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Abstract

A k-edge labeling of a graph G is a function f : E(G) — {0,...,k—
1}. Such a labeling induces a labeling on the vertex set V(G) by
defining f(v) := Y f(e)( mod k), where the summation is taken over
all the edges incident on the vertex v. For an edge labeling f, let
vg(2) ( respectively es(i)) be the number of vertices (respectively
edges) receiving the label i. A graph G is said to be Eg-cordial if
there is an k-edge labeling f of G such that, |vs(7) — vs(j)| < 1 and
lef(2) —es(§)| < 1lforall0<si,j<k-—1.

A wheel W, is the join of the cycle C,, on n vertices and K. A
Helm H. is obtained by attaching a pendent edge to each vertex of
the cycle of the wheel W,,.. We prove that (i) Helms (ii) One point
union of helms (iii) path union of helms are E3-cordial.

Introduction

All graphs considered here are finite and simple. By a (p, q)-graph we
mean a graph on p vertices and ¢ edges. The vertex set and the edge set of
a graph are denoted by V(G) and E(G) respectively. A k-edge labeling of
a graph G is a function f : E(G) — {0,...,k — 1}. Such a labeling induces
a labeling on the vertex set V(G) by defining f(v) := Y_ f(e)( mod k),
where the summation is taken over all the edges incident on the vertex
v. For an edge labeling f, let v;(i) ( respectively es(:)) be the number of
vertices (respectively edges) receiving the label i. A graph G is said to be
Ex-cordial if there is an k-edge labeling f of G such that, |vs () —vs(5)| <
1 and |ef(?) — es(j)] < 1 for all 0 < 4,5 < k — 1. The map f is then
called an Ej-cordial labeling of G. Let f be a 3-edge labeling of a graph G.
By v£(0,1,2) and ef(0,1,2) we mean the triples (vs(0),vf(1),vs(2)) and
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(ef(0), (1), es(2)) respectively. These are called the vertex numbers and
the edge numbers of the labeling f.

The concept of Ez-cordial graphs was introduced by Cahit and Yilmaz.
They proved that the following graphs are Fsz-cordial: P, (n > 3); stars S,
if and only if » # 1 (mod 3); K, (n > 3); Cn (n > 3); friendship graphs;
and fans F,, (n > 3). They also prove that S, (n > 2) is Eg-cordial if and
only if n # 1 mod k when k is odd or n # 1 mod 2k when k is even and
k#2.

In this paper we discuss the helms, one point union of helms, path-union
of helms and gear graphs and give E3-cordial labelings for them.

Let {Gi,...,G:} be a family of graphs with n,,...,n, vertices and
q1,...,qt edges respectively. The one point union of these graphs is
obtained by choosing one vertex from each G;,1 < i < t and identifying all
of these chosen vertices.tIf G is the one point union (t)f Gi,...,Gq then one
can see that |V(G)| = Zni —t+1and |[E(G)| = z%’-

i=1 i=1

For either one point union or path union we first try to obtain such
unions with |V(G)| = 1( mod 3) and construct an E3-labeling such that
identified vertex gets the label 0 and all other vertices and edges are equi-
tably labeled. Later for the one point unions of larger families, it is easy to
take groups of three and finish the labeling.

E3-Cordiality of Helms
Definition: Helm H,, is a graph defined as follows:

V(H,) = {vo,v1,v2," ", Vs, w1, w2, "+ ,Wn}

E(H,) = {vwi/1<i<n}U{vivit1/1 Li<n}U{vw;/1<i<n}
where (Z + 1) is taken modulo 7.

Thus H, has (2n + 1) vertices and 3n edges. The edges p; = viw;, 1 <
i < n, are called the pendent edges and the edges ¢; = vivi+1,1 < ¢ < n,
where i + 1 is taken modulo n are called the cyclic edges. Finally, the edges
e; = vpv;, 1 < i < n are called the spokes. The vertex v is called the hub.
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A helm H, is said to be of type 1,2,3if n = 1,2,3 ( mod 3) respectivély.
In what what follows we give more than one labelings, not necessarily Es-
cordial, of the helms. These will be used in the next section. Only for the
first case we will give explicit counting for vf(0, 1,2) as well as e;(0, 1, 2).

Labelings for Type 3 helms

Let H, be of Type 3 and let n = 3y. The following figure gives an
E;j-cordial labeling of H3. The vertex numbers and the edge numbers for
both are (3,2,2) and (3, 3, 3) respectively.

)

@ Type A labeling (1)) Type B labeling

Let n = 3z 4+ 6,z > 0. Label the edges as follows: f(p;) = 2, f(p2) =
1,f(ps) = 0.If z > 0, let f(pat+s) =1 = f(pae+s), f(Parss) = 0,0 <t <
z — 1. This means the sequence 1,1,0 is repeated z times. This finishes
labeling of the pendent edges upto ps;+3. The last three pendent edges are

labeled as f(P33+4) = 2’ f(p3$+5) = l,f(psz_'_s) = 1. If T = 0, this giVes
labels of py4, ps, pe.

The edges in the cycle are labeled as follows: f(c;) = 1, f(c2) =

0, f(c3) = 2, f(caz+4) = 2, f(caz+5) = 0 = f(caz4s). If z > 0, we define
flci)=2fori=3t+4,3t+6and f(c;)=0fori =3t+50<t<z—1.

Finally the spokes are labeled as f(es;+1) = 0, f(eat+2) = 2, f(ears3) =
1,0 £ t £ z. Thus the sequence 0,2, 1 is repeated z + 1 times. The last
three edges are labeled as f(esz+4) = 2, f(eaz+s) =0, f(esz+6) = 1. Clearly,
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es(0,1,2) = (3z + 6,3z + 6,3z + 6).

The vertex numbers are as follows: For a pendent vertex f(w;) =
f(psi),1 £ i < n. For the cyclic vertices we have

f(v1) = f(p1) + f(e1) + f(e1) + flcaz+6) =2+0+1+0 mod 3=0,
fv2) = f(p2) + fle2) + fc2) + f(e1)) =1+2+0+1mod 3 =1,

f(vs) = f(p3) + f(es) + f(c2) + f(ca) =0+ 1+ 0+ 2 mod 3 =0,

f(v3e+a) = F(p3e+a)+ f(eatra)+ fcaera)+ f(catsa) = 14+0+2+2 mod 3 =
2,

f(vsers) = F(pat+s)+ f(eass)+ f(csera)+ fcatrs) = 1+24240mod 3 =
2,

f(vaere) = f(pat+e)+ f(eatre) + f(caers)+ f(carrs) = 0+1+0+2 mod 3 =
0,0 <t < z — 1. Finally,

F(vazsa) = f(Pazt+a)+ f(eszta)+ f(c3z43)+ f(C3z4a) = 24+24+2+2 mod 3 =
2,

f(vazes) = f(pac+s)+ feszts)+ f(cazta)+ f(caz45) = 14+0+2+0 mod 3 =
0,

f(v3z46) = f(P3z+6)+f(€3c46)+f(C3z45)+f(Cazws) = 1+14+0+0 mod 3 =
2,

The central vertex vg has z + 2 edges of each label incident on it. Thus
f(vo) = 0. This shows that vf(0,1,2) = (2z + 5,2z + 4,2 + 4), that is
Hs, is Ez-cordial. This is called the labeling of type Az Thus for n =
3y,y > 1, we have an Ej-cordial labeling As such that v4,(0,1,2) = (2y +

1,2y,2y), ea,(0,1,2) = (3y, 3y, 3y).

We create another labeling, called the labeling of type Bs, from the
labeling of type As by changing the label of the pendent edge p; to 0 and
that of the spoke e; to 2. This is again an Ea-cordial labeling in which the
hub gets the label 2.

The following table gives the vertex numbers and the edge numbers of
these labelings of a helm of H,, type 3 with n =3y,y > 1.

f | The label of the Hub v5(0,1,2) es(0,1,2)
Az 0 (2y +1,2y,2y) | (3y,3y,3y)
B3 2 (2y + 1’ 2y) Zy) (3y1 33/, 3y)
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Labelings for helms of Type 1:
The following figures give three Es-cordial labeling for H,.
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Type A Labeling

Now consider H, withn =3y +1,y > 2. Let y =1+ z,z > 1, that is,
n = 3z + 4. Label the edges as follows: f(p;) =2.If z > 0, let f(pat42) =
1 = f(p3t+3), f(Pat44) = 0,0 < t < z — 1. This means the sequence 1,1,0
is repeated z times. This finishes labeling of the pendent edges up to
P3z+1- The last three pendent edges are labeled as f(psz+2) = 2, f(P3z+3) =
1, f(p3z+4) = 1. If z = 0, this gives the labels of ps, p3, ps.

The edges in the cycle are labeled as follows: f(c;) = 1, f(cszt2) =
2, f(caz+3) = 0= f(c3z4a). If z > 0, we define f(c¢;) = 2 for i = 3t+2, 3t+4
and f(c;) =0 for i =3t + 3,0 < ¢ < = — 1. This means the sequence 2,0, 2
is repeated z times.

Finally the spokes are labeled as f(e1) = 0, f(eat+2) = 0, f(est+3) =
2, feat4+4) = 1,0 < t < z—1. Thus the sequence 0, 2, 1 is repeated z times.
The last three edges are labeled as f(eaz+2) = 2, f(esz+3) =0, f(eazta) =
1. Clearly, e£(0,1,2) = (3z + 4,3z + 4,3z + 4). This is called the labeling

433



0] @
p

2
0) 1
2 0 1
/ m / \
| 0 1 2 el 02 2 LIPS
A

o O , ©® @ © N | ©
0 ()
() )

1 IL

) (1)
Type B Labeling Type C Labeling

of type A;. One can check that the hub gets the label 0 and vf(0,1,2) =
(2z + 3,2z + 3,2z + 3).

We give here two more labelings for Hzy1.

The labeling of type B; is obtained from the labeling of type A; by chang-
ing the label of the pendent edge p2 to 0 and changing the label of the spoke
es to 1. The labeling remains E3-cordial with the hub getting the label 1.
The labeling of type C; is obtained from the labeling of type A; by chang-
ing the label of the pendent edge p; to 0 and changing the label of the spoke
ez to 2. The labeling remains E3-cordial with the hub getting the label 2.

The vertex numbers and edge numbers of these labelings are given by
the following table.

f | Label of Hub vs(0,1,2) es(0,1,2)

A 0 (2y+1,2y+1,2y+1) | 3y+1,3y+1,3y+1)
B 1 Qy+1,2y+1,2y+1) | By+1,3y+1,3y+1)
G 2 (2y+1,2y+1,2y+1) | By+1,3y+1,3y+1)

Labelings for helms of Type 2:

The following figures give four labeling of Hs only three of which are

Ej3-cordial and the fourth labeling is equitable on only the edges.
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the edges as follows: f(p1) = 2,f(p2) = 1.If 2 > 0, let f(pay3) =1 =
f(P3t+4), f(p3t+s) = 0,0 < t < z — 1. This means the sequence 1, 1,0 is re-
peated z times. This finishes labeling of the pendent edges upto paz.o.
The last three pendent edges are labeled as f(psz+3) = 2, f(Paz+a) =

ls f(p3:l:+5) =1.

The edges in the cycle are labeled as follows: f(c1) = 1, f(c2) =

2, f(csz+3) = 2, f(csz44) = 0 = f(c3z45). If z > 0, we define f(c;) = 2
fori=3t43,3t+5and f(¢;) =0fori=3t+4,0<t<z-1.

Finally the spokes are labeled as f(e;) = 0, f(e2) = 0, f(est+3) =
0, f(e3t+4) =2, f(ear4s) = 1,0 <t < z — 1. Thus the sequence 0,2,1 is re-
peated x times. The last three edges are labeled as f(e3z+3) = 2, f(€3c44) =
0, f(eaz+s) = 1. Clearly, ef(0,1,2) = (3z + 5,3z + 5,3z + 5).

One can check that v;(0,1,2) = (2z + 3,2z + 4,2z + 4), that is H3yia
is E3-cordial. This is called the type A3 labeling. The label of the hub is 0.

We obtain three more labelings by making slight changes in the labeling
of type As,.

The labeling of type B, is obtained from the labeling of type Az by
changing the label of the pendent edge p2 to 0 and that of e; to 1. This
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changes the label of w2 to 0 and that of the hub to 1. The label numbers
remain same.

The labeling of type C; is obtained from the labeling of type A2 by
changing the label of the pendent edge p; to 0 and that of e; to 2. This
changes the label of w; to 0 and that of the hub to 2. The label numbers
remain same.

The labeling of type D, is obtained from the labeling of type Az by
changing the label of the pendent edge p; to 0 and changing the label of
the spoke e; to 2 and changing the label of the pendent edge p2 to 0 and
that of the spoke ez to 1. The labeling is not E3-cordial though it assigns
labels to the edges equitably. The hub gets the label 0. The label numbers
of this labeling are vp,(0,1,2) = (2z + 5,2z + 3,2z + 3),ep,(0,1,2) =
(3z + 5,3z + 5,3z + 5). '

Hence if n = 3y + 2 the following table gives the vertex numbers and
edge numbers of all the four labelings.

436



f | Label of the Hub v4(0,1,2) es(0,1,2)

A2 0 (2y+1,2y+2,2y+2) | (3y+2,3y+2,3y+2)
B3 1 (2y+1,2y+2,2y+2) | By+2,3y+2,3y+2)
Ca 2 Cy+1,2y+2,2y+2) | (3y+2,3y+2,3y+2)
D> 0 2y +3,2y+1,2y+1) | (By+2,3y+2,3y+2)

Remark: A damaged helm is a graph H,, = H,, — s where S is a subset
of E(H,). For a labeling f we mean the restriction of f to H,. From the
following table one can see that some damaged helms are E3-cordial.

Hn Labeling f v(0,1,2) e£(0,1,2)
Hsy - {p3} A3 (29, 2y, 2y) (3y —1,3y,3y)
Hsy - {p3,;1} As (2y,2y — 1,2y) (By— 1,3y — 1,3y)
Hayy1 -~ {m} A (2y+1,2y 4+ 1,2y) 3y + 1,3y +1,3y)
Hayy1 - {;1,p2} A (2y +1,2y,2y) (3y + 1,3y, 3y)
Hayg2 — {p1} Az Qu+1,2y+2,2y+1) | (3y+2,3y+2,3y+1)
Hayy2 — {p1,p2} As (y+1,2y+1,2y+1) | (By+21,3y+1,3y+1)

This prompts us to ask the following questions:

1: How many consecutive pendent edges can one delete and still
get an Eg-cordial damaged helm?

2: 1: How many consecutive spokes can one delete and still get
an Eg-cordial damaged helm?

3: What is the maximum number of edges one can delete and
still get an Es-cordial damaged helm?

One Point Unions of Helms

In this section we consider one point unions of helms and investigate
them for E3-cordiality.

By the one point union of helms H,,, ..., H,, we mean vertex disjoint
union of Hy,, ..., Hy,, having a common hub. This is often called a multiple
helm of K number of helms. If only 2 helms are involved the then their
one point union is called a double helm. If 3 helms are involved then it is
called a triple helm.
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A multiple helm of K helms is called homogeneous of type i,i=1,2
and 3 if all the K helms are of same type i. Otherwise it is called a mixed
multiple helm.

Remark: If there are K helms H,...,Hg of Type 3 and G is the mul-
tiple helm obtained from them, then for all the K helms one can use the
Es-cordial labeling of of type As given in the previous section and get a
labeling f3 of G. If |V (H;)| = 6y; + 1,1 < ¢ < K, then one can check that
V() =6 w:+1,|E(G) =9 y:+3K. If we denote ) y; by Y, then
v£,(0,1,2) = (2Y +1,2Y,2Y) and €4, (0,1,2) = (3Y + K, 3Y + K, 3Y + K).
Thus f is an E3-cordial labeling no matter what the value of K is. When
we consider a mixed multiple helm G, we can simply assign the labeling f3
to the homogeneous helm of type 3 within G. )

The following theorem just indicates how the labeling will proceed in
the final result.

Theorem: If G is a homogeneous triple helm or a mixed double helm
obtained by using a helm of type 1 and a helm of type 2 then G is E3-
cordial.

Proof: If all the three helms are of type 3, then by the previous remark G
is Eg-cordial.

Case 1: Consider 3 helms H,,, 1 <7< 3 of type 1.

Assign the labeling A; to Hj, assign the labeling By, to Hz and assign
the labeling Cy to Haz. Call the resulting labeling f;. If n; = 3y;+1,1 <4 <
3

3,let Y = y. One can check that |V(G)| = 6Y +6+1,|E(G)| = 9Y +9.

i=1
Moreover, vy, (0,1,2) = (2Y +3,2Y +2,2Y +2),e4,(0,1,2) = (3Y +3,3Y +
3,3Y + 3) and the hub receives the label 0.

Case 2: The three helms are of type 2. Let the 3 helms be Hy,,, Hp,, Hpy .
Assign the labeling of type A; to the helms H; and assign the labeling of
type Dz to Hp, and Hp,. Call the resulting labeling fo. If n; = 3y; +2,1 <
i1 <3, let Y = y; + y2 + ya. Clearly |V(G)| = 6Y + 13,|E(G)| = 9Y + 18.
One can check that the hub gets the label 0 and vy, (0,1,2) = (2Y +5,2Y 4
4,2Y +4) and ef,(0,1,2) = (3Y +6,3Y +6,3Y +6). Hence G is Ej-cordial.

Case 3: Now suppose G is a double shell obtained by helms H, H " of type
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1,2 respectively. Let H = H,, and H = Hy,,, where n; = 3y; + 1,np =
3yo+2. Assign the labellings Ay, Ds to H, H' respectively. Call the resulting
labeling f1 2. If Y = y1+ys, then |[V(G)| = 6Y +7,|E(G)| = 9Y +9. One can
check that vy, , = (2Y'+3,2Y+2,2Y +2) and ef, , = (3Y +3,3Y +3,3Y +3).
The hub gets the label 0. ]

Now we are ready to prove the general result.

Theorem: A multiple helm G obtained by taking K; helms of type i,1 <
1 < 3 is E3-cordial.

Proof: Let the helms be H,,...,Hxk,,...,Hx, + Ko+ Ky, Wwhere Hy, ..., Hg,
are of type 1, Hy, 4+1,-. -,

Hy, 1k, are of type 2 and Hg, +Ky+1,- -+ HK, + Ko+ K, are of type 3.

Assign the labeling f3 to the one point union of Hg, 41,..., Hk,+K,-
Suppose Ky = 3L; + ry. form L, number of homogeneous triple helms of
type 1 using H,...,Har,. Assign the labeling of type f; to each triple
helm. Suppose K2 = 3L; + r;. form L, number of homogeneous triple
helms of type 2 using Hx, +1,. .., Hk,+31,. Assign the labeling of type f2
to each triple helm. So far the hub has been assigned the label 0. Moreover
other vertices as well as all the edges receive the labels 0, 1,2 equitably. If
r1 = r2 = 0, our labeling process is complete.

If ry = 1,73 = 0, assign the labeling of type A; to Hg,.If ry =0,r2 =1,
assign the labeling of type As to Hgk,+k, and if 1, = 1 = ry, assign the
labeling of type f1,2 to the one point union of Hg, and H, +x,. Finally if
r1 = 2 = r2, assign the labelings of type A;, B; to the two helms of type
1 and the labelings of type Az, Dy to the two helms of type 2. This will
produce an Ej3-cordial labeling of the residual four-tuple helm. .

Path Unions of Helms:

In this section, since the order in which the helms are taken is important,
we take Helms of same Type while considering their path union.

Definition: For a natural number m, PH,,(i) is the family of graphs
obtained by taking a path of length m — 1, that is, with m vertices and
attaching a copy of an helm of type ¢ at each vertex of the path, taking
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care that all helms attached this way are attached at their hubs.

The following theorem shows that each graph in PH,(%) is E3-cordial
for 1 € < 3. For G € PH,(i), let the helms attached to the m vertices
m

of a path be Haw.;..', vy H3ym+i- LetY = Z Yj-

j=1
Theorem: Each graph in PH, (%) is E3-cordial for all m € Nand1 <1<
3.
Proof: Case 1 Let i = 3. Let G € PH,(3).

If m = 1, then we have an Ej-cordial labeling A3 of a helm of type 3.

If m = 2, take an edge viv; and assign the label 2 to this edge. Now
attach the first helm to v; with the labeling A3z and the second helm to v,
with the labeling B3. Let the resulting labeling be f. Both the labelings
Az and Bj are E3-cordial. The labeling A3 assigns the label 0 to v;. Thus,
f(v1) = 2. Similarly, f(v2) = 1, since B3 assigns the label 0 to vz. Clearly,
[V(G)| = 6Y +2,|E(G)| = 9Y and v£(0,1,2) = (2Y + 1,2Y +1,2Y) and
ef(0,1,2) = (3Y,3Y,3Y + 1), that is, f is an Ej-cordial labeling.

m = 3p,p = 1. Take a path {v;,v2,...,v3,} and assign the labels
1,2,0,1,2,0,...,1,2,0,1,2 to the edges on this path in this order. At-
tach a helm Hj,; with the labeling A3 to the vertex v;,1 < j < 3p.
The point of identification being the hub of that helm in each case. Call
the resulting labeling f. The vertices vy, v1,...,v3p are assigned the la-
bels 1,0,2,1,0,2,...,1,0,2 in this order. One can check that |V(G)| =
6Y + 3p,|E(G)| = 9Y + 3p—1 and v4(0,1,2) = (2Y + p,2Y + p,2Y +
p),es(0,1,2) = (3Y + p — 1,3Y + p,3Y + p), that is f is an Eg-cordial
labeling.

m = 3p+ 1,p > 1. Take the earlier labeling constructed for a path of
length 3p — 1. Assign the label 0 to the last edge vapvay4+1. Now attach a
helm to v3p41 with the labeling As. Call the resulting labeling f. The label
of vz, remains 2. Since A3 assigns the label 0 to the hub, the vertex vz
gets the label 0. One can check that |V(G) = 6Y +3p+1, |E(G)| = 9Y +3p
and v5(0,1,2) = (2Y +p+1,2Y +p,2Y +p),es(3Y +p,3Y +p,3Y + p).(
the value of Y of course has increased by yap+1)

m = 3p + 2,p > 1. Take the earlier labeling constructed for a path
of length 3p — 3. Now four extra edges on the path remain to be la-



beled. Those are va,_ov3p—1,V3p—1V3p, V3pUsp+1, V3p+1U3p+2- Assign the
labels 1,2,2,0 to them in this order. Attach a helm of type 3 with the
labeling of type A3 to the last four points. Call the resulting labeling
f. The label of v3,_5 changes from 0 to 1. The labels of the vertices
U3p—1,V3p; V3p+1, V3py2 are now 0,1,2,0 in this order. Thus the vertex
and edge numbers are v£(0,1,2) = (3Y +p+ 1,3Y +p+ 1,3Y + p) and
es(0,1,2) = (3Y +p,3Y +p,3Y + p+1). The value of Y is again increased
by ysp42-

this completes the proof of the assertion that every G € PH,,(3) is
Ej3-cordial for all m > 1.

Case 2 Let i = 1. Let G be in PH,,,(1).

If m = 1, then we have an Ej-cordial labeling A; of a helm of type 3.

If m = 2, take and edge v;v; and assign the label 0 to this edge. Now
attach the a helm with the labeling of type 4; to v; as well as vy. Let the
resulting labeling be f. Clearly, v((0,1,2) = (2Y +2,2Y +2,2Y +2) and
es(0,1,2) = (3Y + 3,3Y + 2,3Y + 2), that is, f is an E3-cordial labeling.

m = 3p,p > 1. Take a path {vy,v2,...,v3,} and assign the labels
1,2,0,1,2,0,...,1,2,0,1,2 to the edges on this path in this order. At-
tach a helms of type 1 with the labelings of type By, A1,Ch,. .., B1, A41,C1
to the vertices vi,...,vs, respectively. The point of identification being
the hub of that helm in each case. As a result these points get the la-
bels 2,0,1,...,2,0,1 respectively. Call the resulting labeling f. One can
check that |V(G)| = 6Y + 9p,|E(G)| = 9Y + 12p — 1 and v4(0,1,2) =
(2Y +3p,2Y + 3p,2Y + 3p),e5(0,1,2) = (3Y + 4p — 1,3Y + 4p,3Y + 4p),
that is f is an E3-cordial labeling.

m = 3p+ 1,p > 1. Take the earlier labeling constructed for a path of
length 3p—1. Assign the label 0 to the last edge v3pv3p41. Now attach a helm
to vap4y with the labeling A;. Call the resulting labeling f. The label of
v3p remains 2. Since A3 assigns the label 0 to the hub, the vertex vsp41 gets
the label 0. One can check that |V(G) = 6Y +9p+3,|E(G)| = 9Y +12p+3
and v5(0,1,2) = (2Y +3p+1,2Y +3p+1,2Y +3p+1),e;(3Y +4p+1,3Y +
4p+1,3Y + 4p + 1).( the value of Y of course has increased by ysp+1)

m = 3p+ 2,p > 1. Take the earlier labeling constructed for a path of
length 3p—3. Now four extra edges on the path remain to be labeled. Those
are vap_2Vsp—1, Y3p—1V3p, UspUsp+1, Usp4+1V3p+2. Assign the labels 1,2,2,0to
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them in this order. Attach a helm of type 3 with the labeling of type A3 to
the last four points. Call the resulting labeling f. The label of v3,_2 changes
from 0 to 1. The labels of the vertices vap..1,¥sp, V3p+1, V3ps2 are now
0,1,2,0 in this order. Thus, |[V(G)| =6Y + 9+ 6,|E(G)| =9Y = 12p+7
and the vertex and edge numbers are v¢(0,1,2) = (2Y +3p+2,2Y + 3p +
2,2Y +3p+2) and €f(0,1,2) = 3Y + 7p+ 3,3Y + Tp +2,3Y + 7p +2).

this completes the proof of the assertion that PH,(1) is Es-cordial for
allm > 1.

Case 3 Let i = 2. Let G be in PHy,(2).

If m = 1, all the three labelings As, B2, C2 are Ez-cordial. If m = 2,
take one edge with the label 0. Attach a helm of type 2 with the labeling
Ao to the end vertices at the hubs. Call the resulting labeling f. The label
numbers are vs (0, 1,2) = (2Y +4,2Y +3,2Y +3),e;(3Y +5,3Y +4,3Y +4).

m = 3p,p > 1. Take a path {v;,vs,...,v3,} and assign the labels
1,2,0,1,2,0,...,1,2,0,1,2 to the edges on this path in this order. At-
tach a helms of type 2 with the labelings of type C3, A, Ba,...,C2, Az, B2
to the vertices vy, . .., vsp respectively. The point of identification being the
hub of that helm in each case. The labels of all the hubs change to 0. as a
result we have 3p hubs with the label 0. Call the resulting labeling f. One
can check that |V (G)| = 6Y + 15p, |E(G)| = 9Y + 21p—1 and v;(0,1,2) =
(2Y + 5p,2Y + 5p,2Y + 5p),es(0,1,2) = (3Y + 7p — 1,3Y + 7p,3Y + 7p),
that is f is an Es-cordial labeling.

m = 3p+ 1,p > 1. Take the earlier labeling constructed for a path
of length 3p — 1. Assign the label 0 to the last edge v3pvapsi. Now at-
tach a helm of type 2 with the labeling Az to v3pyy. Call the result-
ing labeling f. The label of vsp, remains 0. Since A3 assigns the label
0 to the hub, the vertex vsps+1 gets the label 0. One can check that
[V(G)| = 6Y + 15p + 5,|E(G)| = 9Y + 21p + 6 and v4(0,1,2) = (2Y +
5p+1,2Y +5p+2,2Y +5p+2),e(3Y + 7p+2,3Y + Tp+2,3Y + Tp+ 2).(
the value of Y of course has increased by yap41)

m = 3p+ 2,p > 1. Take the earlier labeling constructed for a path
of length 3p — 3. Now four extra edges on the path remain to be la-
beled. Those are vay—2vap_1,Vap~1Vsp, V3pUsp+1; V3p+1U3p+2- Assign the
labels 1,2,2,0 to them in this order. Attach a helm of type 3 with the
labeling of type Az, C2, Ba, A2 to the last four points. Call the resulting
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labeling f. The label of vsp_2 changes from 0 to 1. The labels of the ver-
tices vap_1,v3p, Vap41,v3p+2 are all 0. One can check that the vertex and
edge numbers are vs(0,1,2) = (2Y + 5p+ 3,3Y + 5p+4,3Y + 5p + 3) and
es(0,1,2) = (3Y + 7p+4,3Y + Tp+4,3Y + 7p +5).

This completes the proof of the assertion that every G € PHn,(2) is
Ej3-cordial for all m > 1.

Thus every G € PHp,(i)is E3-cordial for 1 < ¢ < 3 and for everym € N.
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