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Abstract

The zero-divisor graph of a commutative semigroup with zero is a
graph whose vertices are the nonzero zero-divisors of the semigroup,
with two distinct vertices joined by an edge in case their product in
the semigroup is zero. In this paper, we give formulas to calculate
the numbers of non-isomorphic zero-divisor semigroups correspond-
ing to star graphs Ky ,,. two- star graphs Tr, . and windmill graphs
respectively,

2000 Mathematics Subject Classification: 20M14, 05C90
Key Words: Zero-divisor graph; Zero-divisor semigroup; Star graph;
Two-star graph; Windmill graph.

1 Introduction

For any commutative semigroup S with zero element 0, there is an undi-
rected zero-divisor graph I'(S) associated to S. The vertex set of I(S) is
the sct of all nonzero zero-divisors of S, and for distinct vertices z and y of
['(S), there is an edge connecting z and y if and only if zy = 0. Zero-divisor
graphs of commutative scinigroups have been studied in several literatures,
such as (1, 2, 5, 6, 7).

For any semigroup S, let T be the set of all zero-divisors of S. Then T
is an idcal of S and in particular, it is also a semigroup with the property
that all of its clements arc zero-divisors of the semigroup 7. We call such
semigroups zcro-divisor semvigroups. Obviously we have I'(S) 2 I(T) . For

*Corresponding author. Address: School of Mathematical Sciences, Guangxi Teach-
ers Education University. Nanning, Guangxi, 530001, P. R. China, E-mail: tanggao-
hua@163.com

TE-mail: huadongsu@isobu.com

tE-mail: beishangren@126.com

ARS COMBINATORIA 119(2015), pp. 3-11



a given connccted simple graph G if there exists a zero-divisor semigroup
S such that ['(S) & G, then we say that G has a corresponding semigroup,
and we call S a semigroup determined by the graph G.

A star graph (Fig. 1) is a special complete bipartite graph Ky n, where
one part is a single vertex. A two-star graph Tim,n (Fig. 2) is the union
of two star graphs K, and Ky, whose centers are connected by a single
edge.
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In 2002 and 2005, DcMeyer ct al. (1, 2] proved that complete graphs,
star graphs and two-star graphs have corresponding semigroups. In [6], Wu
and Cheng gave a formula to calculate the number of non-isomorphic zero-
divisor scmigroups corresponding to complete graphs K,. In this paper,
we give formulas to calculate the numbers of non-isomorphic zero-divisor
semigroups corresponding to star graphs K n, two-star graphs T, » and
windmill graphs respectively.

In this paper, all semigroups are multiplicative commutative zero-divisor
semigroups with zero clement 0, where Oz = 0 for all z € S, and all graphs
in this paper are undirected, simple and connected. For other graph theo-
retical notions and notations adopted in this paper, please refer to [3].

2 Main Results

In this scction, let f(n) denote the number of non-isomorphic commutative
semigroups with n clements. From [4] we know that f(2) = 3, f(3) = 12,
f(4) = 58, f(5) = 325. f(6) = 2143, f(7) = 17,291, f(8) = 221,805,
£(9) = 11,545,843

Theorem 2.1 Forn > 2, the number of non-isomorphic zero-divisor semi-
groups corresponding to the star graph K1 5 is

S(n) = n+ 2+ 2f(n — 1) + 2f(n).

Proof. Let S = {0.aj....,a,,z} be a semigroup corresponding to the star
graph K .. where @ is the center vertex of Ki,n. We can decompose the
set A = {a;|1 <4 < n} into a union of the following three pairwise disjoint
subsets:



(1) Ay ={a; € Ala? = z};
(2) A2 = {a; € Ala} =0}
(3) Az = {a; € A|a} € 4}.
We have four cascs for our discussion.
Case 1. Assume |A;| = k£ > 1. Without loss of generality, we let ai"' =
- =al = z. In this casc, 22 = a2z = ai(a1z) = 0. For any ¢ > 2, if
a1a; = a, for some s, then aja; = afa,» = za; = 0, a contradiction. So
a1a; = r for all i > 2 and then e10? = (aya;)a; = za; = 0. Hence, a?=0
for all i > k+ 1. For any 4,5 > 2 with i # §, if a;a; = a, for some s, then
a1as = aya,a; = ra; = 0. a contradiction. So, a;a; = z for any 7,5 > 2
with ¢ # j. Thus, for cach 1 < k < n, we have a unique multiplicative table.
Now we nced to verify the associative law, namely, for any u,v,w € S —{0},

(w)w = u(vw) (%)

(1) If u = v = w = x, then the equality () obviously holds.

(2) If exactly two of u,v,w are z, by commutativity, we can suppose
u =v =z, then the left-hand side of (x) is (z2)w = 0, and the right-hand
side of (x) is #(zw) = 0 = 0. Thus, in this case the equality (*) holds.

(8) If exactly onc of u,v,w is z, by commutativity, we can suppose
u =z, then (zv)w = 0 and z(vw) = 0. So the equality (*) holds.

(4) If = does not occur in {u,v,w}, then the equality () obviously
holds.

Thercfore, in this case, there are n mutually non-isomorphic semigroups
corresponding to the graph K ,,.
Case 2. Assumc [4;] = 0, |Ay] = k > 2. Without loss of generality,
we let @ = a3 = --- = «2 = 0. First we conclude that ajaz = z. In
fact, if ajay = a, then ajay = ayaf = 0, a contradiction. If ajap = q;
for some i > 2, then aja; = a?az = 0, a contradiction. Thus, ajas = z.
Similarly, it is casy to check that aja; = z and aza; =z forall3<i<n.
Clearly, 2% = (ajay)z = ai{agx) = 0 and ala? = (a1a;)a; = za; = 0 for
all 1 € ¢ < n. Hence. n,]a.? = 0 for all j > k + 1, and then a? =a
forall 5 > k+1. If & < n, then ajas = aZa; = aj(aja1) = a;z =0, a
contradiction. Thus, k¥ = n. For any i,j > 2 with 1 # J, if a;a; = a, for
some s > 2, then aja, = aja;a; = za; = 0, a contradiction. If a;a; = ay,
then a ez = aza;a; = re; = 0, a contradiction. So a;a; = x for any i # j.
Thus, in this case, we have a unique multiplicative table. It is easy to verify
that the multiplicative table satisfies the associative law. Therefore, in this
case, there is only one zero-divisor scmigroup corresponding to the graph
Kl,n-
Case 3. Assumc |A;| = 0 and [Az| = 1. Without loss of generality, we
suppose a? = 0. It is casy to check that aja; =z ora; forall i > 2.
Subcase 3.1 Assumec that there exists some ¢ > 2 such that aa; = z.



Without loss of gencrality, we suppose ajaz = z. In this case, we have
22 = 0. For all i > 3, if a1a; = a1, then a1ag = a1a2a; = za; = 0, a
contradiction. So aya; = x for all i > 2. Hence, a;a? = 0 for all i > 2,
which implics that a2 = a; for all ¢ > 2. For any 4,j > 2 with 7 # j,
if a;a; = =z, then ata; =0, ie., a1a; =0, a contradiction. If a;a; = a,
for some s > 2, then aja, = a10,0; = za; = 0, a contradiction. So
a;a; = a;. Thus, in this case, we have a unique multiplicative table. By
direct verification, the multiplicative is associative. Hence, in this subcase,
there is a unique corresponding semigroup to the graph K n.

Subcase 3.2 Assume that aja; = a; for all ¢ > 2. In this case, z2 =0or
22 =z, and {aa,....a,} is a sub-semigroup of S. It is need to verify the
associative law (x).

V) fu,v,w € {as..... a,}, then the equality () holds since {az,...,an}
is a semigroup.

(2) fw,v,w & {a,....a,}, it is easy to see that the equality (*) holds.

(3) If exactly two of u,v,w belong to {as,... ,Gn}, by commutativity,
we can suppose u,v € {aa,...,an} and w ¢ {az,...,an}. If w = ay, then
(wv)w = asa; = ay, s # 1. and w(vw) = u(vay) =uay = a1. fw==z, then
(uwv)w = u(vw) = 0. So the cquality (*) holds.

(4) If cxactly onc of u, v, w belongs to {ag,... ,an}, by commutativity,
we can supposc u € {ap,...,a,} and v,w ¢ {az,...,an}, then (w)w =
0 = u(vw).

Therefore, in this subcase, there are 2f(n — 1) non-isomorphic zero-

divisor scmigroups corresponding to the graph Kj n.
Case 4. Assumc |A,| = 0 and |A| = 0. In this case, z? = 0 or 22 = z,
and A is a sub-semigroup of S. Similar to Subcase 3.2, we can show that,
in this casc, there are 2f(n) zcro-divisor semigroups corresponding to the
graph K1 ,,.

By the above discussion, we have proved that there are n +2+2f (n—
1) + 2f(n) non-isomorphic zero-divisor semigroups corresponding to the
graph K .., i.c. S(n) =n+2+2f(n 1)+ 2f(n). O

2

Recall that a semigroup S with zero is nilpotent if Sk = 0 for some
k > 0. From the above proof, we can see that the nilpotent semigroups
corresponding to the star graph K ,, are exactly the semigroups determined
in Casc 1, Casc 2 and Subcasc 3.1. Thus, we have the following:

Corollary 2.2 ([9], Theorem 3.6) Letn > 2. Then the number of non-
isomorphic nilpotent semigroups corresponding to the star graph Ky is
N(n)=n+2.

Remark: If n = 2, there are 2+242f(1)+2f(2) = 12 non-isomorphic zero-
divisor semigroups corresponding to the graph K. This coincides with
the result in [5, Theorem 2.1]. If n = 3, there are 3+2+2f(2)+2f(3) =35



non-isomorphic zero-divisor semigroups corresponding to the graph K 3,
which coincides with the result in [5, Theorem 2.6]. By taking advantage
of the known valucs of f(n) for1<n <9 given in [4], we can list all values
of S(n) and N(n) for 2 < n < 9 as follows:

Table 1

graphs | Kio | Kiy | Kia [ Kis [ Kis | Kz | Kis Ko

S(n) | 12 | 35 | 146 | 773 | 4944 | 38877 | 478202 | 23535307
N(n) | 4 5 6 | 7 | 8 9 10 11

Theorem 2.3 Let m and n be positive integers. Let T(m, n) denote the
number of non-isomorphic zero-divisor semigroups corresponding to the
two-star graph T,,, ,,. Then

(1) T(m,n) = f(m) + f(n) if m # n;

(2) T(m,n) = f(n) if m = n.

Proof. (1) Assumec m # n. Let S = {0,a1,...,8m,b1,...,bs, 2,9} be a
semigroup corresponding to the two-star graph Tnn, Where z and y are
the centers of the two star graphs {0, e, .. .yam,z} and {0,by,...,b,,y},
respcctively.

From (1, Theorem 4], , we know that {0,x,y} is an ideal of S, and
hence 22,4 € {0.2.y} and ay € {z,y}, bz € {z,y} for any i. If a;y = z,
then byz = bja;y = 0, a contradiction. So a;y = y for all <. Similarly,
biz = x for all i. If #2 = y, then b;z? = bjy = 0. On the other hand,
biz? = (byx)z = 22 = y, a contradiction. So z2 = z or z? = 0. Similarly,
Y=yory?=0.

Next, we consider the values of a;b; for any i,j. If a;b; = a; for some
k, then aiy = 0, a contradiction. If a;b; = by, for some k, then bz =0, a
contradiction. Hence. a;b; € {x.y}.

We can conclude that «¢;a; € {ay,... vam,y}. In fact, if a;a; = by, for
some k, then a;y = ai{ajy) = (a;a;)y = byy = 0, a contradiction. If a;a; =
z, then a;y = a;(a;y) = a,a;)y = zy = 0, a contradiction. If a? = 0 for
some %, then e,y = a;a;y = 0, a contradiction. Hence a;a; € {a1,...,am,y}
for all 4, j. Similarly. b;b; € {b),...,b,,z} for all 4, .

Now we claim that exactly one of 22,2 is zero. Since a;b; € {z,y},
it is casy to scc that at lcast onc of 22,32 is zero. On the other hand, if
22 = y? = 0, let’s consider 2. If a? = y, then a?y = y?, which implies
y? =y, a contradiction. So a? € {ay,...,am}. We can suppose a? = a;, for
some k. Similarly. we can get b2 = by for some . Next, we consider ab;.
If a1b; = ix, then apdy = adb) = ayz = 0, a contradiction. If aib; =y, then
arb; = a1b? = by = 0. a contradiction too. Therefore, we only have the
following two cases for our discussion.



Case 1. Assume x2 = z and y2 = 0. In this case, a;b; = y for alli, j.
For any i, 7, if b;b; = by, for some k, then bgay = bibja; = by =0, a con-
tradiction. So b;b; = « for all 4, j. Finally, a;a; € {a1,... ,am} and then
{ai1,...,am} is a sub-scmigroup of S. So we obtain the following multiplica-
tive table (Table 2), where o represents an element in A={a,...,am}.

Table 2

a; a; b,’ b § T Y
ai|o o y y 0 vy
ajlo o y y 0 ¥y
bily v = z z 0
bj ly v =z =z < 0
+10 0 a2 z z O
yly yw 0 0 00

Now we need to verify the associativity (x).

(1) If u, v, w € A, then the equality (x) obviously holds.

(2) If w,v,w € A, then the cquality (x) also obviously holds.

(3) If cxactly two of u,v,w belong to A, by commutativity, we can
suppose u,v € A and w € {z,y,by,...,bn}. Then (w)w = u(vw) = 0 if
w =z, and (w)w = u(vw) =y if w € {y,b1,...,bn}. So, in this case, the
cquality (*) holds.

(4) If cxactly one of w.v,w belongs to A, by commutativity, we can
supposc u € A. In this casc. it is casy to verify that the equality (*) holds.
Hence, in Casc 1, there are f(m) non-isomorphic zero-divisor semigroups
corresponding to the two-star graph Ty -

Case 2. Assumc 22 = 0 and y? = y. Similar to Case 1, we have f(n) non-
isomorphic zcro-divisor semigroups corresponding to the two-star graph
T

Therefore, T(m,n) = f(rm) + f(n) in case m # n.

(2) Assume m = n. By the symmetry of the graph T a, we know
that the scmigroups in Casc 1 and the semigroups in Case 2 in the above
discussion arc isomorphic. Hence, T'(n,n) = f(n). a

By taking advantage of the known values of f(n) for 1 < n < 9 given
in [4], we can list all valucs of T'(m,n) for m,n < 9:



Table 3

Twn |1]2] 3] 4] 5 6 7 8 9
1 [ 1[4 13759326 | 2144 | 17202 | 221806 | 11545844
2 3| 15 | 61 | 328 | 2146 | 17294 | 221808 | 11545846
3 12 | 70 [ 337 | 2155 | 17303 | 221817 | 11545855
q 58 | 383 | 2201 | 17349 | 221863 | 11545001
5 325 | 2468 [ 17616 | 222130 | 11546168
6 2143 | 10434 | 223948 | 11547986
7 17291 | 236006 | 11563134
8 221805 | 11767648
9 11545843

From the proof of the above theorem, we can get the following:

Corollary 2.4 There erist no nilpotent semigroups corresponding to the
two-star graph T,, ,, for any m,n > 1.

Remark: This result was contained in Corollary 2.13 of (8]. In fact, by
Corollary 2.13 and 3.7(3) of the mentioned paper, no finite or infinite two-
star graph has cither nilpotent semigroups or semilattices.

We use W, to denote the windmill graph with n triangles (Fig. 4), and
use F, m to denote the graph of Fig. 3, a special refinement of the star
graph Ki.2,4m. In [9], Wu, Liu and Chen obtained the counting formulas
of the numbers of non-isomorphic zero-divisor semigroups of the graph W,,
and F,, ,,. Herc, we get these two formulas by another different method.
This method is more direct and simple.
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Theorem 2.5 ([9], Theorem 3.2) Letn > 2, m > 0 and let F,m denote
the graph of Fig. 3, a special refinement of the star graph K. 1,2n+m- Lhen
there are -%(m + 1)(n + 1)(n + 2) non-isomorphic zero-divisor semigroups
corresponding to the graph F, ,, and all of these zero-divisor semigroups
are nilpotent.



Proof. First, let us consider ajaz. If ajap = a1, then arby = ajazbe =0,
a contradiction. If ajas = ay for some k > 2, then axhy = ajagzb; =
0, a contradiction. If ajax = by for some k, then biby = aiaz2by = 0,
a contradiction. If ajap = c for some k, then bjcx = ajazhy = 0, a
contradiction. So ajas = x. Similarly, a;a; = z, a;b; = z, bib; = z for all
i # 7, and a;¢; = x, bjc; = x for any %,j. This implies z2 = 0. On the
other hand, it is casy to verify that a?,b?,c? € {0,z}.

Let A = {a1,a2,....a,}, B = {b1,b2,...,bn}, C = {e1,...,cm} and
Ay = {a;|af =0}, B, = {16 =0}, Cy = {ci|c? = 0}. We suppose
|A1| = k, |Bi1] = ! and |Cy| = r. By symmetry of the a; and b;, it is not
difficult to sce that there are 142+ - -+ (n+1) = 3(n+1)(n+2) different
cases on A; and B,. Clcarly, C; has m + 1 different cases. So there are
L(m+1)(n + 1)(n + 2) distinct multiplicative tables on S. It is easy to
check that these multiplicative tables are all associative.

Since a2,b2,¢? € {0,7} and 22 = 0, it is easy to verify that all of these
zero-divisor semigroups arc nilpotent. This completes our proof. a

When m = 0, the graph Fig. 3 becomes a windmill graph Fig. 4. In
this special case, we have:

Corollary 2.6 ([9], Lemma 3.1) Letn > 2. Then there are 1mn+1)(n+
2) non-isomorphic zero-semigroups corresponding to the windmzll graph
W,.
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