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ABSTRACT. In terms of Sear’s transformation formula for 4¢3-series,
we give standard proofs of a summation formula for 4¢3-series due
to Andrews [Andrews, Adv. Appl. Math. 46 (2011), 15-24] and
another summation formula for 4¢3-series conjectured in the same
paper. Meanwhile, other several related results are also derived.

1. INTRODUCTION

For two complex numbers x and g, define the g-shifted factorial by
) n—1
(z;9)o=1 and (z;q)n = H (1 -—z¢') when neN.
=0
The fraction form of it reads as
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Following Gasper and Rahman 3], define the basic hypergeometric series by
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where {a;:};>0 and {5;} j21 are complex parameters such that no zero factors appear in
the denominators of the summand on the right hand side. Then sear’s transformation
formula for 4¢3-series (cf. [3, Equation (2.10.4)]) can be expressed as

g ",a,bc | _|d/a,de/be g ", a,e/befc .
4¢3 [d,e, q'~"abc/de Iq,q] - [d,de/abc lq n4¢3 e,de/bc,g*~"a/d ’q,q -
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Recall Shapilo’s identity (cf. 7, Equation (5.12)]):

n
3" CokCon—2k = 47Chn,
k=0

where Cy, = -n_}_—l(z:) are Catalan numbers. A deep extension of the last formula due
to Andrews [2] can be stated as

q—"ray ba ql/Z—n/ab . — —n/2 ab a, b, —q1/2 1/2
ads [ql—n/a’ql—n/b, 4'/2ab |q-q =q abl? . ab lq - (2)
In the same paper, Andrews made the following conjecture:

q~",a,b,g/%"fab |
493 [q“"/a,qz”“/b. q'/%ab Iq’q

- [ ab/q ] [a, b/g,—q'/? | qx/z] (¢'/% — ab)(g — bg"/?)
a,b/q n ab/q ¢3/2 — ab2gn
" {q""/2 4+ __ab(g!/? — bg"?)(q — abq") } @
g-b (4772 -b)(¢/% —abg™)(g — abg™/?) |’

Recently, Guo [5] confirmed (2) and (3) in accordance with the difference method. Dif-
ferent proofs of (3) are given by Ismail and Rahman [6] and Mu {8]. Inspired by these
work, we shall give not only standard proofs of the two identities just mentioned but
also several related results by using (1).

2. STANDARD PROOFS OF ANDREWS’ TWO SUMMATION FORMULAS FOR 4¢3-SERIES

Theorem 1. For two complez numbers {a,b} and a nonnegative integer n, there holds

q‘",a, b,ql/2—n/ab . _ ab a‘qllzb, —q1/2 1/2
ad3 [ql""/a,q"‘/b, q1/2ab Iqu = a,gqb q . ab l q

n

Proof. By means of (4), we obtain the following relation:
g ", a,b,¢"/27"/ab | 1 _[q'~"/a? qab
ae [ql"‘/a,q""/b,q""‘ab 9] = g*~"/a,qb 1],
g~",a,q"/%a,qma?? |
X 4¢3 [ ql/zab, qab, a? I‘Lq

Evaluating the 4¢3-series on the right hand side by the known identity (cf. {1, Equation
(4.3)] and [4, Equation (4.22))):

q ", ql/2a,qﬂc2 | ’q] _ [_ql/Z,qn/Qc,q—nﬂa/C |q1/2]

4¢3 [ a"/2¢, gc, a2 —a,q/2+n/2¢, g2 ¢

we complete the proof. O

Theorem 2. For three complez numbers {a,b,z} and a nonnegative integer n, there
holds

g ",qz,a,b, q1/2—n/ab 1. q-n/2 —z[ab a,b, _q1/2 12
séa L,‘ ql—n/a’ql—n/b,ql/ZGb ‘Q.q = —_l _z a,b q . ab l q

n
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Proof. Performing the replacements a — b,5 — a in Theorem 1, the result reads as
9 " a,b,g"2 "fab | 1 T ab g'/%a,b,-¢'/% | y/n
493 {q"‘/a,ql""/b,ql/zab ,q,q ~ lqa,b |q n ab lq "
Combining the last formula with Theorem 1 by the following relation:
(gziq) _ 1—zg* _(1—-g"/a)(g~"/b—2)1=¢*"/a
(1) l-z  (1-z)(g~"/b—g~"/a) 1—q~"/a
(Q-g~"/b) (g "/a—=z)l—gF"/b
(t—=z)(g~"/a~gq~"/b) 1—g="/b’
we finish the proof. O

When = = 0, Theorem 2 reduces to Andrews’ identity offered by (2) exactly. Taking
z = ¢q1/2=" /ab in Theorem 2, we recover the known result due to Guo [5, p. 1040):

9 ",a,b,¢32 " fab |
493 [q""/a,q""/b,q”zab lq’q

1 — abgn/2-1/2 ab b, — 1/2
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Other two related results are displayed as follows.
Corollary 3 (z = g~/2ab in Theorem 2).

q_n’a’ b’ q]/z_n/ab .
49s [q“"/a, g'~"/b,g7/2ab Iq"’

- ab a,b, —ql/2 2
= [a b Iq] [ vt |7
il n n

Corollary 4 (z — b/q and b — b/g in Theorem 2).

g ",a,b,¢3% " jab |
493 [q“"/a,qz"‘/b,q“/zab lq'q
I [ab/q |q] [a, b/g,~q'/2 |qm]
b—q [ab/g 17| | ab/g n
Theorem 5. For three complex numbers {a,b,z} and ¢ nonnegative integer n, there
holds
97", qz,a,b,¢% 2 " /ab |
sé4 [z,q“"/a.qz‘"/b, q'/%ab |q’q
_ [ab/q ] [a,b/q. —q!/2 I 1/2] (g'/2 — ab)(g — bg"/?)
ab/g 19| ab/g » (T=2)(@/% ~ab?qm)
8 { g' "2 — zbg™/? _ (q'/% — bg"/?)(¢"/?z — ab)(q — abg™) }
q-b (¢*/% — b)(q'/2 — abg™)(g — abg™/2) J'

Proof. Combining (4) with Corollary 4 by the following relation:
(g2:9)k _ 1—2¢* _ (1—¢'""/b)(z ~q~/2ab) 1 — g**+1-" /b

Ty l-z  (1-z) (¢ "/b—gq-1/2ab) 1—¢qi-"/b
(1= q~Y/%ab)(g'~"/b—=z) 1 ~ g*~1/2ab

(1 —z)(q'~"/b—gq1/2ab) 1 — q=1/2ab’
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we complete the proof. 0

When z = 0, Theorem 5 reduces to Andrews' conjecture given by (3) exactly. Letting
z — a/q and @ — a/q in Theorem 5, we recover the known result due to Guo [5,

Equation (4.4)):

" q, b,qs/z""/ab 1 q_"/z(q3/2 — ab)
443 2"‘/a g2~ /b, q"l/zab |q, - /2 — grab

ab/q | g2 Q‘Uzb —q!/2 ] 1/2
a/q,b/q q~%/2ab L
Other two related results are laid out as follows.

Corollary 6 (z = g~'/2ab in Theorem 5).

a,b,¢3/2~"fab
493 [ l-n/; q2 ?z/b q'l/zab |q; ]

_ -3 [eb/e a,q= /26,2 | 12
“”[ab/q ] [ w197 -
Corollary 7 (z = ¢*/2~"/ab in Theorem 5).

" a,b,¢%/2=" fab .
4¢3[ -n/a, qz " /b, ql/zab|q'
_ [abla E [a ,b/g,—q/? 1/2] (¢'/2 — ab)(q — bg™/?)
a,b/q ab/q q  (q3/2 — abg™)(g3/% — ab2q™)
x { (¢"% - bq"/z)(q +abg™/2)(g —abg™) _ ¢'*"/%(¢!/% — a) }
(¢'/2 — b)(g'/2 — abg™) 1-gq/b ’

According tho the linear methods of establishing Theorems 2 and 5, more related sum-
mation formulae can be founded. We shall not offer the corresponding details.
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