2.1, we have

P—4+y wy=0,wy € DyuUDyuU Dy

Pp—4—y w; =0,wy € DyUD3UD;s
M, = p—2+% w1 =1,2,wy € DgUDyU Dy -

p_2_§ w1 =1,2,w; € D;UD3U Dy

It is easy to prove

0 wi=0,ws € DyU Dy
1 w; =1,2,ws € DyU Dy
My = 2 w1—0,1,2w€D1UD2 y
3 wi=12,ws € DyU Dy
4 w=0,ws € DyuU D4
and

( p—4+y w; =0,wp € Dy
P—2—y w =0,w €D
P—2+y w=0wp€D,
P—4-y w =0,wy €Dy
P+y w) =0,wq € Dy
P—vy wy = 0,wq € Ds

Miy+M, = { p+l-3y wi=12weD .

P+%y w1 =1,2,wz € Dy
p—§y wl=172,w2€D‘2
p+1+%y w1 =1,2,ws € D3
p—=1-3y wi=12w €Dy
\P—1+3y wi=12w€Ds




Then we have

( 2p+1 w1 =1,2,w=0
2p+4—-y wi=0wpeDp
2p+24+y w1 =0,wp €D
2p+2-y wy=0wy €Dy
2p+4+y wi=0,wp€D3

gp-—y w1=g,wzeg4
p+y w) =0,we € Dy
M=3p-M-M = A 2p—1+3y wi=12,w €D

2p - ly w1 =12,wp € D,
2p + 3Y w; =1,2,wp € Dy
21’—1—%!! w1 =1,2,ws € D3
2p+1+?y w1 =1,2,ws € Dy
\ 2p+ - 35Y wy=1,2,ws € Dy

When |y| = 2, S = {C1,C3,Cs} is a (3p,p, 2p — 2) regular difference

systems of sets.
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