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Abstract

We generalize the well known congruence Lucas’ Theorem for
binomial coefficient to the bi®nomial coefficients.
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1 Introduction

Let p be a prime number. It is well known that, for 1 <k <p-1,p
divide (§). This gives (1+ z)? = 1+ 2? (modp). Let n = ng + n1p
and k = ko + k1p (0 < ng, ko < p) and ny,k; € N, then (1 +z)* =
(14 z?)™ (1 + z)™ (mod p). Identifying the coefficients of z* in the
two expressions, we get

n\ _ (ro+mp) _ (o) (™
(k) B (ko + klp) B (ko) (kl) (modp).
More generally, let n =ng +nip+--- +nyp™ and k = ko + k1p +
cood kmp™, 0 < nyk; <p (0 <2< m~1) and ny, km € N, we get

(06 ()
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It is known as formula of Lucas since 1878, [3]. It expresses the
remainder of division of () by p. For an historical development, we
refer to Granville [4].

2 Bi’nomial coefficients

The bi’nomial coefficients are a natural extension of binomial coef-
ficients (see [2, 1] for a recent overview). Letting s,L € N, for an
integer k = 0,1,...,sL, the bi®nomial coefficient (fc’)s is the k-th
term of the expansion

(1+x+m2+---+z’)L=Z(i)s:ck. (1)

k>0

with (§); = (%) (being the usual binomial coefficient) and (£), =0
for k > sL. Using the classical binomial coefficient, one has

(6.7, 2, GG () e

Jr+ja+-+is=k

Combinatorial interpretation: (f;)s count the number of ways of dis-
tributing "k" balls among "L " cells with at most "s" balls by cell.

3 Generalized Lucas’ Theorem
We start by expressing the cyclotomic polynomial of degree s.
Theorem 1 Let p be a prime number, n = ng+n1p and k = ko+k1p

two integers with 0 < ng,kp < p and ny,k; € N. The following
identity holds

(:) = é (koT-l!(-]ip)s(kln.l_ ,-)s(modp)- 3)

414



Proof. The induction gives (1+z+---+2°)P =14+ 2P+ .- +
z*?(mod p). Then

l4+z+--+z°=0+z+---+2°)"P(14+z+-- - +2°)%
= (1 + zP... + xsp)nl(l F Tt :z:s)n"(modp)
= S (%), () o (mody)
=020 Zping=k (1) ,(7) 2" (modp).

Identifying with 33~ (%) 2%, we get (3), = itk ("il)s("]?)s(mod p).
The equality pi+j = kip+ko (0 < j < sng < sp) givesi = k1, j = ko,
ori < ki, j > ko, thus p(k1—1) = j—ko so p divide j—kg. We conclude
that (3,7) € {(k1,k0), (k1 — 1,ko + D), ....,(k1 — s+ 1,ko + (s — 1)p)}.

a

The following result generalizes the above one.

Theorem 2 Let p be a prime number, n = ng +mp+ - -+ + nup™
and k = ko + kip + -+« + knp™ two integers with 0 < ng, ks < p
(0<i<m-—1) and ny,ky € N. The following identity holds

m

n) = Z H( il ) (mod

= a7 ph, (4
(k S Oginis,ime1e-1 0 VI TP = -1/

with i1 =0 and i, = 0.

Proof. The case m = 1 gives the identity of Theorem 1. Assuming

that the identity (4) is true for an integer m, we shall prove it for

m+1.Let n=mnog+mp+--+nmp1p™ ! and k=ko+kip+---+
km4+1p™+!, Theorem 1 gives

s-—-1
n g n1+n2p+...+nm+1pm )
= z i ; modp).
(k)s i0=0 (ko'f'Zop)s(kl—’Lo+k2p-|—...+km+1pm s( p)
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Then

(n) = 10—-0(k0+zop) ZO(”, Him<$s--1 (kl-l-qp—zo)
H;’;';l (kJ+1.Jp—1J_ ) (mOdp)
= Zosi,,...,imss-l fo__lo(ko+zup) (k1+i1p—io) s

+1 n;
;"-L_-z (k,+ij;;—ij_1) s(modp)

= m+1
= ZOS‘&o,zl, wim<s—1 HJ (k,+1Jp—z,.. ) (modp),

with i_l =0 and 'im+1 = 0. O
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