The Second-minimum Gutman Index of
The Unicyclic Graphs
With Given Girth*

Yahui Hu ¥, Yaoping Hou, Zhangdong Ouyang

Department of Mathematics, Hunan First Normal University,
Changsha 410205, P.R.China,

Abstract

Let G be a simple connected graph with the vertex set V(G). The

Gutman index Gut(G) of G is defined as > dc(z) dc(y) de(z, y),
{=z,y}CV(G)

where dg(v) is the degree of the vertex v in G and dg(z,y) the distance
between the vertices z and y in G. In this paper, the second-minimum
Gutman index of the unicyclic graphs on n vertices and girth m is char-
acterized.
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1 Introduction

All graphs considered in this paper are simple and connected. Let G be a
graph, we denote by dg(v) and dg(u, v) the degree of a vertex v in G and the
usual distance between the vertices u and v in G, respectively.

The Wiener index W(G) = > dg(u,v) of a connected graph G is a

{uv}CV(G)
graph invariant much studied in both mathematical and chemical literature, for
details see the references [2, 5, 7, 10, 11, 12]. In this paper we are concerned
with a variant of the Wiener index called the Schultz index of the second
kind [10], but for which the name Gutman index has also been used [16].
Throughout this paper, the latter name is used. '
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The Gutman index of a connected graph G is defined as

Gut(G)= Y, do(u)ds(v)dg(u,v).
{v.v)CV(G)

The Gutman index of graphs attracts attention just recently. Dankelmann
et al. [6] presented an asymptotic upper bound for the Gutman index. Dankel-
mann, Knor et al. [6, 14] established the relation between the edge-Wiener
index and Gutman index of graphs. Gutman [10] gave the following relation
between the Gutman and the Wiener index for a tree T on n vertices,

Gut(T) = 4W(T) - (2n - 1)(n - 1).

Andova et al. (1) proved that among all connected graphs on n vertices the
star, Sy, is the unique graph with minimal Gutman index, and the path, Py,
is the unique graph with maximal Gutman index.
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Fig. 1. Graphs with extremal Gutman indices.

We denote by C,, the cycle of length m. Among all connected bicyclic
graphs on n vertices, Chen et al. (3] determined that B, is the unique graph
having minimal Gutman index, and Feng et al. [9] determined that Bj, is the
unique graph having maximal Gutman index. Chen et al. [4] proved that U, 3
is the unique unicyclic graph on n vertices having minimal Gutman index, and
U}, m is the unique unicyclic graph on n vertices and girth m having maximal
Gutman index. Feng et al. 8] proved that Uy, is the unique unicyclic graph
on n vertices and girth m having minimal Gutman index.

In this paper, we study the Gutman index of unicyclic graphs with given
girth m. By introducing some graph transformations, we prove that U,(.l,),, (see
Fig. 1) is the unique graph with the second-minimum Gutman index among
all the unicyclic graphs with n vertices and girth m.

vn—m vn m-—1

2 Some Graph Transformations
Let G be a simple connected graph. For a subset M of the edge set of

G, G — M denotes the graph obtained from G by deleting the edges in M,
for a subset W of the edge set of the complement of G, G + W denotes the
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graph obtained from G by adding the edges in W, and for H C V(G), G - H
denotes the graph obtained from G by deleting the vertices of H and the edges
incident with them. For a vertex u in G, G + uv denotes the graph obtained
from G by attaching pendant vertex v to u.

Lemma 2.1 [8] Let v be a verter of degree p + 1 in the graph G, which is

not a star, such that vvy,vve,...,vu, are pendant edges incident with v, and
u is the neighborhood of v distinct from vy,vs,...,v,. Let G’ be the graph
obtained from G by removing edges vvy,vvy,...,vv, and adding new edges
UV, UV, ..., UV, (shown in Fig. 2). Then Gut(G') < Ci’)ut(G).
2
o,
v

G el
Fig. 2. Graphs G and G’ in Lemma 2.1.
Lemma 2.2 [3] Let u and v be two vertices in G, uy, ua,...,us(s > 1) the
pendant vertices adjacent to u, vy,vs,...,v(t > 1) the pendant vertices ad-
Jacent to v. Let G' = G — {vvy,vvg,..., v} + {uvy,uvy,..., up}, G” =
G—{uu1,vuy,. .., uus}+{vuy, vug, ..., vy}, and [V(G—{u1, ug, ..., us, vy, v2,

U}l 2 3 (shown in Fig. 8). Then Gut(G) > min{Gut(G’), Gut(G")}.

Fig. 3. Graphs G, G’ and G"” in Lemma 2.2.
From Lemma 2.2, we have

Lemma 2.3 Let C,, be e cycle of length m and u,v € V(Cp). Let G =
Cm + uuy + uug + -« + uus +vvy +vvg + -+ vy, G' =G — {vvy,vv,, ...,
voe_1} +Huvi,uva,. .., uv_} , where s,t > 2 (shown in Fig. 4). Then
Gut(G) > Gut(G’).

Fig. 4. Graphs G, G’ and G” in Lemma 2.3.
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Proof. Let
G" = G - {uuy,uug,...,uus_1} +{vuy, vug, ..., vus_1}.
Clearly
G' = G" and |V(G - {u1,u2,...,Us—1,V1,V2, ..., V-1})| =m +2>3.
It follows that Gut(G) > min{Gut(G’), Gut(G")} = Gut(G’) from Lemma
22. 0

For convenience, we denote dg(z)dg(v)dc(z,y) by De(z,y). Let T, be a
rooted tree with the root u. The level [(v) of the vertex v in T, is the distance
from the root u to the vertex v. h(T,) = Err‘}% ){l(v)} is called the height of

the rooted tree T,,.

A rooted tree T, is called a (2, 1)-rooted tree if it satisfies the following two
conditions,

(i) h(T) = 2;

(ii) All vertices on the level 2 are adjacent to a common vertex on the level
1.

We write G = G1uG3 if G; and G, are two induced subgraphs of G with
V(G1) NV (G2) = {u} and V(G1) UV(G2) = V(G).

Lemma 2.4 Let G = CnuT,, where Ty is a (2,1)-rooted tree, let G' =
CnuT., where T, be a (2,1)-rooted tree and ezactly one vertez on the level
2, and |V (T,)| = \V(TL)|. Then Gut(G) 2 Gut(G'), and the equality holds if
and only if G = G’, where the graphs G and G’ are shown in Fig. 5.

Fig. 5. Graphs G and G’ in Lemma 2.4.

Proof. Let G =Cp +uuy +uup + - + uug +u1vy +ugvg + -+ + 14,
G =G- {ul'ul, ULV, ... ,ulv,,_l} + {uvl,uvg, ey uv,,_l}.

Clearly, G = G’ and Gut(G) = Gut(G') for p = 1. Now we show that
Gut(G) > Gut(G') forp > L.

Let A = V(C) — {u}, Ay = {ua,ug,...,us} U{ vp},

A3 = {vl,vg, e ,vp_l}, A4 = {u, ul}.

Clearly V(G)(= V(G')) is a disjoint union of the sets 4;, A2, A3 and 44. We
have

Gut(G) — Gut(G’)
=( L + ¥ + X + ¥ + ¥ +

{z.4}CA1 {z¥}CAz {zy}CAs ({z.9}CAs TE€AI,y€A2 €A, ¥€A;

+ ¥ + ¥ + ¥ + ¥ )Dslzy) - De(=y))

T€AyEAy TEA2,yEAs TEA2YyEA; zEA3YEAY

Since
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(2 + ¥ + X + ¥ NDg(z,y)-De{z,y)) =0,

{zy}CA1 {z,y}CA2 ({=,y})CA3 zEA)yE€A,

( ?CA (DG(z’ y) - DG’(ZL‘,’y))
z,¥;LlAq
= Dg(u,u1) - Dor(u,m1) = (s +2)(p+1) - 2(s +p+ 1) = s(p— 1),

Y. (Dc(z,y) - Dar(z,y)) = |As E (Dg(z,v1) = Dg(z,v1))
T€A;,yEA;

=(p-1) ) [2(do,.(z,u) +2) - 2(dc, (=, u)+1)] =2(m-1){p-1),

TEA,

> (Dcolz,y) - Doi(z,v))

€A, JWYEA,

GZA (De(z,u) — Doz, u)) + E (Dg(z,u1) — De(z,u1))

5" (2(s + 2)do, (2 4) — 25 4 94 1)do,. (2, )

TEA

ZA (2(p + 1)(dc,, (z,u) + 1) = 2- 2(dc,, (z,u) + 1)) = 2(m - 1)(p - 1),
TEA)

> (Delz,y) — Do (z,y)) = |As| g_}a (Dg(z,v1) — D/ (z,v4))

z€A2,y€A3
(- 1)( 2 }(DG(I 2v1) = Dar(z,v1)) + (Dg(vp. 1) = Do+ (vp, v1)))

z€{uz,u3,.
=(p-1)((s - 1)(Dc(u2,01) = D¢ (uz,v1)) + (2 - 3))
=(@-D((s-1)B-2)-1)=(s-2)(p-1),

Y. (Delz,y) - Do (z,y))

T€A2,yEAY

=,§2(Dc(x’ u) — Dar(z,u)) + E (De(z,u1) - Dar(z, u1))

= IG{WEEW"“J}(DG@ ,u) — Der (:v u)) + (Dg(vp, u) — Do (v, )
+Ie{u,,§,.,.,u~}(DG(x’“‘) = De'(z,w1)) + (D (vp, 1) — Do (vp, 1))

=(s=-1)((s+2) - (s+p+1))+((s+2)-2-(s+p+1)-2)
+-D(p+1)2-2-2)+((p+1)-2) = (s - 2)(p- 1),

and 3> (Dg(z,y) — Do (z,y)) = |As] Z (De(v1,y) = Dgr(v1,9))

TEA3,yEAL
=(p - 1){1%0(01,11) Dg(vy,u) + DG(Ul,u1) - Do (v1,w))
=(P-1)2-(s+2)-(s+p+1)+(p+1)-2-2) =s(p-1).

Hence
Gut(G) - Gut(G')
=s(p-D+2m-1(p-1)+2(m-1)(p-1)
+(s=-2)p-1)+(s-2)(p-1)+s(p-1)
=4(p-1)m+s-2)>0forp>1,m>3and s> 1.
Thus
Gut(G) > Gut(G’), and the equality holds if and only if G= G’. O

+

Lemma 2.5 Let u,v € V(Cp,) and d¢, (u,v) = 1. Let G' = Cn + uvy +
U2 + - + UWn_m1 + VVn—m, Ur(lly)n = G' - {1Vn-m} + {vvn_m}. Then
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Gut(G') > Gut(US'h), where the graphs G’ and UTQ,),; are shown in Fig. 6.

Fig. 6. Graphs G’ and Uf.l,,),, in Lemma 2.5.

Proof. Let A; = V(Cr) — {u,v}, A2 = {v2,v3,...,Vn-m-1} and A3 =
{,v,v1,9—m}. Then V(G')(= V(Ua (1) )] is a disjoint union of the sets A;, Az
and A3. We have

Gut(G) -Gut(Ulh)=( ¥ + ¥ + ¥ +

{z,y}CA {z,y}CA2 {z,y}CA3 €A ,y€EA2

+ 2 + ¥ )MDel(z,y) —Dyq (z,v)).
T€A; y€EA3 TEA2,yEA3 n,m

Since

+ X + ¥ )Delzy) - Dy (2.9)) =0,
{z.y}CA1 {z.y}CA2 zE€A,YEA2 '

Z (DG’(ziy) - DU(lgn(xay))
{z.y}CAs '
= (Dgr(u,v) ~ Dy (u,v)) + + (Der(v,v1) — Dyq (u, v1))
+(DGI(U Un— m) — U(l) (u ‘Un_.m)) + (DGI(‘U 'U1) - U(l) (’U ‘01))
+ (DG’(U 'Un—m) U(l) (U, vn—m)) + (DG'(Ul:vn m) - U(l) (vlavn m))
=(2n-m+1)-3(n- m+l))+(2(n m+1)—(n— m+1)+Q2rn-m+
N-2n-m+1))+(2-2-2-3-1- 2)+(2-3-3-1)+(2- 1-3)=4,
Z (DG’(xs y) - DU'(.‘IEH (.’t, y))

€A YEAs
5 ((Der(z,u) - Dygy, (2,4)) + (D@ v) ~ Dy, (2,0)

z€ A
j‘(DG'(flc v1) = Dyqy (@,01)) + (Do (2, va-m) = Dy (2, Vn-m)))

= 2;4 0+ (2-2dg,, (=, 'u) 2-3dc,,(z,v)) +(2- 2(dc,. (:c u) +1)
r€AL
-2 ldg,, (z,u) + 1)) + (2(dc,, (2, v) + 2) - 2(dc,, (2, v) +1)))
= Ig‘ 4(de,, (z,u) — dc, (z,v) + 1) = ezf:l 4=4(m - 2),

E (DG’(I7 y) - DU.(.I_,),. (z,y))

z€A2,y€EA3
| Az| E (Dg+(vn-m-1,¥) = Dy, (¥n-m-1,¥))
(n m 2)((DG’(Un——m—1,u) U“,?.. ('Un—m-—l’u))

+ (DG'(‘Un_m_l,‘U) U’(ll'zn(vn—m—l"u))
+ (Dgr(vn-m-1,v1) = Dy (Vn—m—-1,v1))
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+ (DG’(vn—m—l»vn—m) - DU,‘.'L. (vn—m—l,vn—m)))
=(n-m-2)(0+(2-2-3-2)+(2-2-2)+(3-3)) =0.
Hence

Gut(G') - Gut(U,(,%,),.) =44+4m-2)+0=4(m—-1) >0 form > 3.
Therefore Gut(G') > Gut(UL)). O

3 The Second-minimum Gutman Index of Uni-
cyclic Graphs with Girth m

Lemma 3.1 /3, 11]

mi-m . .
Gut(Cm)=4W(c,,,)={ Z o f misodd,

5 if m is even.

Lemma 3.2 Let Cp, be a cycle of length m and u be any vertex on Cr,. Then

m?-1 )
Z dcm (uv v) = { ) 'lf m 18 Odd’

4
veE V(C"l)

T if mis even.

Proof. Since

WCm)= Y doufwod=3 ¥ Y de,(wo),

{u,v}CV(Cum) ue€V(C,,) veV(Cwn)
note that > d¢, (uw,v)= Y dg, (w,v) forany u,w € V(Cy), hence
veV(Cim) veV(Cu)
W(Cn)=4m Y dc, (u,v). Thus, it follows from Lemma 3.1 that
veV(C,)

3
ot if mis even.

1
zm Z de,, (u,v) =

{'"3'"‘, if mis odd,
veV(C..)

This implies that

m2_1 : .
Z dcm (u’ ’U) = { 24 3 zf m s Odda

m . .
veV(Cm) T if mis even.

The proof is completed. O

Let Uy, and Uy, be the set of all unicyclic graphs of order n and all unicyclic
graphs on n vertices and girth m, respectively.
Let u,v be two distinct vertices on the cycle C,, with d¢,, (u,v) = k(1 <

k< |2)). Let Unm = Crm + uvy +uvg + -+ + Wpom, USh = Cp + uvy +
uvg + -+ UVn—n-1 + VVn_m.
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Fig. 7. Graphs Unm and U,(.'f,),,
Lemma 3.3 [4]

[ P+ (m?-2m-2n-imP+3m, if misodd,
Gut(Unm) = { 2n? + (m? -2m - 1)n — 3-m +m, if miseven.
Lemma 3.4 [4] For any U € Upm, we have Gut(Unm) < Gut(U), and the
equality holds if and only if U = Up ;.

Theorem 3.5 For 1 <k < |2}, we have Gut(Uim) = Gut(Unm) + 4k(n -
m—1).

Proof. Let A, = V(Cm) - {u1 'U}, A = {uvv}$ Az = {vl’ v2,..., vn—m—l}
and Ag = {vn-m}. Then V(U$L)(= V(Un.m)) is a disjoint union of the sets
A1, A2, Az and A4. We have

Gut(UL) — Gut(Uy m)
=( X + X + ¥ + ¥ + ¥ +

{z,y}CA, {z.y}CA2 ({z.y}CAs =EA,,y€EA2 zT€A, y€EA3 €A, YEA,

+ E + Z + Z )(D[](‘kz'l (z) y) - Dle.m (x7 y))‘

r€A3,y€As  TEA2,¥EAL TEAIYEA, ™

Since

(X + X + ¥ )Dyw(=y)-Du,.(z9)=0,

{z.y}CA1 {2,y}CAs z€A1Y€A

E (DU,(lk')" (.'E, y) - DUn,m (x’ y)) = DU'(lk')" (u’ U) - DUn.m (u‘ U)
{119}(_:A2 ) '

=3n-m+1)k-2(n-m+2k=k(n-m-1),
Z (DU'(_‘f')'_ (:B, y) - DU..,m (2:, y))

TE A, YE A2
= ez;q (DU(A-) (z,u) - Dy, "(:C u)) + Z (DU(I:) (z,v) — Dy, .. (z,v))
=TS 2 - m o+ 1), (5,4) = 2 — 4+ Do (1))

€A,

+ T (2 3de, (z,v) - 2- 2de,, (,v))
€A

=-2 Y dc, (z,u)+2 Z de,.(z,v)
TEA,

=-2( 3 dc.(z, u) dc,..(v w)+2( 3 de,(zv) - de,(v,v))
zEV(C,,. z2€V(Cin)
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=-2 Y de.(z,u)+2 Y de.(z,v)=0,

zeV(Cm) 2€V(Cm)
z (DU(") (.’B, y) - DU..,m (.’D, y))
€A1, y€EAL "
= ZA (DU(“) (.’L‘ Un- m) - DU,, ”(I v,,_m))
TEA;

5 (2(dc..(z,v) +1) - 2(dc,, (z,u) + 1))

= 2“2; (de, (z,v) - de,, (z,u)) = 0,

> (Dyw (z,y) = Du, .(z,9))

T€EA2,y€As

g (Dy ) (u,y) - Dy, . (v, 9)) + 2 (Dvm (v,y) = Dy, ,.(v,9))
YyeAs
= |43|(Dy ), (. v1) - Dy, ,, (u,v1)) ‘ IASI(DUU«) (v,v1) - Dy, ., (v, v1))

—(n-m-T)((n=m+1) (n-m+2)
+n-m-1)3k+1)-2(k+1)) =k(n-m-1),
> (Dyw (z,9) - Dy, .(z,¥))
TEA2,yE AL '
= DU(H (u vn-—-m) - DU (u Un- m) + DU(k) ('U Vn- m) DU,.,,,, ('U, vn—m)
=(n- m+1)(k+1) (n m+2)+3-2k+1)=k(n-m- 1),
and

> (Dyw (z,y) - Dy, (z,¥))
T€Aa,yEA,
= ;L,: Dy, (@, vn-m) = Du. ,.(I Un-m)) = |4sl(Dye) (v1,Vn-m) =
D (01,9 m)) = (1= m ~ 1)((k+2) = 2) = k(r ~ 0 — 1),

It follows that

Gut(USh) - Gut(U, m)
=k(n-m-1)+0+0+k(n-m-1)+k(n-m~-1)+k(n—m—1)
=4k(n -m - 1).

This implies that Gut(USth) = Gut(Un,m) + 4k(n —m — 1), where 1 < k <
(2. O

From Theorem 3.5, we have
Theorem 3.6 Gut(ULh) < Gut(USR"), where 1 <k < |2) - 1.
Combining Lemma 3.3 and Theorem 3.5, we have

Theorem 3.7 Gut(U,(,k)n =

20 + (m? - 2m + 4k — 2)n — m® + (8 — 4k)m — 4k, if m is odd,
2n? 4+ (m? - 2m+4k — 1)n - 3m® + (1 — 4k)m — 4k, if m is even.

where 1 <k < (5]
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Let Cpn = ujug - - - Uy, we denote by Cn (T, , Tugs - - - » T, ) the unicyclic
graph with the cycle C,, such that the deletion of all edges on Cj, results in
m vertex-disjoint trees Ty, , Ty, - - -, Tu,, With u; € V(Ty,) fori=1,2,...,m.

Theorem 3.8 Let U € Unm and U % Unm. Then Gut(U) > (Ushn), and
the equality holds if and only if U = U,(.l,!,,

Proof. For any unicyclic graph U € Un m and U % Uy m, it is clear that
n > m. Let the unique cycle in U be C,,, then there exists at least one vertex
on Cr,, say u, whose degree dy (u) > 2.

Case 1. u is the unique vertex on Cy, with dy(u) > 2.

Let U = C,,uT,, where T, is a rooted tree with the root u and h(Ty) > 2.
By using Lemma 2.1 repeatedly, we can find a unicyclic graph U’ = CnuT;,
€ Up m such that T. is a (2,1)-rooted tree, and Gut(U) > Gut(U’) (we take
U’ = U when Ty, is a (2,1)-rooted tree).

By Lemma 2.4, there exists a unicyclic graph U" = CnuT} € Unm such
that T is a (2, 1)-rooted tree with the unique vertex on level 2 and Gut(U’) 2
Gut(U") (we take U” = U’ when T}, is a (2,1)-rooted tree with the unique

vertex on level 2). By Lemma 2.5, Gut(U") > Gut(USih).

Therefore Gut(U) > Gut(Ut'),).

Case 2. There exist at least two vertices in C,, whose degrees (in U) are
greater than 2. We show that Gut(U) > Gut(U,(.f,),.), and the equality holds if
and only if U = U,(,}m.

Let Con = ugttp - umty and U = Cry(Tyy s Ty, - - -+ T, ), Where T,y is a
rooted tree of order r; at the root u; fori = 1,2,...,m (Note that T, is trivial
when r; = 1). Using Lemma 2.1 more than once, there exists the unicyclic
graph Uy = C(Su;, Suzs- - -+ Sun) € Un,m, where S, is a star of order r; at
the center u; for i = 1,2, ...,m, such that Gut(U) > Gut(U,), and the quality
holds if and only if U = U,;. Using Lemma 2.2 more than once, there exists a
unicyclic graph Us = Cip + ug, 1 + ug, 2 + - + Ug, Va + Uty Vo1 + Uty Vas2+
v+ Uy Unom € Unm, Where 1 Sa <n-m-1,1<¢ <tg <m, and
Gut(U;) > Gut(Uz) (with the equality when Uy = Us). Let dg,, (us,, ut,) =k,
then 1 < k < |Z}. By Lemma 2.3, we have Gut(Uz) 2 Gut(USK),) with the
equality if and only if e = 1,n—m—1. By Theorem 3.1, we have Gut(U,(,'f,),,) >
Gut(U,(,f,)n), and the equality holds if and only if k = 1.

Therefore Gut(U) > Gut(U,(;f,)n), and the equality holds if and only if U =

o O
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