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ABSTRACT. By the partial fraction decomposition method, we estab-
lish a g-harmonic sum identity with multi-binomial coefficient, from
which we can derive a fair number of harmonic number identities.

In 1998, Ahlgren et al [1] proved the following beautiful identity

?n-:(}:)2(n:k)2{1+2an+k+2an_k_4ka}=0, 1)

where Ho = 0,H, = Y;_, + forn € N. This identity was used by Ahlgren
and Ono [2] in proving the Apéry number supercongruence. In [4], Chu
gave a simple proof by means of the partial fraction decomposition. Using
the same method, Zheng [10] gave its g-generalization. Furthermore, Mc-
Carthy [7] derived its two binomial coefficient-generalizations, which are a
key ingredient in the proofs of numerous supercongruences [8, 9]. Recently,
Mansour et al [6] presented the g-analog of McCarthy’s result by means of

g-partial fractions.

In this paper, inspired by the work in [6, 10], we consider a g-harmonic
sum identity with multi-binomial coefficient, from which we can derive a
number of binomial coefficient-harmonic sum identities.

Here, we adopt the standard notation, respectively,
n—1
(z;9)0 = 1 and (z;q)n = H(l —z¢*) for neN,
k=0
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{n] _ @k _ (@9 _d
k (9 9)x @ Dk(@i@a-r’" " dz
for the g-shifted factorial, Gaussian binomial coefficient and the derivative

operator with respect to x. We further define two generalized g-harmonic
numbers [3] by

H{ =0 and HY Z ﬁ%qT)‘z for £,neN;
=1

A®=0 and HO®

n qkt
;m for 2, n € N.

When m = 1, we shall write H,, := H" and H, := 7,

In order to proceed smoothly, we fix the following rational function

R Ea e
) = ,l:Il (@ Dn

(9 @)n,
-11 @ <A-s0sksm;

i=1

(g q)n, k\A—j .
H (:c,q)n‘.n x(1-z¢")" I, <k<njp,j=1,---,A=1,
where A, n3,---,ny € Nwith0 <8 < A—-1and n3 < ng:+- < ny.
Applying the n-times logarithmic derivatives to them, we define further
functions related to g-harmonic numbers

A ng A
Helz) = 33 rmamye = Ml = { o HD - 0P
t=1 i=1 t=1
A ne
He(e) = 3.3 gy = ™ q"‘{ZH,‘f)_ +(-)2HP )
t=1 t—-O t=1

?-lg(x) = ZZ a —a:q )t Z Z 1- xqt)e’

t=1 i=0 t=j+1 1"2
A (4 £ 4 (4
= Aelg™) =d*{ DAY+ (0 0OHO =D B2, )}
t=j+1 © =1

Now we are ready to state our main result.
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Theorem 1. Let A, @ and n,,--- ,ny be natural numbers with0 < 0 < A—1
and n; < ng--- < ny. There holds

H ™ (q/x Q)n. x (1 _ 1:)9

(x,Q)n,-H
- A n [tk (=12, 9,4 )
- S T[]0 ]| S S
)\—l njt1 X .
+ z Z (—I)E:ﬂ"‘H)"-")kq()"j)(k:‘)"2’=: (") R i
J=1k=n;+1

A n; ni+k
| | [ k ] [Ties k ] Al (=1)t3g~*E=DQ,_;(),0,q7%)

(1—g*) [T, [k;. 1] t=; (€= —=zgk)r-¢

where the , fl-coeﬁicz’ents are determined by
DE{h(z)(z)(1 — 2)°}

WO = = i) (20)
= 81— x)a—tz H { -=)* [’H 'zml‘)lﬂ'(x)] g} (@)
o(f) i=1
h — )
062, 6,2) = Dﬁ{h(:)(’;()%)&) z) (20)

a1 -zt f[ {0~ o [Rule) - CURE O™, )

m;limi
o(¢) i=1 )

and the multiple sum runs over o(£)such that Ele im; = ¢.

Proof. Using partial fraction decomposition, we may write

A-1
H z" (q/-'lT Q)n. Zi A(k, £)
A1 nje1 -l
_BU.k.6)
+ )
,gk:;ug (1 —zgF)*=¢
where the coefficients A(k, £), B(j, k,£) can be isolated. Noting
A A
—ky _ kT n TT[PitR] 7 -k kA_A(*$! n;
hg™*) = g TI[™ F] R ) = (-1 )-Hl[k]’
=

=1
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o [7]

A S R R e A ,
k-1
a-g=kini_,
ng

we need only to check that

Ak 0) = (-1 (g)he 2B, (3a)
Blik,8) = (~1)t-3qHe-Dpighyi(g-ysXa™) g

(€- 5!
We prove them by the induction principle. We prove (3a) first. For £ =0,
noting Qo(), 8,z) = (1 — z)?, we have

Alk,0) = lim h(z)h(z)(1 - 2)° = h({g™)h(g™*) x Qo(X,6,47")

Next for £ = 1, by L’Héspital rule, we get
A . A(k, 0)
Ak,l = li 1-— kya—1 T (Q/x’Q)m l_xo_ ( 1
(k1)=_tim, (0 - 2gy ™) T = B0 =2 e
. h(z)A(z)(1 — z)° — A(k,0)
lim
g~k 1-— :z:q"
= —¢7*h(g*)A(g7*) x (A, 0,47%).
Suppose A(k, £) = (—~1)%q*h(q~*)h(g~*) 22 2097%) s true for £ = 0,--» ,m—

1 with m < A. Then we verify it also for £ = m. Applying the L'Héspital
rule for m-times, we have

==¢~* lim, D:{h(z)h(z)(1 - =)'}

A(k,m)
- -ty [ -8 2
= zl‘,q-k a_—lycyn'{h(m)ﬁ(m)(l ) i g Ak, €) x (z + k)‘}
= (g tmh(ghyg ) x DnBaT)

m!

Similarly, we prove (3b). Whenn; <k <nj41,5=1,--- ,A -1, for £ =3,
we have Qo(),0,z) = (1 — )%, therefore,

B(j k,j) = lim h(z)h(@)(1 - )° = h(g~")h(g™") x o(X.0,47F).

216



Next for £ = j + 1,

B(j,k,j+1)

. —imt |y ™ (@/%59)n, B(j, k, j)
= lim, (1 - g { | et
= lim h(z)h(z)(1 - z)° — B(j,k, J)

- z—pg—k 1- xq

= —¢7* lim D,{h(z)R(z)(1—)°}
z—q—k
= —¢ *h(g™*)R(g™*) x Q1 (A,8,475).

Suppose B(j, k,€) = (—1)“'-"'q"‘(“‘")h(q"")f—z(q"‘)n—“-b—_—ﬁ— is true for
£=3,7+1,--- ,m—1 with m < X. Then we verify it for £ = m. Applying
the L'Hoéspital rule for m-times, we derive

B(j,k,m)
—m i@n " Bkt
= 11m (1 — zg¥)* { H _—(a:(,qq/)ij.)l - Z (‘;qk))\) e}

¢—J

m—j—1
= lim, ——dh()h(z)(1 ~ 2)’~ Z B kit + )1 - 2")
z—q—k (1 —zq )m 7 yard

Dy {h(z)h(z)(1 — )°}
(m — §)!h(z)h(z)
ﬁm-j 6, q_k)
(m-jt
We just need to show that these coefficients can be calculated explicit-
ly through equation (2a-2d). Specifying the function in Fad di Bruno
formula [5, P. 139] with ¢(y) = e¥ and f(z) = In{h(z)h(z)(1 — )},
f(z) = In{h(z)h(z)(1 — z)?}, we derive their derivatives
D7 ¢(y)
é(v)
Dif(z) = (k=11 —z)™*{(1 - 2)*[Hx(z) — (~1)*Hi(z)] - 6},
Dif(z) = (k=1L -z)™{(1 - 2)*[Ax(z) - (—1)*Hi(z)] - 6},

as well as the partial Bell polynomials

= (—l)m—jq-k(m'j) lim h(z)l—t(m)
z—q—k

= (-1 g Hm=Dn(g*)R(g™¥)

= 1,

[4 sy ‘ ™
Bme(f) = 8(1-2)"S"T] {(1 — 2)'[Hi(z) — (=1)'H(z)] - 6}

|zm(

o(€) i=1
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£ : s
Bme(f) =00 -2t 3 ] {(1 = 2)[Hi(z) — (~1)*Hi(z)) - 8}

m; ’zmt

o() i=1
which lead us to (2a-2d). We complete the proof.

Below, we display several examples as applications of Theorem 1.

When A = 2, Theorem 1 reduces to the following result.

Corollary 2 ([6, Thm 2.2]: 8 = 1). Let n,m, 0 be natural numbers with
0<0<1 and n < m. There holds

2™(q/T;q)n(g/7; Q)m(1 — 2)°
(%3 Q)nt1(T; @) ma1

S R =

4+ (—IT—__-::E):;[q—k0+(l_q-k)(4H"_H""'k_H""**_ﬁﬂ-lr"gm—k)]}
n+kj[m+k
+ Z (- 1)k+n (*3)-me-("$") [ ][ ][ k ] (1 - g~F)8-1

Mo [k—l] 1 - zqg*

When m = n and 6 = 1, the last identity reduces to [10, Thm 1].

Multiplying by = on the both sides and letting £ — oo in Corollary 2, we
have

Corollary 3 (g-analog of {7, Thm 2]: § =1).

e ][] e

(746 + (1 = ¢*)(4Hx — Hutk = Honk = Hoci - ﬁm_kn}

n+k m+k
p> (—1)"“"q('=°)-'"k—("“[ " : ]1[] ]

k=n+1 [
n

X

(1-g7%)°?

_ 0, =0,
= (_1)m+nq_(n;:)_(m;-1)’ 9=1

Letting x — 1 and using the L’Héspital rule in Corollary 2, we derive
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Corollary 4 (6 =1).
30l Wl Gl

KIS

b3 (carng(tE)-me- ()

=0;
kentl [F7]a-a
X"jq""—’"*[ (" +*] @t~ Hogk = Boci) =
k=0

Corollary 5 (6 =0).

i ][] 4]

Hpsk + Hugk + Hoog + Hyi — 4Hy, _ 1
X { 1—g*k (l—qk)z}
- Higslkry
—1)k+ng(*3)+h—mk—("1")
¥ k=§r1( e [k;l](l—qk)2

- 1[1{‘” +HD - AP - BD — (Ho+ Ho+ Ho + B’

Z 2(*41)- 2,.k[ ] [n+k] {2Hn+k+2f{n_k—4Hk 1 }

& I=¢F (-

= H® - B® — 2(H, + H,)*.

When A = 3, Theorem 1 reduces to the following result.

Corollary 6. Let n,m,¥, 8 be natural numbers with 0 < 6 < 2 andn <
m < €. There holds

™ g/ 25 9)n g/ 2; @)m /75 g)e(1 — 2)°
(%3 Ont1(z; Q)ma1(T; @) es1

- St 4

-k —k
(1-g=k)0 gx-r"E"- q 04+ (1=¢ " N6H ~Hapr—Hmipr—Hepr }
{ (1-=zqa™) (1-=7) ( —Hnj—Hmx=Hep))
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4 0=97k)0-2 lg~*6H1—g %) (6Hx— Hnpr—Hmss—Heqk~Hn— s—Hm - s—He- 1) }
2(1-zq%) _q-nml_q—k)2(GH,(‘a)_Hiz_zk_H'(:lk_Hg)kH-{(2) +7@ _”-{g)k)

n-k m-k

- [m][e][n+k][m+k][f+k]
yng2(*E) ek (ri) LE L K k k k
Lo 5

e {(l—q"‘)""‘_,.&—v"")"" g *04+(1-q *W6Hi— Husr—Homir—Hesr }
(-=a)? 1-=q* —ﬁk—n—l"ﬁm—k-ﬁl—k))

¥ i (-aynimg("3) - (3 () e k][“z:k].
k=m+1 [k:ll][k;l}(‘__x;%!

Multiplying by = on the both sides and letting £ — oo in Corollary 6, we
have

Corollary 7.

3 e (e RN A1)

X (1—g-*)0-2 (e 6+{(1~g~*)(6Hx— Hpyr—Hmss=Hesr—H o x—H - x—He—1)|?
oK1 GH P A A DA A D,

n—

m (~1)rgt-tmron=("1") [T:][i][n-’tk] [m;.k] [e-;;k]

" k:L::q [k—l]

X (1=¢7%)°"?[g=*0+(1—q*)6Hx—Hnsx=Hmir=Hesrx—Hiono1=Hm_x—He-r))

bY cpemimg B CE)-E) Mgy rainy
k=m+1 [k ; 1] [k;l](l-q-k)z_o

_ 0, 0=0,1,
= { (Caymreg-CI)-(I)-(3), o2,
When n = m = ¢, the last identity yields
n
e 3(5) - [ R 3rn+k]° k-2
;_0‘”‘” [k][k]“"’

2
% [q"‘9+3(1—q-*)(zm—ﬂn-k—nm)] _ 0, " 0=0,1,
+3(1-¢*)2@HP+AD ~H) 9~ 2*0 (—1)"2q‘3( 1), 6=2.

n—k
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Lettingm =n = ¢, 6 =2, = 1 in Corollary 6 and using the L’Héspital
rule, we have

Corollary 8.

Z(_l)kq:!(";")—(:un)k[ : ] ["’ ',: k] [2(2Hk—ﬂn—k—Hn+k)
k=0

- 3(1_q~)(2n,.-ﬁn-.‘-um)’-(1-q"xzﬂ,‘,”m.‘.’_’k—ﬂi’lk)] =0
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