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Abstract

In this paper, we first provide two necessary conditions for a graph
G to be Er-cordial, then we prove that every P,(n > 3) is Ep-cordial
if p is odd. In the end, we discuss the E;-cordiality of a graph G
under the condition that some subgraph of G has a 1-factor.

1 Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). For an
integer k, an edge label f : E — {1,2,...,k — 1} induces the vertex label
f:V—>{1,2,...,k—1} defined by f(v) = E:reN(v) f(vx)(mod k), where
N(v) is the set of vertices adjacent to v and f(v) € {0,1,...,k — 1}. The
number of vertices(resp. edges) of G labelled with ¢ under f will be denoted
by v¢(i, G)(resp. €4(¢,G)), i =0,1,...,k — 1. A label f of G is said to be
Ey-cordial if |vs(i,G) — vs(5,G)| < 1 and |es(i,G) — ey (4,G)| < 1,Vi,j €
{0,1,2,...,k—1}.

Definition. A graph G is said to be Ek-cordial if it admits an Ey-cordial
label.

The notion of an Ej-cordial label was first introduced by Cahit and
Yilmaz(1], who showed that the following graphs are Ej3-cordial: P,(n > 3),
Stars Sy, if and only if n # 1(mod3), Kn(n 2 3), Cp(n > 3), friendship
graphs and fans(n > 3). They also proved S,(n > 2) is Eg-cordial if and
only if n # 1(mod k) when k is odd or n # 1(mod2k) when k is even and
k # 2. Some further results see [2]-[3].
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In this paper, we first provide two necessary conditions for a graph G to
be Ej-cordial, then we prove that every P,(n > 3) is E,-cordial if p is odd.
In the end, we discuss the Fy-cordiality of a graph G under the condition
that some subgraph of G has a 1-factor.

2 The Ex-Cordiality

We first present two necessary conditions for a graph to be Ey-cordial.

Theorem 1. If G is a graph of order (2r + 1)(4k + 2), then G is not
Egpo-cordial.

Proof. Suppose f is a label of G. Since every edge is incident with two
vertices, so we have Y. f(v)=2 Z f(e)(mod 4k +2), which implies
veV(G) ecE
that ) f(v) is even. Denote by vod the number of vertices labelled
veV (G
with odd( n)umber, then v,q is even. However, if f is E4p o-cordial, then
v¢(5;G) = 2r+1,i € {0,1,...,4k + 1}. Hence voq = (2k +1)(2r + 1), a
contradiction.

Theorem 2. If G is a graph of order (2r + 1)4k and e(G) = 4km, then G
is not E4x-cordial.

Proof. Suppose f is an Eyi-cordial label of G. Then vf(i;G) = 2r + 1
and ef(i;G) =m,i € {0,1,...,4k—1}. So > f(v)=(2r+1)0+1+

veV(G)
..+ 4k — 1) = 2k(2r + 1)(4k — 1), which indicates that 4k ¥ Y. f(v).
veV(G)
However,as Y. f(v)=2 Y. f(e)(mod 4k)and > f(e)=m(0+
veV(G) e€E(G) e€E(G)

14+...+4k —1) =2km(4k — 1), then Y f(v) = 4km(4k —1). Hence
veV(G)
4k| 3 f(v), a contradiction.
veV(G)
In the end of this section, we consider the E,-cordiality of P,(n > 3).
Theorem 3. If p is odd, then P,(n > 3) is E,-cordial.

Proof. In order to give the Ep-cordial label of P,, we distinguish four
cases.

Case 1. If n < p and = is odd, the edges of P, are labelled in order with
1,2,...,n-1.

Case 2. If n < p and n is even, we first label the edges of P, in order
with even numbers and then with odd numbers from 5, i.e. the edges of P,
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are labelled with 0,2,4,...,p-3,p—1,5,7,...,p— 2,p.

Case 3. If n = kp+1 (k > 1), the edges of P, are labelled in order with
0,1,1,...,1, 2,2,...,2, ...,E—l,p—l,...,p—l.
AL e P s

k
Case 4. If n=kp+m+1(k=>21,1<m<p —1) the edges of P,
are labelled in order with 0,0,...,0,1,1,...,1,2,2,...,2,...,m,m,...,m,
‘—W—I_,—/ \_,—.4
k+1 k+1 k+1
1n+1,m+1,...,m+11 p 1,p-1,. ~,p— 1

k k
In any case, we can check that the label given above is E,-cordial.
Therefore, P,(n > 3) is E,-cordial when p is odd.

3 The E,-Cordiality

From the conclusion of Theorem 1, we can see that a graph of order 4k 4 2
is not Ep-cordial. In this section, we discuss the Ej-cordiality of a graph G
when G is not of order 4k + 2 and some subgraph of it has a 1-factor.

Theorem 4. If a graph G of order 4n has a 1-factor, i.e., V(G) = {z1, ..., T2n,
Y1,---,Y2n} and {z1y1,Tay2, - - -, T2anYon} C E(G), then G is Ej-cordial.

Proof. Let H be a subgraph of G such that E(H) = E(G)/{z1y1, z2¥2,- - -,
Zonyon} and V(H) = V(G). We first define the edge label of H by
f:E(H)— {0,1} and |ef(1, H) —e;s(0, H)| < 1, then we induce the vertex
label of H by f(v) = 3, ¢y, f(v)(mod 2). According to the label of end-
points under f, the 2n edges z1y1,Z2¥2, - . ., Ton¥on fall into three groups.
Without loss of generality, we write Ey1 = {z1y1,%2y2,...,Zk¥x}, Eoo =
{Tk+1Yk415- - - s ThgmUhsm} a0d Egy = {Tktmi1¥k+m1, .- - T2nYan}, Where

Sl = 1) = { & SRR R e S # i = k4

m+1,...,2n.

In order to find out the E3-cordial label of G we need further to label
the rest 2n edges z1y1, Z2y2, . - - , T2ny2n properly. Suppose t = 2n — k—m.
From the fact that f(v) = Zze N(w) f(vz)(mod 2), we can conclude that
t is even and k and m are of the same parity. We consider the following
cases. :

Case 1. t > 2. If k and m are both even, we label one half of edges in
Ey; with 0 and the other with 1. Likewise, £ 5 edges in Eyy and % in Ego
are labelled with 0 and the rest edges in B, and Egg are labelled with 1.
Besides, the edges of H are labelled with f. Then we obtain an E,-cordial
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label of G. Similarly, when & and m are both odd, 5{—1 edges in Eyy, ﬂzil-
in Ego and % in Eq; are labelled with 0 and others with 1.

Case 2. t = 0. If k and m are both even, £ edges in Ey; and 2 in
Egp are labelled with 0 and others with 1. If k£ and m are both odd, since
f(z1) = 1, there exists a vertex z € V(G) such that zz; € E(H) and
f(zzy) = 1.

Subcase 1. f(z) = 0. Without loss of generality, we may assume
T = Zpy1. We define a label g of G as follows. If e € E(H)/{z1zx+1},
let ge) = f(e); g(z1Tk41) = 0; g(z191) = 9(Tk+1¥k+1) = 1. Besides, £5L
edges in Ey;/{z1y1} and ﬂ.}l in Ego/{Zk+1Yk+1} are labelled with 0 and
others with 1. Hence g is Ej-cordial.

Subcase 2. f(z) = 1. Without loss of generality, we may assume z =
z2. We can find an Ej-cordial label g of G as follows. If e € E(H)/{x122},
let ge) = f(e); g(z122) = 0; g(z1y1) # g(z2y2). Besides, £51 edges in
Eqn /{z1n1,z292} and ﬂz,ﬂ in Egg are labelled with 1 and others with 0. It
is easy to check that g is an Ej-cordial label of G.

Denote by |G| the order of a graph G. By using Theorem 4, we can
obtain the following corollaries easily.

Corollary 1. Suppose a graph G has a perfect matching, then the Carte-
sian product G x P, is Ej-cordial if and only if |G| = 2n.

Corollary 2. Suppose G and H are two graphs and G has a perfec-
t matching, then the Cartesian product G x H is Ej-cordial if and only
if |G| - |H| = 4n.

Theorem 5. Suppose G is a graph of order 4n+1. f V(G) = {z4,...,Z2n,
Y1y+- - Y2n, w} and {z1y1, TaY2, - - -y T2nY2n} C E(G), then G is Ez-cordial.

Proof. Let M be asubgraph of G such that E(M) = E(G)/{z1y1,T2%2,.--,
Zonyan} and V(M) = V(G). We first label E(M) with 0 and 1 such that
the difference between the number of edges labelled with 0 and that la-
belled with 1 is at most 1. Then we derive the vertex label of M by
f(v) = ¥ enw) f(vz)(mod 2) and f(v) € {0,1}. Denote by f the label of
M defined above and Egg, Ey1, Eg1 the same meaning as in Theorem 4.
In order to label the rest edges z1y1,Z2y2,-- -, T2nyon, we distinguish two
cases.

Casel. t=2n—-k-m>0.

Subcase 1. ¢ is even. As the number of vertices labelled with 1 is even,
we can see that f(w) = 0. So k and m are of the same parity. Label the
- 2n edges as in Case 1 of Theorem 4 and we get an E-cordial label of G.

Subcase 2. t is odd. It follows that f(w) = 1 and k and m are of
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different parity. If & is odd, £5% edges in Ey;, 2 Z in Ego and &1 in Eo, are
labelled with 0 and others with 1. The result is an Eg-cordlal label of G.
Conversely, if m is odd, £ in Ey;, 2! in Ego and &L in Ep, are labelled
with 0 and others with 1

Case 2. t =0.

It is obvious that f(w ’2 = 0 and k and m are of the same parity. If
k and m are both even, 5 edges in Ey; and 3 in Epg are labelled with
0 and others with 1. If & a.nd m are both odd, since f(z;) = f(n1) =1,
there exist two vertices x,y € V(M) such that f(zz;) = f(yy) = 1. If
T # w or y # w, then G is Ey-cordial by the same discussion as Case 2 of
Theorem 4. If z = y = w, in term of the definition of f, there must be an
edge eg € E(M) such that f(eg) = 0. By changing the label of z,w with
that of ey, we get another label f' of M satisfying es(i, M) = ey (i, M),
i =0,1. Suppose ¢ is the number of edges in {z1y1,z2y2,...,Zony2n} With
endpoints labelled differently under f'. If e is not 1nc1dent with any of zy,
y1 and w, then t' = 3 if e is incident with w, then ¢ = 2; if e is incident
with z; or y1, then ¢ = 1. In any case above, by Case 1, we can conclude
that G is E,-cordial.

Theorem 6. Suppose G is a graph of order 4n+3. If V(G) = {z1,...,Z2n+1,
Y1y-- - Yon+1, w} and {z1y1,T2y2,. .., Tont1¥2n+1} € E(G), then G is E,-
cordial.

Proof. Let N be a subgraph of G such that E(N) = E(G)/{z1y1,Z2¥2,- - -,
Ton+1Yon+1} and V(N) = V(G). We first define the edge label of N by
f : E(N) - {0,1} and |es(1,N) — es(0,N)| < 1, then we induce the
vertex label of H by f(v) = X e f(v:t:)(mod 2) and f(v) € {0,1}.
Suppose E); and Ego are edge sets defined in Theorem 4 and Ejy =
{Zktm+1Yktmt1s - - - s Tans1Yont1} satisfying fz:) # f(yi),i = k+m +
1,...,2n + 1. In order to get an Ej-cordial label of G, we shall label the
edges in Ey;, Egp and Eyo. For this, we distinguish two cases.

Casel.t=2n+1—-k—-m>0.

Subcase 1. t is even. It follows that f(w) = 0 and k and m are of
different panty If m is odd, e;(O N) = ez(1, N) or m is odd, ef(0, N) =
es(1,N) -1, 3 k edges in Eyy, = -—-2— in Egp and & 3+ 1in Eyo are labelled

with 0 and others with 1. Ifm is odd and ef(0, N) =es(1,N)+1, £ edges

in Eyy, 252 L in Egp and & 5 in Ejo are labelled with 0 and others wnth 1.

Conversely, if k is odd, we can find an E-cordial label of G in a similar
way.

Subcase 2.t is odd. It is obvious that f(w) = 1 and k and m are of the
same parity. If k and m are both even and e;(0, N) < ef(1, N)(ef(0,N) >
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ef(1,N)), Then £ % edges in Ey;, 3 in Egp and -'l'—(“l) in Ejp are labelled
w1th0 and ot:hers with 1. If k and m are both odd and es(0,N) < e(1,N),
then &kt % L edges in Ey;, —-'l'- in FEgo and ‘—1- in E)jg are labelled with 0 and
others w1th 1. Slmlla.rly, If k and m are both odd and ef(0, N) > ez(1,N),
then %35! edges in E;qy, = — in Ego and —"'— in Eyq are labelled with 0 and
others w1th 1. In any case, the result is an FE5-cordial label of G.

Case 2. t = 0. It follows that f(w) = 0 and &k and m are of different
parity. Suppose k is odd.

Subcase 1. (0, N) = es(1, N) or e5(0,N) = e4(1,N) — 1. &L edges
in Ej; and % in Eg are labelled with 0 and others with 1.

Subcase 2. ef(0, N) = ef(1,N) + 1. There exists an edge e, € E(N)
labelled with O. Bly changing the label of the edge e from 0 to 1, we
get another label f of N under which e; (0, N) = ey (1, N) — 1. Denote
by t the number of edges i in {z1y1, 2292, - - - » Tons1Y2n+1} w1th endpoints

labelled differently under f'. If e is incident with w, then ¢ = 1, if not, -
thent = 2. In either case, by Case 1, we can conclude that G is Ep-cordial.

If m is odd, we can prove that G is Ey-cordial in a similar way.

‘Remark. In this section, we prove the Ea-cordiality of lots of graphs.
For example, by Theorem 4, Theorem 5 and Theorem 6, the Cartesian
product P, x P, is Fp-cordial if and only if mn # 4n + 2.
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