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Abstract. An edge-magic total labeling of a graph G is a one-to-
one map A from V(G) U E(G) onto the integers {1,2,.--,|V(G)U
E(G)|} with the property that, there is an integer constant ¢ such
that A(z) + A(z,y) + AM(y) = c for any (z,y) € E(G). If \(V(G)) =
{1,2,.--,|V(G|} then edge-magic total labeling is called super edge-
magic total labeling. In this paper, we formulate super edge-magic
total labeling on subdivision of stars K}, for p > 5.
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1 Introduction

All graphs in this paper are finite, simple, planar and undirected. The’
graph G has the vertex-set V(G) and edge-set E(G). A general reference
for graph-theoretic ideas can be seen in [12).

A labeling (or valuation) of a graph is a map that carries graph elements
to numbers (usually to positive or non-negative integers). In this paper,
we focus on one type of labeling called edge-magic total labeling (EMTL).
An edge-magic total labeling of a graph G is a one-to-one map A from
V(G)U E(G) onto the integers {1,2,:--,|V(G)U E(G)|} with the property
that, there is an integer constant ¢ such that A(z) + A(z,y) + A(y) = ¢
for any (z,y) € E(G). An edge-magic total labeling XA of graph G is called
super edge-magic total labeling (SEMTL) if MV (G)) = {1,2,---,|V(G]}.

* The research contents of this paper is a part of Ph.D thesis and is partially
supported by the Higher Education Commission of Pakistan.
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The subject of edge-magic total labeling of graphs has its origin in the
work of Kotzig and Rosa [8,9], on what they called magic valuations of
graphs. The notion of super edge-magic total labeling was introduced by
Enomoto et al. in [3] and they proposed following conjecture:

Conjecture 1 (3] Every tree admits a super edge-magic total labeling.

In the effort of attacking this conjecture, many authors have considered
super edge-magic total labeling for some particular classes of trees for ex-
ample [1,6,11]. Lee and Shah [10] have verified this conjecture by a com-
puter search for trees on at most 17 vertices. Earlier, in [8] Kotzig and Rosa
proved that every caterpillar is super edge-magic total. However, conjecture
1 still remains open. A star is a particular type of tree. Super edge-magic
total labeling for subdivision of star K 3 was studied by Baskoro et al. [2].
In [7] Javaid et al. furnished super edge-magic total labeling on subdivision
of K4 and w-tree. However, super edge-magic total labeling for subdivi-
sion of star K p, for p > 5 is still open. In this paper we find super-edge
magic total labelings on subdivision of star K p, for p > 5.

In the following section we present super edge-magic total labelings on sub-
division of K} .

2 Main Results

For n; > 1 and p > 5, let G = T(ny,ng,...,n,) be a graph obtained by
inserting n; — 1 vertices to each of the i—th edge of the star K1 ,, where
1 < i < p. Thus, the graph T'(1,1,...,1) is a star K 5.
N e’
p—time
Before giving our main results, let us consider the following lemma found

in [4] that gives a necessary and sufficient condition for a graph to be super
edge-magic total.

Lemma 1. A graph G with v vertices and e edges is super edge-magic
total if and only if there exists a bijective function A : V(G) — {1,2,---,v}
such that the set S = {\(z) + A(y)|zy € E(G)} consists of e consecutive
integers. In such a case, \ extends to a super edge-magic total labeling of
G with magic constant a = v + e + 3, where s = min(S) and

S = {Mz) + A)lzy € E(G)}
= {a-(v+1)’0"'(”'{'2)1""“_(”'*'9)}'
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Theorem 1. For any oddn > 3, G = T'(n,n,n—1,n,2n—1) admits super
edge-magic total labeling with magic constant a = 15n.

Proof.
Let us denote the vertices and edges of G, as follows:

V(G)={c}U{z;; | 1<i<5; 1<j<n},
E(G)——-{CJ:,' | 15i$5}U{$¢j$ij+1 | 1<i<5; ISjS’n,i—l}.
If v=|V(G)| and e=|E(G)| then
v==6n-1,

e=06n-2.
Now, we define the labeling A : VUE — {1,2,...,v + €} as follows:

Ae)=4n+1.
For odd j,
(i for u=um;
n_l_l_j_;_l, for u==zy;
Au) = < L.;-'l'+n+1, for u=z3;
3-_'31 + ﬂﬂz_-*-l)., for u=xz4;
{ 2L—2.7d+2(n+1), for u =zs;
For even j,

(L+3n+1, for u=uz;
K;'Ll+3n+1+l§l, for U =Ty
Mu)={ {+4n+1, for u=z3;

2=l b dn+ 1+ 2, for u=uxy4

| 22242 4 5n + 1, for u=zs;
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The set of all edge-sums generated by the above formula forms a consecutive
integer sequence s = 3n + 3,3n + 4, - --,8n + 2. Therefore, by Lemma 1 A
can be extended to a super edge-magic total labeling and we obtain the
magic constant e = v+ e+ s = 15n. o

Theorem 2. For any odd n > 3, G & T(n,n,n - 1,n,2n — 1,4n - 3)
admits super edge-magic total labeling with magic constant a = 25n — 7.

Proof.
Let us denote the vertices and edges of G, as follows:

V(G)={C}U{zij|15i_<_6; 1<j<ni},
E(G)={C.'L’iIISiSG}U{xijxij.}.lIISiSG; ISan,-—l}.

If v=|V(G)| and e=|E(G)| then
v=10n—4,

e=10n-5.
Now, we define the labeling A : VU E — {1,2,...,v + e} as follows:

Ale) =6n.

For odd j,
( 3'42-_1, for u=umz;
n+1__.'-2-u, for u=zg;
Hlyintd, for u=x3;

A(u) = ¢

n_;i + 2('12'*_12, for u=x4;
2L—2j—_1 +2(n+1), for u=uzs;
\.“L:zlﬂ+3n+2, for u=xzg;

For even j,
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( £+ 5n, for u=uz;

tP+5n+%, for u=uzy;

-21+6n, for u=z3;

A(u) = { .
Z‘:zJ,:_l+6n+.’£2ﬂ’ for U= T4;
3’—‘:2-7';3+7n, for U = Ty,
L 5"—‘2ﬂ+8n—1, for u=uxe;

The set of all edge-sums generated by the above formula forms a consecutive
integer sequence s = 5n + 2,5n + 3,---,11n 4 1. Therefore, by Lemma 1
A can be extended to a super edge-magic total labeling and we obtain the

magic constant a = v+ e+ s=25n—7.

Theorem 3. For any oddn >3 andp > 5, G = T(n,n,n—1,n,ns,...,np)

admits super edge-magic total labeling, where n, =n + -(-"Ll-)-@’z;axﬂl.

Proof.
Let us denote the vertices and edges of G, as follows:

V(G)={C}U{&‘,~jllsi.<.z>; 1<j <},
E(G)={czi|1<i<p}U{mijzij41 |1<i<p; 1<j<ni —1}.

If v=|V(G)| and e=|E(G)| then
p—4

v=pn+(n-1)) ip—i-3),
i=1

p—4

e=pn+(n-1)Y ip-i-3)-1.

i=1

Now, we define the labeling A : VU E — {1,2,...,v + €} as follows:

p—4
A(c)=3n+-;'[(P-4)(n+1)+(n—1)2i(p—i—3)]+1.

i=1
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For odd j,

(1 for u=um;

‘n-l-l—i%l, for U = ITy;
AMu)=1q
L;-'-l-+n+1, for u=x3;

‘2.;_.1_*_&(224-_12, for u=a:4j
Forodd j and 5 < k <p,

k-5

Mow) = L L on 4 1)+ Lk =8)m+ 1)+ (2= 1) Y ik - - 4)

i=1

Let @ = (2n+1) + 3[(p - 4)(n + 1)+(n—1)f§i(p—i—3)] and ny =
n—1 k;3 k—4 . =

For even j,

'%-i-a, for u=z;

oi=l o+ 2t for u=zy;
Mu)=4

I+a+n, for u=zs;

(2=l to+n+ 2L, for u=uzy.

For even j and 5 < k < p,

k-5

AMzxs) = nk——l_j+2n+a+%[(k—5)(n—1)+(n—1)Zi(k—i—4)].

2

i=1

The set of all edge-sums generated by the above formula forms a consec-
utive integer sequence s = a+2,a+3,---,a+pn+1. Therefore, by Lemma
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1 A can be extended to a super edge-magic total labeling and we obtain the
p—4

magic constant e =v+e+s=a+2m+2n—-1) Y i(p—-i—3)+1. O
i=1

3 Conclusion

In this paper, we have shown that a subclass of trees, namely subdivided
stars G £ T'(n,n,n—1,n,ns, ...,n,), admits super edge-magic total labeling
only for odd n, n, = n+ M‘"—;EM and p > 5. For the remaining cases,
problem is still open. Therefore, for further research we propose following
open problems.

Open Problem 1 G £ T(n,n,...,n) admilts super edge-magic total label-
ings, for any positive integer n > 3.

Open Problem 2 For n; > 3, G = T(ny,ny,...,n,) is super edge-magic
total labelings with p > 5 and 1 <i < p.
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