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Abstract

Let a, b and k be nonnegative integers with 2 < a < b and
b = 0 (mod a — 1), and let G be a graph of order n with n >
{etb-1)Qatb-d)=atl 4 kA graph G is called an (a,b, k)-critical
graph if after deleting any & vertices of G the remaining graph of G
has an [a, b}-factor. In this paper, it is proved that G is an (a, b, k)-
critical graph if

a—1n+|X|+bk—1
a+b-1

INa(X)| > ¢

for every non-empty independent subset X of V(G), and

(@ = 1)n+b+bk
5(G) > a+b-1

Furthermore, it is shown that the result in this paper is best possible
in some sense.
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1 Introduction

The graphs considered here are finite undirected graphs which have neither
loops nor multiple edges. We refer the readers to [1] for the terminologies
not defined here. Let G be a graph. We use V(G) and E(G) to denote its
vertex set and edge set, respectively. For any z € V(G), the degree of = in
G is denoted by dg(x). The minimum degree of G is denoted by §(G). The
neighborhood Ng(z) of z is the set of all vertices in V(G) adjacent to z
and for X C V(G) we write Ng(X) = Uzex Ng(z). For § C V(G), we use
G[S] and G — S to denote the subgraph of G induced by S and V(G) - S,
respectively. Let S and T be two disjoint subsets of V(G), we denote the
number of edges from S to T by eq(S,T). A vertex set S C V(G) is called
independent if G[S] has no edges.

Let a,b and k be nonnegative integers with 1 < a < b. An (a, b]-factor of
graph G is defined as a spanning subgraph F of G such that a < dp(z) < b
for each x € V(G) (where of course dr denotes the degree in F'). And if
a = b = r, then an [a, b]-factor of G is called an r-factor of G. A graph
G is called an (a,b, k)-critical graph if after deleting any k vertices of G
the remaining graph of G has an [a,b]-factor. If G is an (a, b, k)-critical
graph, then we also say that G is (a,b, k)-critical. If a = b = r, then an
(a, b, k)-critical graph is simply called an (r, k)-critical graph. In particular,
a (1, k)-critical graph is simply called a k-critical graph.

Favaron (2] investigated the properties of k-critical graphs. Cai and
Favaron [3] got a toughness condition for a graph to be a (2, k)-critical
graph. Liu and Yu [4] studied the characterization of (r, k)-critical graphs.
Liu and Wang (5] obtained a necessary and sufficient condition for a graph
to be an (a, b, k)-critical graph. Li [6] showed a degree condition for graphs
to be (a, b, k)-critical graphs. Li 7] got two sufficient conditions for graphs
to be (a, b, k)-critical graphs. Zhou (8] ohtained an independence number
and connectivity condition for a graph to be an (a, b, k)-critical graph. Zhou
[9] gave a neighborhood condition for graphs to be (a, b, k)-critical graphs.
Zhou and Jiang [10] showed a binding number condition for a graph to be
an (a, b, k)-critical graph.

The following results on k-factors and (a, b, k)-critical graphs are known.

Theorem 1 'Y Let k > 2 be an integer and G a graph of order n with
n> 4k — 6. If k is odd, then n is even and G is connected. Let G satisfy

IX|+ (k- 1)n -1

INo(X)| >
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for every non-empty independent subset X of V(G), and
k-1
2k -1

0G) 2 (n+2).

Then G has a k-factor.

Theorem 2 ® Leta, b, k be nonnegative integers such that 2 < a < b, and
let G be a graph of order n with n > @+%=1 (2":' boS)tbil 2% Suppose
for any subset X C V(G), we have

(b(n — 1) — bk)n |
(a+b—1)(n—1)J’ o

(b(n—l)—bk)'nJ.
(a+b—-1)n-1)

No(X)=V(G) if IXIz[

(@+b—1)(n—1)
INo(X)] 2 ST

Then G is an (a,b, k)-critical graph.

Xl i X< [

Theorem 3 1% Let G be a graph of order n, and let a,b and k be non-
negative integers such that 1 < a < b. If the binding number bind(G) >
Mﬁ% andn > ww + %, then G is an (a, b, k)-critical

bn—(a+b)—bk+
graph.

Theorem 4 ['? Let a, b and k be nonnegative integers with 1 < a < b,
and let G be a graph of order n with n > M;iﬂ + k. Suppose that
(a—1)n+|X|+bk -1

a+b-1
for every non-empty independent subset X of V(G), and
a—1n+a+b+bk—2

a+b—1 )

INe(X)| >

6(G) > (
Then G is an (a, b, k)-critical graph.

In this paper, we obtain a new sufficient condition by using neighbor-
hoods of independent sets for a graph to be an (a, b, k)-critical graph. The
main result is the following theorem, which is an extension of Theorem 1
and an improvement of Theorem 4.

Theorem 5 Leta, b and k be nonnegative integers with2 < a < b and b =
0 (mod a—1), and let G be a graph of order n withn > (“M_l)@:b"")_““ +
k. Suppose that

(e-Dn+|X|+bk—-1
a+b-1

INe(X)| >
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for every non-empty independent subset X of V(G), and

(@—1)n+b+ bk

8(6) > a+b-1

Then G is an (a, b, k)-critical graph.
In Theorem 5, if k¥ = 0, then we obtain the following corollary.

Corollary 1 Leta andb be integers such that2 < a < b andb = 0 (mod a—
1), and let G be a graph of order n with n > {et=L@atb-d-atl 1o g
satisfy

(a-1n+|X|-1
a+b-1
for every non-empty independent subset X of V(G), and

|Na(X)| >

(a—1)n+b

5(6) > at+b-1

Then G has an {a, b]-factor.

2 The Proof of Theorem 5

In order to prove Theorem 5, we depend heavily on the following lemma.

Lemma 2.1 B Let a, b and k be nonnegative integers with a < b, and let
G be a graph of ordern > a+ k+1. Then G is an (a,b, k)-critical graph
if and only if for any S C V(G) with |S| > k

a—1

> (a=3)p;(G ~ S) S bS| ~ bk, or
j=0
6c(8,T) = b|S| + dg-s(T) — alT| 2 bk,
where p;(G — S) denotes the number of vertices in G — S with degree j,
T={z:2€V(G)\S, do_s(z) <a-1} and dg-s(T) = ), crdc-5(z).

Proof of Theorem 5. Let G be a graph satisfying the hypothesis of
Theorem 5, we prove the theorem by contradiction. Suppose that G is not
an (a, b, k)-critical graph. Then by Lemma 2.1, there exists some subset S
of V(G) with |S| > k such that

6(S,T) = blS| + dg-s(T) — a|T| < bk - 1, (1)
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where T = {z: 2 € V(G)\ S, dg-s(z) < a—1}. Obviously, T # @ by (1).
Set
h =min{dg_s(z): z € T}.

In terms of the definition of T, we obhtain

0<h<a—-1.

Since T' # @, we may choose a vertex t € T with
h =min{dg_s(t) : t € T}.
According to the choice of ¢, we have
0(G) < dg(t) <dg-s(t)+1|S|=h+|S),

that is,
IS| 2 6(G) — h. (2)
Now in order to prove the theorem, we shall deduce some contradictions
by the following three cases.
Casel. 2<h<a-1.
Using (1) and |S] + |T| < n, we have

bk—1 2 6¢(5,T)=05|S|+de-s(T) - a|T)|
2 bS] - (a— )T
2 blS|-(a—h)(n-|S])
= {(a+b-h)|S|—-(a-h)n,
which implies
{a—h)n+bk-1
<
151 < a+b—h ' (3)

On the other hand, we obtain from (2) and §(G) > %W
(a—-1)n+b+bk

> —
|S| > 6(G) - h > S h.
Combining this with (3), we get
- k - -
(a—1)n+b+b —h<]S[5(a h)n + bk -1 @

a+b-1 a+b-—-nh

Let the LHS and RHS of (4) be denoted by A and B, respectively. Then

(4) says that
A-B<O. (5)
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But, after some rearranging, we find that
(a+b-1)(a+b—h)(A—-B)
= (h-1)(n—(a+b-1)(a+b—h)—bk+a-1)
—(e~-2)(a+b-1)
(h-1)(n—(a+b-1)(a+b—-2)—bk+a~—1)
—(a—2)(a+b-1)
(h_l)(b((a+b—1)(2a-£—b-—4)—a+

v

1
+ k)

v

—(a+b—-1)a+b-2)—bk+a—-1)-(a—-2)(a+b—1)

(h—1)(a-2){a+b—-1)—(a—2)(a+b—-1)
(h—2)(a—2)(a+b-1),
that is,

(@+b-1)(a+b—h)(A-B)> (h—2)(a—2)(a+b—-1).

(6)

From2<h<a-land2<a<b, wehave (h —2)(a—2)(a+b—-1) 2 0.

In terms of (6) and 2 < h < a — 1, we obtain

A-B2>0.
That contradicts (5).
Case 2. h=1.
According to (2) and §(G) > Lﬁ;iﬁ%’ we get
(a—1)n+b+bk
151> a+b-1 L
Subcase 2.1. |T| > % +1.
Using (7), we obtain
(a—1)n+b+bk b(n-k—-1)

IS+ |T| > 1+

a+b-—1 a+b-1
This inequality contradicts |S} + |T| < n.

Subcase 2.2. |T| < %2251 4,

In terms of (7), we have

6c(S,T) = blS|+dc-s(T)—alT]|
= bS] - (a—1)IT
(a—1)n+b+bk b(n—k—-1)
> b a+b-1 — 1) - (a-1) a+b-1
bk — {a — 1),

+1=mn
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that is,
0c(8,T) — bk > b|S| — (a — 1)|T| — bk > —(a — 1). 8)

Since b = 0 (mod a—1) and b|S|— (a —1)|T"| — bk > —(a — 1), we obtain
b|S| — (a — 1)|T| — bk > 0.
Combining this with (1) and (8), we have
bk —1 2> 6c(S,T) > bk.
This is a contradiction.

Case 3. h=0.

Set I = {z:z € T,dg-s(z) = 0}. Obviously, ] # @ by h =0, and I is

independent. Thus, we have by the assumption of Theorem 5
(a—1n+|I|+bk—-1
a+b-—1 '

15| 2| Ne(D)] > 9

Using (9) and |S| + |T| < n, we obtain

56(S,T) = blS|+do_s(T) - alT|
2 b|S|+|T|—[1| —a|T|
= bS] - (a-1)|T| -]
2 S| —(a-1)(n—|S|) -]
= (@+b-1)8 - (a=1)n—|I|
> (a+b—1)-(a_1)2:lll_l-:bk_l—(a—l)n—lII
= bk—1,

which contradicts (1).

From the argument above, we deduce the contradictions. Hence, G is
an (a, b, k)-critical graph. This completes the proof of Theorem 5.

Remark 1. Let us show that the condition §(G) > E_—:ﬁt—ﬁ*ﬁ in

Theorem 5 can not be replaced by §(G) > ("_—m;"_lblﬂf-. Letb>a>2,k>0

be three integers such that b + k is even and b = 0 (mod a — 1). Let
n= (n+b—1)(2a+b-4)b—a+l+(a+26—l)k > (a+b-l)(2a+b—4)—a+l +k. Since b =0

(mod a—1), n is an integer. Put | = 22+8-4%k and m = n -2 = n—(2a+
b—4+k). Set G = K, \/IK5. Obviously, §(G) =m+1 = _)_(“":+':”:‘;+”" and

INe(X)| =2 m+ |X| > (“—_12%'%%?—"& for every non-empty independent
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subset X of V(G). Let S = V(Kn) C V(G), T = V(IKz) C V(G), then
|S| = m >k, |T| = 2l. Thus, we obtain

6c(S,T) = blS|+dg-s(T)—alT]

b S| +|T| - a|T| = bS| — (a = 1)|T|
bn—(2a+b—4+k))—(a—1)2a+b—-4+k)
= bn—(a+b-1)(2a+b—4+k)

= bk—(a—1)<bk.

By Lemma 2.1, G is not an (a, b, k)-critical graph. In the above sense, the
result in Theorem 5 is best possible.

Remark 2.[12 Let us show that the condition |[Ng(X)| > M’%k@f—bﬁi

in Theorem 5 can not be replaced by |Ng(X)| > Mbﬁli&-. Let
b > a > 2,k > 0 be three integers with b = 0 (mod a — 1) and let n =

——("‘”"1) +k. Clearly, n is an integer. Since b =0 (moda—1) and b > a > 2,
we have b > 2(a—1). Thus, we obtain n = (“*;b_ll)z +k2> 2(a+z—1)2 +k>
(eb-N)@etbotzetl |k Let G = Kopore V((a+0)Ky U (SE5 (0 +

b))Kz). It is easy to see that |Ng(X)| > @_—l%{%ﬁﬂ for every non-

empty independent subset X of V(G) (|Ng(X)| = %ﬂ—l for

= V((a+b)K1)) and §(G) = a+b+k > LA Get 7 =

%L 2a+b). Let S = V(Kagpsk) C V(G) and T = V((a +
b)Ky U {z1,z3, -+, 2r}) C V(G), where {:1:1,::2, <,zr} C V(rK3). Then

ISl=a+b+k 2k, |T|—a+b+'r—("—"'-li (a +b). Thus, we get

0c(S,T) = b|S|+dg-s(T) —alT|
(a+b— 1)2
a-—1

—{a+1b))

= bla+b+k)+

(a+b-1)2
o a—1
= bk—1<bk.

—2(a+b)

According to Lemma 2.1, G is not an (a, b, k)-critical graph. In the ahove
sense, the condition |Ng(X)| > (—"L";:?:If—bﬂ in Theorem 5 is best pos-
sible.
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