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Abstract

A 2-independent set in a graph G is a subset I of the vertices
such that the distance between any two vertices of I in G is at least
three. The number of 2-independent sets of a graph G is denoted
by 42(G). For a for a forest F, i2(F — e) > i3(F) for each edge e
of F. Hence we exclude all forests having isolated vertices. A forest
is said to be extra-free if it has no isolated vertex. In this paper,
we determine the k-th largest number of 2-independent sets among
all extra-free forest of order n > 2, where k = 1,2 and 3. Extremal
graphs achieving these values are also given.

1 Introduction

Throughout this paper, graphs will be finite, simple and loopless. A subset I
of V(G) is said to be a 2-independent set of G such that the distance between
any two vertices of [ in G is at least three. The set of all 2-independent
sets of a graph G is denoted by #2(G) and its cardinality by i2(G). The
study of the number of independent sets in a graph has a rich history.
The maximum weight k-independent set problem has applications in many
practical problems like k-machines job scheduling problem, k-colourable
subgraph problem, VLSI design layout and routing problem [3]. Kong and
Zhao [4] showed that it is finding a maximum k-independent set of a
graph is NP-hard, even when restricted to regular bipartite graphs [5]. W.
Duckworth (2] present a simple, yet efficient, heuristic for finding a large
2-independent set of cubic graphs.

For a graph G, we refer to V(G) and E(G) as the vertex set and the edge
set, respectively. The cardinality of V(G) is called the order of G, denoted
by |G|. The (open) neighborhood Ng(z) of a vertex z is the set of vertices
adjacent to x in G, and the close neighborhood Ng(z] is Ng(z)u{z}. For any

ARS COMBINATORIA 118(2015), pp. 221-226



subset A C V(G), denote Ng(A) = UzeaNg(z) and Ng[A4] = UzcaNe|z].
A vertex z is said to be a leaf if |[Ng(z)| = 1. An edge e call end-edge if it is
incident to a leaf. For a subset A C V(G), the deletion of A from G is the
graph G — A by removing all vertices in A and all edges incident to these
vertices. For a subset F' C E(G), the deletion of F' from G is the graph
G — F obtained from G by deleting all edges of F. The star-product of two
disjoint graphs G, and G is the graph Gy *G> with vertex set V(G,UG3) =
V(G1)UV(G2) and edge set E(G,UG3) = E(G1)U E(G2) U {v1v;}, where
v; is a vertex with maximum degree in G; for ¢ = 1,2. A forest is a graph
with no cycles, and a tree is a connected forest. Denote by P, a n-path with
n vertices. For notation and terminology in graphs we follow [1] in general.

In this paper, we determine the k-th largest number of 2-independent
sets among all graphs of order n, where k¥ = 1,2 and 3. Extremal graphs
achieving these values are also given. The following useful lemmas are
needed in this paper.

Lemma 1.1 IfG,,Gs,...,Gi are components of a graph G, then i3(G) =
I'If:lig(Gj).

Lemma 1.2 Suppose G is a connected graph end xy is an edge of G, then
i2(G — zy) > i2(G). If G is a tree, then ia(G — zy) > i2(G).

Proof. Note that every 2-independent set of G is also a 2-independent set
of G — zy. This means that i2(G — zy) > i2(G). If G is a tree, then G —xy
is disconnected. Thus I = {z,y} € F2(G — zy) and I ¢ #2(G). Hence
i2(G — zy) > i2(G). O

Lemma 1.3 Suppose T is a tree of order n > 4 and e € E(T) is not an
end-edge of T, then T — e is an extra-free forest.

2 Main Results

In this section, we determine the k-th largest number of 2-independent sets
among all extra-free forests of order n > 2, where k = 1,2 and 3. We will
prove the following three results.

Theorem 2.1 If F is an extra-free forest of order n > 2, then iy(F) <
fl(n): where

fuln) = 3%, ifn > 2 is even,
1) =1 4.3%2, ifn>3 is odd

The equality holds if and only if F = Fy(n), where

P ifn > 2 is even;
—_ 2 b4 H
Fi(n) = { Pu "—;§P2, if n >3 is odd.
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Theorem 2.2 If F is an eatro-free forest of ordern > 4 having F # Fi(n),
then i3(F) < fa(n), where

(n) = 6-32‘3—4, ifn > 4 is even;
2T 9.3%, ifn>5ids odd

The equality holds if and only if F = Fa(n), where

_J Pu Pg, ifn >4 is even;
Fy(n) = { P u &z 5P2, if n > 5 is odd.

Theorem 2.3 If F is an extra-free forest of order n > 6 different from
Fi(n) and Fy(n), then i2(F) < f3(n), where

fa(n) = 16-3%—6, ifn > 6 is even;
VT 24377, ifn>7ds odd.

The equality holds if and only if F = F3(n), where

F _J 2Ru —Pz, ifn > 6 is even;
3(n) = PsuPyU n_7P2 or (P3x Py)u 22 Pg, ifn>7 is odd.

We prove Theorem 2.1 by establishing the following two leminas.

Lemma 2.4 If F is an extro-free forest of even order n > 2, then ip(F) <
3%, and the equality holding if and only if F = 2P,

Proof. Let F be an extra-free forest of even order n > 2 such that i5(F)
is as large as possible. Then i3(F) > 3% = i2(5 P;). Suppose there exists a
component H which is not a star. Let e € E(H) not an end-edge of H and
F' = F —e. By Lemma 1.2, i3(F') > i(F). Thus F’ is an extra-free forest
of even order n > 2 having i(F”’) > i2(F). This contradicts the hypothesis
of F, so every component of F is a star. Let F = Hy UH,U---U Hy. Then
3% < iy(F) = ITE(|Hi| + 1) < 3%. The equalities hold and |H,| = 2 for
all i. That is F = 2 P,. (]

Lemma 2.5 If F is an extro-free forest of odd order n > 3, then iy(F) <
4-3%7 . The equality holds if and only if F = P U 23p,.

Proof. Let F be an extra-free forest of odd order n > 3 such that iz(F) is
as large as possible. Then i5(F) > 4-3"%° = i2(P3U252 B,). Since n is odd,
there exists an odd component H, say [H| = m > 3. Then F—H is an extra-

free forest of even order n — m, by Lemma 2.4, io(F — H) <37 . If H is
not a star, then m > 5. Let e € E(H) be not an end-edge of H. By Lemma
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1.2, F' = F — e is an extra-free forest of odd order having i2(F") > ia(F).
This contradicts the hypothesis of F, so H is a star of odd order m > 3.
Thus 4 3°F° < ip(F) = i(H) - i(F — H) = (m +1)- 37 < 4.3%F". The
equalities hold. Thenm =3 and F—H = "T'an. Thatis F=P; U"T"”Pg.
O

Theorem 2.1 now follow from Lemma 2.4 and Lemma 2.5.

We prove Theorem 2.2 by establishing the following four lemmas.

Lemma 2.6 If F is an extra-free forest of even order n > 6 having odd
components, then io(F) < 16 - 37, The equality holds if and only if
F=2PUu 8P,

Proof. Let F be an extra-free forest of even order n > 6 having odd
components such that i;(F) is as large as possible. Then iy(F) > 16-3°% =
i2(2P3 U 258 P). Let H be an odd component of F. Then H and F — H

are extra-free forests of odd order, by Lemma 2.5, 16 - 3% < ip(F) =
n-m-=3

i(H)-i(F — H) < (4-3%F%) . (4-3*°F=") = 16 - 3°7". The equalities hold
and F =2P3U 258 P, O

Lemma 2.7 If F is an eztra-free forest of odd order n > 9 having at least
three odd components, then is(F) < 64 - 3*7°. The equality holds if and
only if F =3P; U252 P;.

Proof. Let F be an extra-free forest of odd order n > 9 having at least
three odd components such that i3(F) is as large as possible. Then i2(F) >
64.3%F = i2(3P3 U "—;—ng). If H,, Hy and H3 are three odd components
of F, then |H; U Ha| =k is even and |F — Hy — Hj| is odd. By Lemma 2.5
and Lemma 2.6, 64 - 3°7° < iy(F) = i(Hy U Hy) - i(F — Hy — Hy) < (16 -
3%°)(4-3%52) = 64-3F". The equalities hold and Hy = Hy = H3 = Ps.
So F =3P U 232P,. O

Lemma 2.8 If F is an extra-free forest of even order n > 4 having F #
2P, theniy(F) < 6-3°7". The equality holds if and only if F = P,;U"—;—“Pg.

Proof. Let F be an extra-free forest of even order n > 4 having F # 2P,
such that ip(F) is as large as possible. Then i3(F) > 6 - 3% = i9(Py U
"—;3132) > 16 - 3°7°. By Lemma 2.6, F has no odd component. Let H
be a largest component of F, say |H| = m > 4. If F is a star, then
iog(H) =m+1 and, by Lemma 2.4, 6 - 3" < iy(F) = i(H) - ia(F — H) <
(m+1)- 2%%® < 5. 327 < 6.3"F . This is a contradiction, thus H is
not a star. Let e € E(H) be not an end-edge of H and F' = F —e. By
Lemma 1.2, i2(F') > i2(F). Then F' is an extra-free forest of even order
n and i2(F’) > i(F). By the hypothesis of F, then H — e = 2P,. That is
F=Puz#p,. O
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Lemma 2.9 If F is an e:ctm-ﬁ'ee forest of odd order n > 5 having F #
Py ""3P2, then i3(F) < 9- 3%, The equality holds if and only if F =
P U n—--Pz

Proof. Let F be an extra-free forest of odd order n > 5 having F #
P3U 253 P; such that i3(F) is as large as possible. Then i5(F) > 9- 3% =
ia(PsU "—;—5P2) > 64.377. By Lemma 2.7, F has only one odd component
H,say |H| = m.

Let F/ = F—H. If F/ # 2ZmP,, by Lemma 2.5 and Lemma 2.8,
9-3°F < iy(F) = i(H)-ip(F— H) < (4-3%F)(6-3°F) = 24.3°F <
9.3%7>. This is a contradiction, so F’ = Bom Py, Since F # P3 U253 P,
this 1mply that m > 5. If H is a star, then zz(H }=m+1 and, by Lemma
2.4,9-3"F < iy(F) = iy(H)-ia(F—H) < (m+1)-3%3™ < 6.3°F < 9.3%,
This is a contradiction, so H is not a star. Let e € E(H) be not an end-edge
and F' = F — e. By Lemma 1.2, i2(F’) > i3(F). Then F' is an extra-free
forest of odd order n and i2(F’) > i(F). By the hypothesis of F, then
H—e=P3UP;. Thatis F = P;UZ5EP,. a

Theorem 2.2 now follow from Lemma 2.8 and Lemma 2.9.

We prove Theorem 2.3 by establishing the following two lemmas.

Lemma 2.10 If F is an extra-free forest of even order n > 6 different from
7P and PyU 232 n=4p  then i2(F) £ 16- 3%, The equality holds if and only
Zf F=2PU n-6 2P,

Proof. Let F' be an extra-free forest of even order n > 6 different from
5P, and Py U 254 P, such that io(F) is as large as possible. Then ia(F) >
16-3%7° = i3(2P3 U 258 ).

Claim. F have odd components.

Suppose that F has no odd component. Let H be a largest component
of Fysay |[Hl =m >4,and F' = F - H. If F' # 252 P, by Lemma
2.8, then 16 - 3°F° < iy(F) = ip(H) - io(F') < (6 - 327 ‘)(6 358 =
363" < 16-3F. Thisis a contradlctlon, so F=232P, IfHis
a star, then zg(H) = m + 1 and 16 377 < i(F) = io(H) - i2(F') =
(m+1)- "7* < 16-3"7". This is a contradiction, so H is not a
star. Lete € E(H) be not anend-edge and F* = F—e = (H—e)UZ5™P,.
Note that i3(F™*) > i3(F). By the hypothesis of F', we can see that H e=
PyUP,. So H Ps or Py* Ps, and i3(H) < max{zg(Ps ), i2(Ps *Pz)} = 13.
Then 16 - 3°7° < io(F) = ig(H) - ip(F') < 13- 3%F < 16.3°F. This a
contradiction, so F' have odd components.

By Claim and Lemma 2.6, we obtain that i»(F) = 16 3% and F =
2P U n_;6P2. O
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Lemma 2.11 If F is an extra-free forest of odd order n > 7 different from
PyU52P, and Ps U 258 Py, then ig(F) < 2437 The equality holds if
and only if F = PaUP,UZIP, or (P3x B) U253 P,

Proof. Let F be an extra-free forest of odd order n > 7 different from
P3U 233 P; and P; U 252 P; such that i3(F) is as large as possible. Then
iy(F) > 24-3%F = ip(PaUP UL Py) = ig((P3* P)UR52 Pp) > 64.3°F.
By Lemma 2.7, so F has the only one odd component H, say |H| =m > 3.
Let ¥ = F—-H. If F/ # 252 P, and F' # P4 U ”'Z“"Pg, by Lemma
2.10, then io(F') < 16 - 3*“F=. Thus, by Lemma 2.5, 24 - 3°F" < ip(F) =
ig(H) - in(F') < (4-3772)(16 - 3°°F=*) = 64. 3°T° < 24-3°7". Thisis a
contradiction, so F' = 5™ P, or F' = PyU 2=2=4P,,

Case 1. F' = P, U 2=2=4p, By Lemma 2.5, 24-3"7" < i3(F) =
io(H) - ia(F') < (4-3F°)(6- 3°°F=*) = 24 - 3°7". So the equalities hold
and F=P;UP;U -71;—7P2

Case 2. F' =252 P, If H is a star, then m > 5 and i3(H) =m + 1 and

24.3°7 < ip(F) = in(H) - in(F') < (m+1)(377) < 6. 3°F < 24.3"7".
This a contradiction, so H is not a star. Let e € E(H) be not an end-
edge of H and F* = F —e. Then F* is an extra-free forest of odd order
n > 7 and i(F*) > i3(F). By the hypothesis of F', we can obtain that
H —e = P3UP;. Note that F' # PSU"T‘ng. This implies that H = Py x P
and ip(H) = 8. Thus 24-3*F" < iy(F) = ig(H) - ia(F') = 24-3"F". So the
equalities hold and F = (P3 * P3) U 232 P,. O
Theorem 2.3 now follow from Lemmas 2.10 and 2.11.
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