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Abstract

The purpose of this paper is to establish g-analogue of some iden-
tities and then generalize the result to give identities for finite sums
for products of generalized g-harmonic numbers and reciprocals of
g-binomial coefficients.
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1 Introduction and Preliminaries

In [1], Bhatnagar referred to the following identity.

n

1 1 1 1
;k(k+1)...(k+m)=E(m‘(n+1)...(n+m))' (1)

In [9], Sofo gave the generalization of (1) and obtained its integral rep-
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resentation as follows.

P 1
> ey = [ (-2 e =

n=1

1
2(°77)

Further more, by differentiating (2) , Sofo obtained the following result.

(2)

[

Theorem 1.1 Let z € R\Z; and p,q € N. Then

P (9-V(n. 2 (9)
3 Q02 +200M2) _ g, ) (3)

n

and when z =0,
~ Q¥ V(n,0) _
,; = = -Q(p,0), (4)
where Q(n,z) = ("';"")—1 and Q(n,0) =1,
QW(n,2)= 0% = —Z ( )Q‘”’(n, PO (n,2), ()

p=0

and

; dP d [ 1 o 1
(4) = = E = (=1)! E —
Po(n,2) dzt  dzt (r=l T+ z) (=1 e+ z)HL

The purpose of this paper is to give the g-analogue of (1) and Theorem1.1.
By this method we shall give some identities involving finite sums for prod-
ucts of generalized g-harmonic numbers and reciprocals of g-binomial coef-

ficients.
First, we introduce the following definitions.

The ¢-Gamma function:

(Q:Q)oo 1-z
Te(z) = T2 q)oo(l ) (0<g<1). (6)
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The g¢-binomial coefficients:

ol Iy(a+1)
[ﬁ] T T8+ 1q)1‘q(a —G+1) 7)

The g-Beta function:

_ Ta(z)Tq(y)
Byay) = s (®)
The g-integral:
1 o0
| ot =a-a Y s (9)
n=0

The generalized g-harmonic numbers:
= 1
A0 =3 —
r=1 (1 - q"')m
Specially, g-harmonic number:

n
1
HO@ =Y 1=
r=1

The following results which will be useful throughout this paper.

a1 (64 9)oo
Bq(x,y)—/o R gt (Re(a) > 0,y #0,-1, -2, ), ([4).
(10)
261(a,bicig, cfab) = L2LViDoo - 1y (1)

(e,¢/ab; g)oo

@ gb €0 o) — Lg(e) ' o1 (£24°,t4:9)oo
261(¢%,97¢% ¢, 2) I‘q(b)rq(c—b)/o T g gy et (10D (12)
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The Stirling numbers of the second kind S(n, k) satisfy the triangular

recurrence relation:

S(n,k)=S(n—1,k—-1)+kS(n-1,k),n, k>1;

S(n,0) = S(0,k) =0, except S(0,0) =1, ([2]).

2 Main results

Theorem 2.1 Let0 < g<1, z€ R\Z; and p € N. Then

t [ Gaaell-27)
Zu— G A= e

Proof. By (6)-(10), we have

G s VTR0 IR
Q-] & - gn+z+1)

t_ B‘I(naz+1)

" /l xn-—l (xQ: Q)OO d
1-qgJo (xg**1;9) oo

1
(xq, n—1
= zt)" dyx
= . a0 2 Z‘

i (zg; )oo(l zptp)
l—q/o (xg**1;q) oo (1—xt)dq

M~

n=1
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Corollary 2.2 Let0 < g <1, z € R\Zy and p € N.Then
P

qzn _ qz _ qu
2 Q-] - (1 [”1"])'

n=1
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Proof. We rewrite Theorem 2.1 as follows

1 . 1 .
¢ / (29,24, @)oo, , 1 (zg, 2tg; 9)oo (at)Pd, ¢

l—gJo (z¢**,7t;q)00 © 1-qJy (2¢*+1,2t; )00
¢ t(g;q
= T=pn 261(4,9:4°*% g, t) — G%l;q;—’;“- 201(,¢7T 1 g7 1P+ q,0).

(14)

Taking t = ¢* in (14) and by (11), the right hand side of (14) equals

(@9 aHa0), (@3 g)o
1-g**! (°*2,¢%q)0  (**Ni9)pt1 (*7772,¢%0)oo
A € )
1-¢* (1-¢%)(a**;q)p

q® (1 q”’)
1-¢ 1)

O

Corollary 2.3 Let0 < g <1 and m,p € N. Then

P (e )
(gn q)m+1 1—gq™ \(g;0)m (P *5@)m /)

n=1

Proof. Take z = m in Corollary 2.2. O
This identity is the g-analogue of (1).

Corollary 2.4 (/9, (8)]) Let z € R\Z; andp € N. Then

X =+ (o)

Proof. Take ¢ — 1 in Corollary 2.2. O
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Corollary 2.5 Let0<g<1,z2>0and z#1, p€ N. Then

2 2Mgi Q-1 _ 2 (o 2P(ga)p
(zg;q)n  1-z (1 (2¢;9)p )

n=1
Proof. Take g — z in Corollary 2.2. O

Lemma 2.6 Let0<qg<1, z# -1, N€ Z{,“, y(z) = q,lT_l. Then

N

y™M@) = (-lng)V Y

k=0

KIS(N + 1,k +1)
(gz+7 — 1)k+1

Proof. We have

’ 1 1
y (z) = (_ lnq) (qz+r -1 + (qz+r — 1)2) !

NV 3 2
¥"(2) = (~Ing) <qz+r_1+(qz+r__1)2+(qz+r_1)3 )

7 12
" — = 3
¥“(z) = (~Ing) (qz+r ] + (@ —1)2 + (@ —1)3

Inspection of these three equations leads to the formation of the follow-

ing sum which can be easily proved by induction.

N
QN k
yM(z) = ()" 3 @ — D
k=0 q )

where axx = kl,ano =1 for N > 0,anx =0 for k> N and when N > 1

ank =kan_1k-1+ (k+1an_1k. (15)

Letting an x = k!bN+1,k+1 in (15), where by,o = box = 0 except boo =
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1, we obtain
Koy y1,k+1 = klon s + (K + 1)y k11,
then we have

bN+1,k+1 = b + (B + 1)by k41

By the recurrence relation of S(n, k), we get
bn+1k+1 =S(N +1,k+1),
and so
ank =kIS(N+1,k+1).
O

Lemma27 Let 0 < g <1,z € R\Z™ and n € N and let Qg(n,z) =
["“"z] be an analytic function of z. Then

z

le)(n, z) = —IngQqy(n, z)Pq(o) (n, 2), (16)
and
5Y A=-1 _
P2 =22 = gy (’\ ; 1) QP (n, 2)PA-1-2)(n,z),  (17)
p=0

where PO (n,z) =n + > et 7 1=, and form > 1
dm = 1
(m) - -
P (n,2) = P (n+ E qz+r_1>

. KIS(m + 1,k + 1)
= (-Ing) ZZ (g=+m — 1)e+1
1k=0
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Proof. For

Qq(n,z) = ["+ 2] - : @0

z qz+l;q)n
and
dQq(n, 2) i iand
—& = —IngQq(n, Z)Z prrr .

—_ lanq(n, Z) (n + Z (_]-z’”'_—l)
r=1

= —IngQq(n,z)P¥(n,z2),

we obtain (16) and differentiating it with respect to the variable z for A—1

times, we get (17). O

Now we list some particular cases of Lemma 2.7, which will be used

later.

n

qz+r
—In QQQ (ﬂ,, Z) FPT_-

a4Pn,2) i
=1

]

= —IngQy(n,z) n+z prET ),

r=1

n

2
QP(n,2) = (Ing)*Qq(n,z2) [(n £y q+1—_1) +>_ ;,—le
r=1 r=1
1
~ (g*+7 — 1)2 !
3
QP(n,z) = (~ng)’Qq(n,z [(nﬂ; o 1)
+3 ("’fZT;:—l) (;w—_ﬁZm)
" 1
+TZ=:1 qz+r - z (qz+r - 1)2 Z (qz+r _ 1)3]
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When z = 0, we have
Q{1 (n,0) = —Ing (n - HP(9)),
QP (n,0) = (ing)? [(n - HV(9)) - HP() + EP(q)] ,
@ (n,0) = (~lng)* (n- HO@)" +3 (n - HP(@)

x (~HP(9) + HP (@) - HV(q) + 3HP () - 2HO(g)] .

Lemma 2.8 Let 0 < ¢ < 1, z € R\Z™ and p € N and let Q,(p,z) =
[’”z'z]_l be an analytic function of z. Then

(18)

z 31— g
Q‘N)(P’Z)‘(-IDQ)NZZH )q l(qz+31i'51()iV+1k+1)

r=1k=0

Proof. For n > 0 and 0 <! < n, there holds

(Q/z q)k 2q9” 1Q)n—k (Q; Q)n(xz§‘I)n—l(zq_l;Q)l
Z [k] 1-zg* = (T @)n+1 - (19)

k=0

see [5]. By takingn=p—1,1=0,2 - 0,z = ¢**' and k = — 1 in (19),

we have
Z po) - s a9
For
(1—0’)[ J =(1 —qp)[f_ﬂ,
we have

=1 -y - Ll

r=1
Differentiating the above identity with respect to the variable z for N times

and by Lemma 2.6, we can get the results. O
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Theorem 2.9 Let 0 < ¢ < 1, z € R\Z™, Qq(m,2) = ["';"’]—1 be an
analytic function of z, and QS,N)(m,z) be expressed by (17) or (18) for

m € N. Then
(tngy™ ({) [(n—p~ 1)”‘«1‘""’“’3 — (n—p)MigtnP2]

P> %

n=1 N]—-O
xQN=M)(n,2) = (-plng)Nq ™" - QM (p,2). (20)

Proof. By Corollary 2.2

Z q- 1 g7
(1 n) [n+z 1 —-q* [P-:z] ’
we rewrite it as follows

P [q(n—P—l)z _ q(n—P)z] Qq(n, Z) _ q__pz _
1-gn

Qq(pv z).

n=1

Differentiating the above identity with respect to the variable z for N

times, we can get the result.(J

Note. Taking ¢ — 1 in Theorem 2.9, we obtain Theorem 1.1.

Corollary 2.10 Let0< g< 1, pe N. Then
2 H{(g) _ (H"(@))® + Hy (q)
l-qn 2 ’

2 (H#HD (@) + HP (a) _ (H(0)) + 3H () Hy™ (q) + 2H;” (a)
1-qg» 3

n=1
P, (HD (9)) + 38 (@) HP (g) + 2H (9) _ (Hi(@)*
1—gn 4

n=1
L S @ H () + 8H (@) B (0) + 3(H5” (0))° + 6Hp" a)
: .

Proof. Let QS,N) (p,2) and Q((,N_N‘)(n,z) of (20) be expressed in (17).
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Taking z = 0, we get the result.

Corollary 2.11 Let0<q<1, pe N. Then

ng("1)
Z( i)_q H = p— HO(g), (21)
n=1

H

1) ("“)[ 7~ - 2HP (q) + (B (@) + B (g
n

(=
Z (1_ n)2

2
(22)
2 (—1)n("z) [p]
> e
P* ~3p% + 2p - 3p°H{V(q) + 3p [(H;(f)(Q))2 + Hﬁ”(a)]
- 6
(#°@) +35P @ P (@) + 25(a)
- : (23)

6

Proof. Let Q((,N_N’)(n, z) of (20) be expressed by (17) and Q((,N)(p, z)
of (20) be expressed by (18). Taking z = 0, we get the result.

Remark. The identity (21) can be written as
Zp: () H zp: 7 (24)
n=1 1 - qn ol- T-¢”
which is due to Van Hamme [11]. Many generalizations of (24) have been
given by different authors. See, for example [3] and [5]. The identity (22)
is the (m,7) = (2,1) case of [6, Theorem 3.12]:For m,n > 1and 0 < r <

m+n—1, there holds

i( l)k—l [n] Q(;)i'k(m"r) (r) " ( T ) i qkl

- — kym _ — ik

= k] 1-4g% m m-—1 k:=11 gk
qk1+k'z

+(m12) DD ey sy

1<k <kagn
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girt e tm

r
+'+(0) Z (l—qkl)“-(l—qun)' (25)

1<k S Shm<n

Similarly, the identity (23) is the (m,7) = (3,2) case of (25).
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