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ABSTRACT. Let M be a simple connected binary matroid with corank
at least two such that M has no connected hyperplane. Seymour
proved that M has a non-trivial series class. We improve this result
by proving that M has at least two disjoint non-trivial series classes
L) and L2 such that both M\L, and M\L2 are connected. Our
result extends the corresponding result of Kriesell regarding critically
2-connected graphs.
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1. INTRODUCTION

All graphs and matroids considered here are supposed to be simple.
Given a connected graph G with n vertices, let *(G) = |E(G)| - n + 1,
where E(G) is the set of edges of G. An ear P in a graph G is a maximal
path all of whose internal vertices have degree two in G. For an ear P of
a graph G, let G — P be the graph obtained from G by deleting edges
and internal vertices of P. For a matroid M, let E(M), r(M) and r*(M),
respectively denote the ground set, the rank and the corank of M. A
matroid M is cosimple if it has no cocircuit of size less than 3. A matroid
M is connected if every two distinct elements of M are contained in some
common circuit. A series class of M is a maximal subset L of E(M) such
that any two elements of L form a 2-cocircuit of M. Thus a series class is
the matroid extension of an ear of a graph. A series class L is non-trivial
if |L| > 2. For notations and definitions, we follow Oxley [6].

A 2-connected graph G is critically (resp. minimally) 2-connected if
G — 1 is not 2-connected for every vertex (resp. edge) = of G. A connected
matroid M is minimally connected if M \ e is not connected for every e €
E(M). A cocircuit C* of a connected matroid is non-separating if M\C*
is connected. A connected matroid M is criticelly connected if it does not
have a non-separating cocircuit. Thus a critically connected matroid has
no connected hyperplane. It follows that the cycle matroid of a critically
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(resp. minimally) 2-connected simple graph is critically (resp. minimally)
connected.

It follows from Oxley ([6], Exercise 2, pp. 338) that a minimally con-
nected matroid M with 7*(M) > 2 has at least r*(M) + 1 non-trivial series
classes P such that M \ P is connected; see also [1]. This result extends the
corresponding result for minimally 2-connected graphs due to Zhang and
Guo [8]. Kriesell [3] proved that a critically 2-connected graph different
from a cycle has at least two non-trivial removable ears.

Theorem 1.1 ([3]). Let G be a critically 2-connected graph with r*(G) > 2.
Then G has at least two non-trivial ears Py, Py such that G — P; is 2-
connected for i =1,2.

Kriesell used this result to prove a structure theorem ([3], Theorem 1)
for the class of critically 2-connected graphs. Theorem 1.1 also improves a
result of Nebesky [5] which states that a critically 2-connected graph dif-
ferent from a cycle has a non-trivial ear. Kelmans [2] and, independently,
Seymour (see [7]) extended Nebesky’s result to binary matroids by proving
that every simple and cosimple binary matroid has a non-separating cocir-
cuit. In other words, they proved that a connected binary matroid with
corank at least two has a non-trivial series class. We improve this result
and extend Theorem 1.1 to binary matroids as follows.

Theorem 1.2. Let M be a critically connected binary matroid withr*(M) >
2. Then M has at least two non-trivial series classes Ly, Ly such that M\ L;
is connected fori =1, 2.

The condition of binary matroid in Theorem 1.2 is necessary because a
uniform matroid U,.,, 'with n — 1 > r > 2 is critically connected but has no
non-trivial series class. Further, we show that the lower bound in Theorem
1.2 is best possible. Let P be a path with at least 4 vertices. Let G be the
cartesian product of P with the complete graph Ks. Then G is a ladder
graph obtained from two copies of P by joining the corresponding vertices
of these two paths by a 1-factor as shown in the following figure. Obvi-
ously, G is a critically 2-connected graph with exactly two non-trivial ears
P, and P,. Let M(G) be the cycle matroid of G and let L; be the series
class of M(G) corresponding to the ear P; of G for i = 1,2. Then M(G) is
a critically connected matroid with corank at least two. Further, L; and
L3 are the only non-trivial series classes in M(G) such that M(G) \ L; is
connected for z = 1, 2.
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2. Proor

In this section, we prove Theorem 1.2. The following two results are well
known.

Lemma 2.1 ({6], pp. 304). Let M be a binary matroid. Then

(i) |C N C*| is even for any circuit C and cocircuit C* of M;

(ii) for any two distinct circuits C1 and Cp, C\AC: is union of disjoint
circuits of M.

Lemma 2.2 ([4]). Let M be a connected simple and cosimple binary ma-
troid. Then; for every element e,

(i) there are at least two non-separating cocircuits containing e;

(ii) there are at least two non-separating circuits avoiding e.

Lemma 2.3. Let M be a matroid and let A be a nonempty subset of E(M)
such that |C N A| # 1 for each circuit C of M. Then A contains a cocircuit
of M.

Proof. Assume that A dose not contain a cocircuit of M. Then A is indepen-
dent in M™* and can be extended to a basis B* of M*. Let B = E(M)— B*.
Then B is a basis of M. Let a € A. Then BU {a} contains a circuit C with
a € C. Obviously, C — {a} C E(M)—-B* C E(M) — A. Thus CNA = {a},
a contradiction. O

Lemma 2.4. Let M be a critically connected binary matroid with r*(M) =
2. Then there are at least two non-trivial series classes Ly and Lo such that

M\L; is connected fori =1,2.

Proof. Consider the dual matroid M™ of M. It is connected, binary and has
rank 2. Let N be the simplified matroid of M*. Then N is a triangle. Let
E(N) = {e1,e3,e3}. Let P; be the parallel class of M* corresponding to the
element e; of N for i = 1,2,3. Then P;, P, and P; are series classes of M.
Since N/e; is connected, M*/P; is connected and hence (M*/P;)* = M\ P;
is also connected for i = 1,2,3. As M is simple, M* is cosimple. Therefore
at least two of the three parallel classes of M* are non-trivial. Thus M has
two non-trivial series classes such that deletion of any one of them leaves a
connected matroid. [m]

Lemma 2.5. Let M be a critically connected binary matroid with v*(M) >
2 and let L be a non-trivial series class in M such that M\L is not con-
nected. Suppose B is a component of M\L and C is a circuit in M with
CNL # ¢. Then the restriction of M to the set BU C is a critically
connected matroid. ’

Proof. Since L is a series class of M, L C C. Therefore C intersects each
component of M\ L. Let N be the restriction of M to the set BUC. Then
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N is a connected matroid. Suppose N is not critically connected. Then
N has a cocircuit @ such that N\Q is connected. Let P = C — B. Then
L C P. As C intersects a component of M\L other than B and |L| > 2,
|P| > 3. It is easy to see that P is a series class of N. Hence P is not a
subset of Q. If PNQ # ¢, then each element of P — Q is a coloop of N\@Q,
a contradiction. Thus PNQ = ¢.

Let Z be a circuit in N\Q containing an element of P. Then P C Z
and hence L C Z. Therefore Z intersects all components of M\L. This
implies that M\Q is connected. Since M is critically connected, it has no
non-separating cocircuit. Hence Q is not a cocircuit of M. Further, @ does
not contain any cocircuit of M because it is already a cocircuit of N. By
Lemma 2.3, M has a circuit C; with |C; N Q| = 1. By Lemma 2.1, C; is
not a circuit of V. Therefore LN C; # ¢ and C; # C. As L is a series
class of M, L C C). By Lemma 2.1, the circuit C of N contains an even
number of elements of Q. Hence CAC contains an odd number of elements
of Q. These elements of @ are distributed in disjoint circuits in B that are
contained in CAC). Hence one of such circuits in B receives an odd number
of elements of @, which is a contradiction by Lemma 2.1. (]

Lemma 2.6. Let M be a critically connected binary matroid with r*(M) >
2 and let L be a non-trivial series class in M such that M\ L is connected.
Suppose L U x is circuit for some element x of M. Then M\x is critically
connected.

Proof. Let e; and ey be two elements of M\z. Since M is connected, there
is a circuit Z of M containing both e; and e;. If z ¢ Z, then Z is a circuit of
M\z. Suppose x € Z. Then, by orthogonality, Z = L U {z} or Z is disjoint
from L. If ZN L = ¢, then (Z — z) U L is a circuit in M \z containing both
e; and ey. Suppose Z = LU {z}. Then e, and e; belong to L. Since z is
not in the series class L of M, there is a circuit C, in M containing z that
is disjoint from L. Clearly, (C; — z) U L is a circuit in M\z. Thus there is
a circuit in M\z containing both e; and e;. Hence M\z is connected.
Suppose M\z has a non-separating cocircuit Q. Since L is a non-trivial
series class, |L| > 2. If |L| = 2, then L becomes a non-separating 2-cocircuit
of M, a contradiction to the fact that M is critically connected. Therefore
|L| > 3. If Q intersects L, then L — Q # ¢ and the elements of L — Q are
coloops in M\Q and hence in (M\z)\Q, a contradiction. Thus QN L = ¢.
Since (M\x)\Q@ is connected and LUz is a circuit, M\Q is also connected.
Hence @ is not a cocircuit of M because M is critically connected. As @
is a cocircuit of M\x, no subset of @ can be a cocircuit of M. By Lemma
2.3, there is a circuit C in M which contains exactly one element of Q. By
Lemma 2.1, C is not a circuit of M\z. Hence = € C. Therefore (C—z)UL is
a circuit of M\z containing only one element of @, which is a contradiction
by Lemma 2.1. Thus M\z is critically connected. a
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Proof of Theorem 1.1. We prove the result by induction on »*(M). By
Lemma 2.4, the result follows when 7*(M) = 2. Suppose r*(M) > 2. As-
sume that the result holds for all critically connected matroids N with
2 < r*(N) < r*(M). By Lemma 2.2, M is not cosimple and hence it has a
non-trivial series class. We prove the result by considering two cases.

Case (i). M has a non-trivial series class L such that M\ L is not connected.

Then M\L has at least two components and further, each component
is non-trivial. Let C be a circuit in M with CNL # ¢. Then L C C
and further, C intersects all components of M\ L. Let B be a component
of M\L and let N be the restriction of M to the set BU C. By Lemma
2.5, N is critically connected. Also, 2 < r*(N) < r*(M). By induction
hypothesis, N has at least two non-trivial series class L; and L3 such that
both N\L; and N\L; are connected. Note that C — B is a series class of
N containing L. We may assume that L, is disjoint from this series class.
Therefore Ly N L = ¢. It follows that L, is a series class of M. As N\L; is
connected, there is a circuit C; in N\L; containing an element of L. Then
C) is a circuit in M. Hence it intersects all components of M\ L. Therefore
C) and all the components of M\ L which are different from B are contained
in a single component of M\L;. It implies that M\L, is connected. Thus
each component of M\L contains a non-trivial series class of M whose
deletion from M leaves a connected matroid. Since M\L has at least two
components, the result follows.

Case (ii). M\ P is connected for every non-trivial series class P of M.

By Lemma 2.2, M has a non-trivial series class L. Therefore M\L is
connected by assumption. We prove the result by finding a non-trivial
series class L, of M that is disjoint from L by considering two subcases.

Subcase (i). L U x is not a circuit for any element x of M.

Let M' he the matroid obtained from M by replacing L by an element
‘a’. Then M’ is simple. Suppose M’ is cosimple. By Lemma 2.2, there
is a non-separating cocircuit @ in M’ avoiding a. It follows that Q is a
non-separating cocircuit of M, a contradiction. Hence M’ is not cosimple
and thus has a non-trivial series class L. Note that a ¢ L;. Clearly, L, is
also a non-trivial series class of M which is disjoint from L.

Subcase (ii). L U {x} is a circuit for some element x of M.

Obviously, 2 < 7*(M\z) < r*(M). Since M\L is connected, M\z is
critically connected by Lemma 2.6. By induction, M\z has at least two
non-trivial series classes L; and Lo such that both M\z\L; and M\z\L,
are connected. It is easy to see that L is contained in a series class of M\z.
Since L; and Lo are disjoint, without loss of generality we may assume
that L; is disjoint from L. Suppose L, is not a series class of M. Then we
get two elements z; and z; in L; and a circuit Z in M such that z; € Z
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but z5 ¢ Z. Then Z is not a circuit of M\z and hence = € Z. Further,
Z # LU {z} because L is disjoint from L,. Therefore, by orthogonality, Z
is disjoint from L. Hence (Z — z) U L is a circuit of M\z containing z; and
avoiding zp, which is a contradiction to the fact that L; is a series class of
M\z. Therefore L, is a non-trivial series class of M also.

Thus, in both subcases, we have proved that M has two disjoint non-
trivial series classes L and L;. By assumption, both M\L and M\L; are
connected. 0O
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