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Abstract: In this paper, we first introduce a linear program on graphical
invariant of graph G. As a application, we attain the extremal graphs
with lower bound on the first Zagreb index M;(G), the second Zagreb
index M»3(G), their multiplicative versions IT}(G), II2(G) and atom-bond
connectivity ABC(G), respectively.
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1. Introduction

All graphs considered in this paper are finite, undirected and simple.
Graph theoretical terms used but not defined can be found in Bollobés [1].
Let G = (V, E) be a simple graph with vertex set V(G) = {v;,vs,...,05}
and edge set E(G). The degree of v € V(G), denoted by dg(v), is the
number of vertices in G adjacent to v. Let § and A be the minimum and
maximum degree of G, respectively. Let ¥(n, 4, A) be the class of graphs
of order n with minimum degree § and maximum degree A.

A graphical invariant is a function f on the class of all graphs such that
f(G1) = f(G2) whenever G; ~ G2. Many of these invariants of current
interest in mathematical chemistry are defined in terms of vertex degrees
of the molecular graph. For example, the first Zagreb index M,;(G) and
the second Zagreb index M>(G) are defined as follows:

Mi(G)= ) (de(w)+dg(v)), MaG)= D dg(u)dg(v).

uwv€E(G) uv€E(G)

Recently, M. Eliasi, A. Iranmanesha and 1. Gutman [4], Todeschini et al.
[14] introduced the multiplicative versions of the Zagreb indices, respec-
tively, called multiplicative Zagreb indices by Gutman [9], namely:
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1@ = [I dem)+do(v)), @)= ][] dew)ds(v).
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In [5], Estrada et al. proposed an index, known as the atom-bond connec-
tivity index (ABC(G)), is defined as

de(u) + dg(v) — 2
de(u)dg(v)

ABC(G)= Y

uwvEE(G)

One of the major graph-theoretical problems in connection with these
indices is the question which graphs from a given class maximize or mini-
mize the index value. The Zagreb indices were well-studied during the past
decades, see (2, 3, 10, 11, 13] for instance. For the multiplicative Zagreb
indices, Gutman [9] determined that among all trees of order n > 4, the
extremal trees with respect to IIo(G) are path P, (with minimal II5(G))
and star S, (with maximal II3(G)). J. Liu and Q. Zhang [12] gave some
upper bounds for II3(G) in terms of graph parameters including the order,
size, the first Zagreb index and degree distance. In [4], it was determined
that the path has minimal II}{(G). In (6], Furtula et al. showed that the
star S, is the unique tree with the maximal ABC(G) index. In this paper,
we will consider some lower bounds with respect to the above indices on
graphs in ¥(n, §,A).

For a graph G € ¥(n,4,A), let z;; be the number of edges joining
vertices of degrees i and j, n; be the number of vertices of degree 7 , and
f(%,7) be a function on 4,j. It is easy to see that the following relations
hold.

[ 2255 + Tss41 + Togr2+ o+ Toa = dn;
Tss41 + 2T541,641 + Tspr,642 + 0 + To41,4 = (6+1)ns41
Tss42 + Top1,642 + 2Tsr2,642 + -+ + Tora,a = (6+2)ns542
(1) 4 :
A +Tse1,8 +Ts428 + 00+ 2284 = Ana
ns +nst1 +nsp2 + - +na = n
\:L',;‘jZO, (SS'LS]SA, n; >0, JS‘LSA

From (I), we have
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for § +1 < j < A. Further, we can obtain

ng = n-— zA: Toi _ z (% + Jl) Tij (1.1)

j=6+1 J §+1<i<i<a
n 1 & ( 5) 1 5 6
58 = ———= Z 14+- Tsi— = Z (‘- + 'f) xi.](1'2)
2 2 j=6+1 J 26+1SiSJ‘SA vJ

For G€ 9(n,5,A), let ¥ = 3, cp(c) f(de(v),dg(v)). In order to find
minimum value for % function, it suffices to consider the following problem:

min ),
subject to (I). (1.3)

2. Some applications of (1.3)

Now we consider the generic approach of computing lower bounds of
degree based topological indices presented here based on (1.3) in ¢(n, §,A).

Theorem 2.1. Let G € ¥(n,4,A), then My > §%n. The equality is ob-
tained by regular graphs of degree §.

Proof. Let f(i,5) =1+ j, by (1.2) and (1.3), we have

A
Mi=2z55+ Y (O+d)zsi+ D (i+i)zsy
j=641 84+1<i<5LA

S 52 62 52
s 5 0D, B (-5

j=b6+1 5+1<i<i<A
Note that

52 2 62

J—= = 2 > 0)
J J

52 52 12 —- 52 j252
i+j———— = . +=—>0

J ? J

Then M, > 6n. The equality holds if we set i =0foralld<i<j<A
except for z; 5. O
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Theorem 2.2. Let G € ¥(n,8,A), then My > —21‘- The equality is ob-
tained by regular graphs of degree 8.

Proof. Let f(i,7) = ij, then

A
Z ijtl:,"j = 52175'5 + Z (ij,s‘j + z 'ij.’L’i'J'

M, =
8<igjiga j=0+1 §+1<i<ji<a
Bn & ( 52 4 8 &
= —+ 5.7———-—)1'5,:"‘ z (J——~—.)~‘Bi.j
2 Jj=6+1 2 %y §+1<i<ji<A 2%y
Note that
5 8 8(G —6)  8(j%—6?)
6] - ? - Z = 2 + 2] > 0,
8 8 25— 6% i2-48
U=97% = o tog >0

So M > £ and the equality holds if we set zij=0forall6<i<j<A
except for :z:” 0O

Theorem 2.3. Let G € 9(n,8,A), then [[1(G) = e**5*2 . The equality
s obtained by regular graphs of degree 8.

Proof. Let B =InIIj(G) = Y 5cicica In(i + j)zi; and f(3,5) = In(i + ),
then we have

A
B = In(20)zss+ » In(@+5)zsi+ . In(i+j5)z;
j=6+1 i+1<i<i<a

Z ln(z + j)Ii,j

§+1<i<ji<a

A
= -"il-';@+ > [ n(6 + j) — ln(%) 61';(1.26)]“,1+
61n(26) 51n(26)

2j ]”"'"

j=é+1

[ln(z +7) -

6+1<:<_-,<A

Note that In(5-+7)~ 1n(26) _&In(28) _ ln(5+j)—ln(26) + jln(5+j)—61n(26) >0,

2j
and ln(1,+_7) 6!:&26) 61n(26) tln(|+:))2 6In(26) + Jln(t+J) 61n(26) > 0. So

B> M then H1(G) > e**5%2 | The equality holds 1f we set z;; =0
forallcfszsjsAexceptforz,sa O
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Theorem 2.4. Let G € ¥(n,8,A), then [[, > e, The equality is
obtained by regular graphs of degree 8.

Proof. Let A =[], = 3., ,ep(e) In(de(u)da(v)) and £(3,5) = Ini +Inj,
then

A
A = (né+Wd)zss+ Y (Ind+Injzs;+ Y,  (ni+Ing)w,
i=6+1 5+1<i<i<A
= nélnd+ Z ( 6)-’56,3"'
F=6+1
z (lni+ln —m—sh:la)xg,j.
§+1<i<i<A t J
Note that
ln]—éh,la _ Jln];61n5>0’
lni+1nj—‘“:6—61;_16 _ zlnz;61n5+jln];61n6 > 0.

So A > néInd and [], > €™®!"%, The equality holds if we set z;; = 0 for
all § <i<j <A except for xs,5. O

Theorem 2.5. Let G € 9(n,d,A), if (26 — 2)(2A — 2) > A2, then
ABC(G) > JEn The equality is obtained by regular graphs of degree §.

Proof. Let f(i,j) = /=2, then ABC(G)

2 0+ 2 i4j-2
62 325 s+ Z v J Tsg + V J Zi,j
J—6+1 6+1<z<J<A
V3§ —32 §+j-2 V2B-2 V%32
2 " +j=26;|-1 37 2 5 | Tt

i+j—-2 V23—2 vza-z]
- - Tij

5+1<i<i<A [ £ 2 2

Let v(i, j) = ,/ﬁ%ﬂ—@—@, then v(9, j) = ‘/&%—@?—
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@. Note that

WG.g) _ 1 [ s Vi Vi
5 212(25 2t Ty m)

> g (VB-T- o)

Viti-2
Let g(i,7) = V20 — 2 — 7%, we have
99(i,4) _ _ iG=2)
oi 243 -2)ij(i +35-2)
dg(4,5) _ _ A(A-2)
dj 2(A +j—2)\/Aj(A+j—-2)

Then g(i, §) > 9(A,5) > 9(A, A) = V26 = 2— s = YEDECANE
0 since (26 — 2)(2A — 2) > A?. Hence a—"é?l > 0. Then v(i,j) > v(4,7)-
Note that 2480 = o1 (VEI—2+ 2358,/ ) . Let b(j) = V25— 2+

—  — 8(6—
275\/5-“ wthe“M %V%?j_z”(ﬁ(z_—%'so‘ So

. 2-4 dA oA
W) 2HB) = VI -2+ ae 2>‘/2_6_“2’\/_5+A—2

S 2(6— 82 -1
T VEFA2/(26-2) 0+ A - 2)+\/E)

Then 2434 > 0. Hence v(i,j) > v(6,5) > v(6,8) = 0 and ABC(G) >
ﬁg;‘gn_ The equality holds if we set z;; = 0 for all § < i < j < A except
for z;5,5. a

Acknowledgement: The authors would like to express their sincere
gratitude to the referee for a very careful reading of the paper and for all
their insightful comments and valuable suggestions, which led to a number
of improvements in this paper.

References

[1] B. Bollobds, Modern Graph Theory, Springer-Verlag, 1998.

[2] K. C. Das, I. Gutman, B. Zhou, New upper bounds on Zagreb indices,
J. Math. Chem. 46 (2009) 514-521.

- 242



[3] K. C. Das, N. Trinajsti¢, Relationship between the eccentric connec-
tivity index and Zagreb indices, Comput. Math. Appl. 62 (2011) 1758-
1764.

[4] M. Eliasi, A.Iranmanesha, and I. Gutman, Multiplicative Versions
of First Zagreb Index, MATCH Commun. Math. Comput. Chem. 68
(2012) 217-230.

[5] E. Estrada, L. Torres, L. Rodrguez, I. Gutman, An atom bond connec-
tivity index: Modelling the enthalpy of formation of alkanes, Indian J.
Chem. 37A (1998) 849-855.

[6] B. Furtula, A. Graovac, D.Vukievi, Atom bond connectivity index of
trees, Discr. Appl. Math. 157 (2009) 2828-2835.

[7] I. Gutman, N. Trinajstié¢, Graph theory and molecular orbitals. III.
Total m-electron energy of alternant hydrocarbons, Chem. Phys. Lett.
17 (1972) 535-538.

[8] I. Gutman, B. Ruséié, N. Trinajstié, C. F. Wilcox, Graph theory and
molecular orbitals. XII. Acyclic polyenes, J. Chem. Phys. 62 (1975)
3399-3405.

[9] I. Gutman, Multiplicative Zagreb indices of trees, Bull. Soc. Math.
Banja Luka 18 (2011) 17-23.

(10} H. Hua, Zagreb M, index, independence number and connectivity in
graphs, MATCH Commun. Math. Comput. Chem. 60 (2008) 45-56.

(11] M. H. Khalifeh, H. Yousefi-Azari, A. R. Ashrafi, The first and second
Zagreb indices of graph operations, Discr. Appl. Math. 157 (2009) 804-
811.

[12] J. Liu, Q. Zhang, Sharp Upper Bounds for Multiplicative Zagreb In-
dices, MATCH Commun. Math. Comput. Chem. 68 (2012) 231-240.

[13] B. Liu, Z. You, A survey on comparing Zagreb indices, MATCH Com-
mun. Math. Comput. Chem. 65 (2011) 581-593.

[14] R. Todeschini, V. Consonni, New local vertex invariants and molecular
descriptors based on functions of the vertex degrees, MATCH Commun.
Math. Comput. Chem. 64 (2010) 359-372.

243



