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Abstract

The k-path-connectivity 7x(G) of a graph G was introduced by Hager in
1986. Recently, Mao investigated the 3-path-connectivity of lexicographic
product graphs. Denote by G o H the lexicographic product of two graphs G
and H. In this paper, we prove that 74 (G o H) > w4(G) [M%ll'—zj + 1 for
any two connected graphs G and H. Moreover, the bound is sharp. We also
derive an upper bound of 74(G o H), that is, 74(G o H) < 2m4(G)|V (H)|.

Keywords: Connectivity; internally disjoint S-paths; path-connectivity; lex-
icographic product.
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1 Introduction

All graphs considered in this paper are undirected, finite and simple. We
refer to [2] for graph theoretical notation and terminology not described here. For
a graph G, let V(G), E(G) and §(G) denote the set of vertices, the set of edges
and the minimum degree of G, respectively. The connectivity of a graph is one of
the most basic concepts in graph theory. For more details on the connectivity and
the edge-connectivity of a graph, we can refer to the survey paper [24].

Steiner tree is popularly used in the physical design of VLSI circuits (see
(7. 8, 25]). Steiner tree is also used in computer communication networks (see [6])
and optical wireless communication networks (see [4]). In [9], Hager introduced
the concept of the generalized connectivity of a graph. Let G be a nontrivial
connected graph of order n and % be an integer with 2 < k < n. Foraset S
with k vertices of V(G), let x(.S) denote the maximum number of edge-disjoint
Steiner trees 71,73, ,T¢ in G such that V(T;) N V(T;) = S for every pair
i,j of distinct integers with 1 < 4,5 < ¢. The generalized k-connectivity of
G, denoted by k. (G), is defined as x(G) = min k(S), where the minimum is
taken over all k-subsets S of V(G). Thus k2(G) = &(G), where x(G) is the
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connectivity of G. For more details about the generalized k-connectivity, we can
refer to [3, 12, 13, 14, 15, 16, 18, 17, 19, 20, 23].

In [5], Dirac proved that in a (k — 1)-connected graph there is a path through
each k vertices. Later, Hager [10] revised this statement to the question how
many internally disjoint paths P; with the exception of a given set S of & vertices
exist such that S C V(P;). Fora graph G = (V,E) and aset § C V(G) of
at least two vertices, a path connecting S (or simply, a S-path) is a subgraph
P = (V' E') of G that is a path with S C V. Let G be a nontrivial connected
graph of order n and k be an integer with 2 < k < n. For a set S with k
vertices of V(G), let 7(S) denote the maximum number of edge-disjoint S-paths
P, P,,---, Ppin G such that V(P;) N V(P;) = S for every pair ¢, j of distinct
integers with 1 < i,j < €. The k-path-connectivity of G is defined as 7 (G) =
min{7g(S)|S C V(G),|S| = k}. Clearly, 7,(G) = §(G) and 72(G) = &(G).
For k > 3, m(G) < ki (G) holds because each path is also a tree.

Recently, Mao [21] investigated the 3-path-connectivity of lexicographic prod-
uct graphs. In this paper, we will study the sharp lower bound of m4(G o H).
Recall that the lexicographic product of two graphs G and H, writtenas Go H, is
defined as follows: V(G o H) = V(G) x V(H), and two distinct vertices (u, v)
and (u’,v') of G o H are adjacent if and only if either (u,u’) € E(G) oru = v/
and (v,v’) € E(H). Notice that unlike the Cartesian product, the lexicographic
%rrcdlgt is a non-commutative product since G o H is usually not isomorphic to

=R € 8

Observation 1.1 (1) Let G be a connected graph. Then 4(G) < 6(G).

(2) Let G be a connected graph with the minimum degree 6. If G has two
adjacent vertices of degree 8, then m(G) < 6 — 1.

In [10], Hager got a sharp lower bound of m4(G).

Lemma 1.1 [10] For any connected graph G, 74(G) > §(G). Moreover, the
lower bound is sharp.

Li et al. [16] obtained the following result.

Lemma 1.2 [16] For any connected graph G, £4(G) < k(G). Moreover, the
upper bound is sharp.

Yang and Xu [28] investigated the classical connectivity of the lexicographic
product of two graphs.

Lemma 1.3 [28) Let G and H be two graphs. If G is non-trivial, non-complete
and connected, then k(G o H) = k(G)|V(H)|.

Now we obtain an upper bound of 74(G o H) by the above three lemmas.

Theorem 1.1 Let G and H be two connected graphs. Then
7a(G o H) < 3my(G)|V(H)|.
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Proof. From Lemma 1.1, we have m4(G o H) > 3x(G o H), hence k(G o
H) < 374(G o H). By Lemma 1.2, 74(G 0 H) < k4(G o H) < k(G o H).
Furthermore, by Lemma 1.3, we have 74(G o H) < k(G o H) = &(G)|V(H)| <
374(G)|V(H)|. The proof is complete. -

In Section 2, we will prove the following lower bound of m4(G o H).

Theorem 1.2 Let G and H be two connected graphs. Then

74(G o H) > m4(G) [M?))I_—}J +1.

Moreover, the bound is sharp.

To show the sharpness of the above lower bound, we let G = P, and H = P;.
Clearly, m4(G) = 1 and |V(H)| = 3. Thus, 74(P, o P3) > 1. One can check that

74(Pn o P3) < 1. Therefore, my(Poo P3) =1 = [M%N:EJ +1.

2 Proof of Theorem 1.2

In this section, let G and H be two connected graphs with V(G) = {u;,uo,. ..,
un}and V(H) = {v1,vs,...,vm}, respectively. Then V(GoH) = {(ui,v;)|1 <
i <n, 1< 3j < m}. Forv e V(H), we use G(v) to denote the sub-
graph of G o H induced by the vertex set {(u;,v)|1 < i < n}. Similarly,
for u € V(G), we use H(u) to denote the subgraph of G o H induced by the
vertex set {(u,v;)|1 < j < m}. In the sequel, let K, and P, denote the com-
plete graph and the path with order n, respectively. If G is a connected graph
and z,y € V(QG), then the distance dg(z,y) between z and y is the length of a
shortest path connecting = and y in G. The degree of a vertex v in G is denoted
by dG ('U)

Given a vertex z and a set U of vertices, a (z, U)-fan is the set of paths from
x to U such that any two of them share only the vertex . The size of a (z, U)-fan
is the number of internally disjoint paths from z to U.

We now introduce the general idea of the proof of Theorem 1.2. In Sec-
tion 2.1, we first address the 4-path-connectivity of the lexicographic product of
a path P and a connected graph H and prove m4(P o H) 2> [M%)J-_—zj + 1
After this preparation, we consider the graph G o H and prove m4(G o H) >
ma(G)| LEU=2 | 4 1 in Subsection 2.2.

For the sake of our results, we need to introduce the following two well-
known lemmas.

Lemma 2.1 (Fan Lemma, [27), p-170) A graph is k-connected if and only if it
has at least k + 1 vertices and, for every choice of x, U with |U| > k, it has a
(z,U)-fan of size k.

Lemma 2.2 (Expansion Lemma, [27], p-162) If G is a k-connected graph and
G’ is obtained from G by adding a new vertex y with at least k neighbors in G,
then G' is k-connected.
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Let G be a k-connected graph. Choose U C V(G) with [U| = k. Then the
graph G’ is obtained from G by adding a new vertex y and joining each vertex of
U and the vertex y. We call this operation an expansion operation at y and U.
Denote the resulting graph G’ by G' = G V {y,U}.

2.1 The Lexicographic product of a path and a connected graph

To start with, we introduce the following proposition, which is the preparation
of the next subsection.

Proposition 2.1 Let H be a connected graph and P, be a path with n vertices.
Then mq(Pn 0o H) > [M—Ié—)"—zj + 1. Moreover, the bound is sharp.

Set V(H) = {v1,v2,...,vm} and V(P,) = {u,us2,...,un}. Without
loss of generality, let u; and u; be adjacent if and only if |i — j| = 1, where
1 <i# j < n. It suffices to show that mp g (S) > |Z52) + 1 forany S =
{z,9,2,t} C V(P, o H), that is, there exist | 2] + 1 internally disjoint paths
connecting S in P,, o H. We proceed our proof by the following four lemmas.

Lemma 2.3 If ,y, 2,t belongs to the same V(H (u;)) (1 < ¢ < n), then there
exist | 32| + 1 internally disjoint S-paths.

Proof.  Without loss of generality, we assume z,y, 2,t € V(H(uy)). Since
H is connected, there exists a path connecting = and y in V(H(u;)) and we
say P. Then the paths L; induced by the edges in {z(u2,vs;_2), y(u2,v3;-2),
Y(ua,v3j-1), 2(uz, vsj—1), 2(u2, v3;), t(u2,v3;)} (1 < § < |2F2]) together
with the path induced by the edges in {y(uz2, Um—1), 2(22, Vm—1), 2(u2, ¥m),

t(u2,vm)} U E(P) are Lﬂ-‘g‘—zj + 1 internally disjoint S-paths, as desired. .

Lemma 2.4 If only three of {z,y, z,t} belong to some copy H(u;) (1 < i < n),
then there exist [ﬂa‘—gj + 1 internally disjoint S-paths.

Proof. Without loss of generality, we may assume that z,y,z € V(H(u;)) and
t€V(H(w)) (2<i<n),

At first, we consider the case i = 2. We may assume that z,y, z € V{(H (u;))
andt € V(H(ug)). Letz’,y’, 2’ be the vertices corresponding to z, y, z in H (u2),
and let t' be the vertex corresponding to t in H (). Clearly, H(u) is connected
and so there exists a path P connecting z and y in H ().

Ift' &€ {z,vy, z}, without loss of generality, let {x,y, z,t'} = {(u1,v;) |m —
3<j<m}and {2y, 2t} = {(u2,v;) |m — 3 < j < m}, then the paths L;
induced by the edges in {z(uz, v3j_2), y(ua, v3j—2), y(u2, vaj_1), 2(u2, v3;-1),
z(u2,vs5), (u1,v3;5)(u2, v35), t(u1,v35)} (1 < 7 < [ﬂadj) and the path L} in-
duced by the edges in {zz’,z'y,yy’,y'2, 2t} and the path Lj induced by the
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(a) (b)
Figure 1: Graphs for Lemma 2.4.

edges in {xt,tt’,t'z’, 2'z, 22, 2'y} are | ™52 | + 2 internally disjoint S-paths;
see Figure 1 (a).

Ift' € {z,y, z}, without loss of generality, lett’ = z, {z,y, z} = {(u1, Vm-2),
(ul s ‘Urnfl)u (ul y U:n)} and {m’1 y’a t} — {(u25 Um—ﬂ!)y {u21 ’Umfl)u (11,2, UJ]I)}! then
the paths L; induced by the edges in {z(uz,v3;j_2),y(us, v3j—2), y(uz, va3j-1),
z(ug,v35-1), 2(u2, va;), (w1, vs;)(us, vss), t(ug,vs;)} (1 < 5 < [252]) and
the path L} induced by the edges in {zz’,2'z, 2t} U E(P) and the path L} in-
duced by the edges in {xt, yt,yy', y'z} are [ﬂg—sj + 2 internally disjoint S-paths;
see Figure 1 (b).

Next, we consider the case ¢ > 3. Let P’ = uouy - - - u;. Clearly, x(P'oH) >
m. From Lemma 2.1, there is a ¢, U-fan in P’ o H, where U = V(H (u2)) =
{(ug,v;)|1 < 7 < m}. There exist m internally disjoint paths Py, P, -+ , Py,
such that P; (1 < j < i) is a path connecting ¢ and (ug,v;). Since H(u;) is
connected, there exists a path P connecting x and y in H(u;). Let 2’ y/, 2/, t"
be the vertices corresponding to x,y, z,¢ in H(u2), and let ¢’ be the vertex corre-
sponding to ¢ in H(uy).

() (b)
Figure 2: Graphs for Lemma 2.4.

Suppose that t" & {x,y, z}. Without loss of generality, let {z,vy,z,t'}
{(u1,v;)|m =3 < j < m}and {o/,y/,2/,t"} = {(uz,v;)|m -3 <3
m}. Then the paths L; induced by the edges in {z(uz,vs;_2), z(u2,v3;-1),
y(ua,v3j-1), y(uz,va5), z(uz, v3;)} U E(Paj—2) (1 < j < [25%]) and the path
L} induced by the edges in {zz’, zy’, yy',y2', 2’2} U E(P,,) and the path L} in-
duced by the edges in {xz’, z't', t'y’, y'2, 2t" }UE(P,,,_1 )JUE(P) are [%’j +2
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internally disjoint S-paths; see Figure 2 (a).

Suppose that t' € {z,y,z}. Without loss of generality, let t' = z, 2 =
(ulav'm)s y= (ula Um—l): z = (U]_, Um—?) and zli= (‘Ug, Um)’ y’ = (u2u U'm—l)v
t" = (ug,vm_2). Then the paths L; induced by the edges in {z(ug,v3j_2),
x(uz,v3j-1), y(u2, v3j-1), y(u2, v35), (u2'v33)} U(PsJ 2) (1 <5< 22))
and the path L/ induced by the edgesm {zz',zy' yy', y2', 2’2} UE(P, )and the
path L} induced by the edges in {2z’, 2"y, 22z’ }UE(Pp—1)UE(P) are | 3= m=3|49
internally disjoint S-paths; see Figure 2 (b). .

Lemma 2.5 If two of {z,y, z,t} belong to some copy H(u;) (1 <1 < n), then
there exist | 22 | + 1 internally disjoint S-paths.

Proof. We have the following cases to be considered.

Case l. z,y € V(H(w,)), z € V(H(uJ ))andt € V(H(ux)), wherei < j < k,
1<1<n—2 2<5<n-13<k<n

Without loss of generality, we may assume that z,y € V(H (uy)). Clearly,
H (uy) is connected and so there exists a path P connecting = and y in H ().

Subcase 1.1 z € V(H(us)) and t € V(H (ux)), where 3 < k < n.

Consider the case k > 4. Let P! = uousz---ug. Clearly, s(P' o H)
m. From Lemma 2.1, there is a t, U-fan in P’ o H, where U = V(H (u2))
{(ua,v;) |1 < j < m}. Thus, there exist m internally disjoint paths Py, Py, - -,
P, such that each of P; (1 < j < m) is a path connecting ¢ and (ug, v;). Let
z',y',t" be the vertices corresponding to z,y,t in H(us), and let z', ¢’ be the
vertices corresponding to z,t in H (uy).

I

H(uy)

()
Figure 3: Graphs for Lemma 2.5.

If ¢,y,2',t" are distinct vertices in H(u;). Withom loss of generality, let
{2.9,#, t}—{ uy,vi)|m—3<j<m}and {z',y, z,t"} = {(ug,v;) | m —
3 < j < m}. Then the paths L; induced by the edges in {z(ug,vaj_2), z(uz,
v3j— 1) y(‘t-'«z,b‘sj 1) g(u‘Z';USJ) (U'E UBJ)(ulaU3J) (ul‘USJ‘)}UE{Pilj 2) (l <
4 < [252]) and the path L} induced by the edges in {zz', 2y’ vy, yz} UE(Py,)
and the path L}, induced by the edges in {zz, 2z, 2't"} U E(Pmn-1) U E(P) are
|met) 42 internally disjoint S-paths; see Figure 3 (a).
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Suppose that three of x, y, 2/, t’ are the same vertices in H (u,). Without loss
of generality, let y = 2z’ = ¢/, and let {z,y} = {(u,v;)|m—1<j <m} and
{z', 2} = {(u2,v;) |m — 1 < j < m}. Then the paths L; induced by the edges
in {(ug, vaj-2), T(uz, va3j—1), y(ua, vaj—1), y(ua, v;), (u2, v3;)(u1, vss),
z(uy,v3;)} U E(Pyj_) (1 < j < |Z52]) and the path L} induced by the edges
in {yz, zz, z2'} U B(P,,) are [ 22| + 1 internally disjoint S-paths; see Figure
3 (b).

Suppose that two of x, y, 2/, t' are the same vertices in H(u,). Without loss
of generality, let 2’ = t’ and {z,y,2'} = {(u1,vm—-2), (¥1,Vm—-1), (u1,vm)}
and {z',y’, 2} = {(u2,¥m—-2), (2, Um—1), (u2,vm)}.Then the paths L; induced
by the edges in {z(uz2,vs;-2), z(u2,v3j-1),y(uz, vaj—1), y(ua, va;), (u2, va;)
(u1,v35), 2(u1,v35)} U E(P3j—2) (1 € j £ |_de ) and the path L} induced
by the edges in {yz, zz'} U E(P,,)U E(P) and the path L} induced by the edges
in {zz,22', 2’2’ 2"y, yy' } U E(Pp_1) are | 252 | + 2 internally disjoint S-paths;
see Figure 4 (a).

H(o) H (1) H(uz)

Figure 4: Graphs for Lemma 2.5.

Consider the case k¥ = 3. We may assume that t € V(H (u3)). Let z’, ¢/, t”
be the vertices corresponding to x, y, t in H(us), z’, ' be the vertices correspond-
ing to 2,2 in H(uy), 2", y", z" be the vertices corresponding to z,y, z in H(u3).
Clearly, H(u;) is connected and so there exists a path P connecting x and y in
Huy).

If z,y,2",t" are distinct vertices in H(uq), without loss of generality, let
{z,y,2,'} = {(u1,v;) [m—3 < j <m}and (&', 9/, 2,"} = {(uz, v;) | m
3<j<d4}and {z",y", 2"t} = {(us,v;)|m — 3 < j < m}. Then the paths
L; induced by the edges in {x(ua, vsj_2), z(u2, va;_1), y(uz, vaj—1), y(uz,va,),
(UQ, Ug_‘;)(ul,vg,j), Z(U],Ugj),t(UQ,U;gj_g)} (1 < j < {mT—‘lj) and the path Li
induced by the edges in {z2', yz', yz, zt} and the path L} induced by the edges
in {zz, 22", 2"t",t"t} U E(P) are | ™| + 2 internally disjoint S-paths; see
Figure 4 (b).

Suppose that three of x,y, z',t" are the same vertices in H(u;). Without
loss of generality, let y = 2z’ = ¢/, and {z,y} = {(u1,v;)|m -1 < j < m}
and {z',z} = {(u2,v;)|m —1 < j < m},and {2",t} = {(uz,v;)|m—-1<
j < m}. Then the paths L; induced by the edges in {z(us, Vaj—2), T(u2, v3;_1),
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m—2

| =2 ) and the path L} induced by the edges in {zz’, yz',yz, zt} are | 252
internally disjoint S-paths; see Figure 5 (a).

y(ug,vai-1), y(ug, va;), (wo, va;)(u1,vs;), 2(ut, vaj), t(ug, v3j—2)} (1 < 5 <
J

(a) (h)
Figure 5: Graphs for Lemma 2.5.

Suppose that two of z,y, =, t’ are the same vertices in H (u;). Without loss
of generality, let z/ = ¢/ and {z,y,2'} = {(w1,vm—2), (1, Vm—1), (U1, vm)}
and {z',y', 2} = {(u2,Vm—2), (u2, Vm-1), (U2, vm)}.Then the paths L; induced
by the edges in {z(ug,vaj-2), T(u2,vsj-1), y(u2, v3j—1), y(uz, v3;), (uz, vs;)
(ur,v35), z(u1, v35), t(uz, v3j-2)} (1 < j < [252]) and the path L] induced by
the edges in {za’,yz’,yz, zt} and the path LY induced by the edges in {xz, zz",
z"z', 2't} U E(P) are | 52 | + 2 internally disjoint S-paths; see Figure 5 (b).

Subcase 1.2 z € V(H(u;)) andt € V(H(ux)), where3 < j<n—-2,4<k<
n.

Consider the case [j — k| > 2 and j > 4. Let P/ = us,ug, - ,u; and
P" = wj4q1,ujs2, -+ ,ur. Then P" and P” are two paths with order at least 2.
Since k(P’ o H) > m, from Lemma 2.1, there is a z, U’-fan in P’ o H and there
isat,U”-fanin P" o H, respectively, U’ = V(H(u2)) = {(u2,v,) |1 < r < m}
and U” = V(H(uj+1)) = {(2j4+1,v,) |1 < r < m}. Thus there exist m pair-
wise internally disjoint paths Py, Py, - , P, such that each of P/ (1 < r < m)
is a path connecting z and (u2,v,) and there exist m internally disjoint paths
P Py, - P! such that each of P/ (1 < r < m) is a path connecting ¢ and
(wj+1,vr). Thenthe paths L, induced by the edges in {z(us, vor—1), y(us, vor—1),
y(ug, vor ) UE(Py, )UE(Py.)(1 < v < |3 ]) are [ 7] internally disjoint S-paths.

Consider the case |[j — k| > 2. and § = 3. Let P’ = w3, ug,--- ,ux. Then
P’ is a path with order at least 2. Since k(P' o H) > m, from Lemma 2.1,
there is a t,U’-fan in P’ o HU' = V(H (u3)) = {(u3,v;)|1 < r < m}. Thus
there exist m pairwise internally disjoint paths P, Py, --- , P, such that each of
P! (1 < r < ) is a path connecting t and (ug,v,). Let z’,t' be the vertices
corresponding to z,¢ in H(uy), 2',y’, 2z’ be the vertices corresponding to x, y, =
in H(usy), 2", y" be the vertices corresponding to =, y in H(u3).

If =,y, 2',t' are distinct vertices in H(u), without loss of generality, let
{z,y,2",t'} = {(u1,v,) |m=3 <r <m}and {2/, ¥, 2"} = {(uz,v;) | m—-2 <
r < m} and {z",y", 2z} = {(us,v;)|m —2 < r < m}. Then the paths L.
induced by the edges in {z(u2, var—2), y(uz, var—2), y(u2, var—1), (U2, v3r-1),



z(u2, vsr), (u2, var)(u3, va;)} U E(P3.)(1 < r < [25]) and the path L] in-
duced by the edges in E(P) U {zz', 2’2} U E{P’ ) and the path L/ induced by
the edges in {zy’,y'z, 22", 2"y, yz', 2'x" Y UE(P), _,) are | 252 | +2 internally
disjoint S-paths; see Figure 6.

H(mn H(uz H(uy) H(m)
Figure 6: Graphs for Lemma 2.5.

Suppose that three of x,y, z', t’ are the same vertices in H (u;). Without loss
of generality, let y = 2z’ = t’' and {z,y} = {(u;,v.)|m -1 < r < m} and
bt 2] = {(ug,v,.)|m —1 < r < m}and {z",y"} = {(us,vr)|m -1 <
r < m}.Then the paths L, induced by the edges in {z(ug, va,_2), y(ua2, var- 2)
y(u21U3r—1),2(u21'U3r—1}a (u23U37') (u2rv37‘)(u3lv3‘r‘)} U E(Pé:r (1 < M=
| =2 |) and the path L} induced by the edges in E(P) U {zz',2'2} U E(P,,) are
| ™=2| + 1 internally disjoint S-paths.

Suppose that two of x, y, z’, " are the same vertices in H(u;). Without loss
of generality, let 2’ = t' and {z,y,2'} = {(u1,v;)|m -2 < r < m} and
{z',y', 2"} = {(uz,v;) [/m—2 < r <m}and {z",y", z} = {(u3,v,) | m—2 <
r < m}. Then the paths L, induced by the edges in {z(u2, v3,—2), y(us, v3r—2),
y(uz, var—1), 2(u2, var-1), 2(uz, var), (U2, var)(ua, v3,)} U E(P3,)(1 < 7 <
|22 ) and the path L} induced by the edges in E(P) U {:n:v x2S BB )and
the path Lj induced by the edges in {zy’,y'z, 22", 2"y, yz’, 2’2"} U E(P!,_,)
are | - 3j + 2 internally disjoint S-paths; see Flgure 6.

Consider the case [j — k| = 1 and j > 4. Let P’ = uousz---uj_q. Since
k(P'oH) > m, from Lemma 2.2, if we add the vertex z to P'o H and join an edge
from z toeach of (u;_1,v,) (1 <7 < m), then k((P'oH)V{z,V(H (uj-1))}) >
m. Thus there exist m pairwise internally disjoint paths P;, P}, --- , P! such that
each of P/ (1 < r < m) is a path connecting z and (uz, v,). Then the paths
L, induced by the edges in {z(us, var—1), y(uz, var_1), {1tz v2r)} U E(Pl) U
{z(ujr1,vor) (U, vr), (w5, v2r (w1, v20)} (1 < v < | 2]) are 2] inter-
nally disjoint S-paths.

Consider the case |j — k| = 1 and j = 3. Without loss of generality, we may
assume that z € V(H(ug)) and t € V(H{uy4)). Let 2',¢' be the vertices corre-
sponding to z tin H(uy), z’,y’, 2", t" be the vertices corresponding to z,y, 2, t
in H(us), z"”,y",t" be the vertices corresponding to x, v, ¢ in H (u3).

If z,y,z',t" are distinct vertices in H(u;), without loss of generality, let
{z,y,2,t'} = {(u1,v;) |m=3 <r <m}and {2/, v/, 2"} = {(ua,v.) | m—-2<
r < m}and {z",9y",2} = {(usz,v,)|m —2 < r < m} and {z"',t} =
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{(ug,v.)|m — 1 < r < m}. Then the paths L. induced by the edges in
{2 (u2, var—2), y(u2, var—2), y(uz, var—1), 2(u2, var-1), 2(ua, var-1), (us, v3r-1)
('u.g,'L’gr_l),t(U3,U3r_1)}(1 SR Lm?’_-i ) and the palh LI] induced by the
edges in {xa’, 2z, zt} U E(P) and the path L, induced by the edges in {zy’, y/',
yz'' 2"z, zz" 22" 2"t} are | 22 | +2 internally disjoint S-paths; see Figure

Figure 7: Graphs for Lemma 2.5.

Suppose that three of x, y, 2, ¢ are the same vertices in H (u). Without loss
of generality, lety = 2’ = t' and {z,y} = {(u1,v,)|m —1 < r < m} and
{z',v'} = {{ug,v.)|m =1 < »r < m}and {z", 2z} = {(ug,v,)m -1 <
r < m} and {z",t} = {(ws,v,){m =1 < r < m}. Then the paths L,
induced by the edges in {z(u2, var—2), y(uz, var—2), y(u2, var—1), 2(uz, v3r—1),
z(ug, v3r—1), (g, v3r—1)(us, var—1), t(uz,v3,—1)}(1 < r < [252]) and the
path L} induced by the edges in {zz’, 2"z, zt} U E(P) are [%J + 1 internally
disjoint S-paths.

Suppose that two of x,y, z’,t' are the same vertices in H (u;). Without loss
of generality, let 2 = ¢’ and {z,y,2'} = {(u1,v.)[m —2 < r < m} and
{z', ¢, 2"} = {{ug,v;) |m—2 <r <m}and {z",y", 2} = {(uz,v,) | m—-2 <
r < m}and {z",y",t} = {(ug,v)|m =2 < r < m}.Then the paths L,
induced by the edges in {z(u2, v3,—2), y(ua, v3,—2), y(ua, var—1), z(u2, var-1),
(U4, U3r—1), (14, Var—1)(us, var—1), t(u3,v3r—1)} (1 < r < [272]) and the
path L} induced by the edges in {zz’, 2"z, zt} U E(P) and the path L/ induced
by the edges in {zy’,yy’,yz", 2"z, 22" 2" x", 2"t} are 52| + 2 internally
disjoint S-paths; see Figure 8.

Case 2. z,y € V(H(u;)), z,t € V(H(u;)), where i < j,1 <i < n—1,
2<j<n.

Without loss of generality, we may assume that z,y € V(H(u;)), z.t €
V(H(u;)) and let z = (uj,vm).

At first, we consider the case j > 4. Clearly, H(u;) is connected and so
there exists a path P, connecting x and y in H(u;). For the same reason, H (u;)
is connected and so there is a path P, connecting z and ¢ in H(u;). Then the
paths L, induced by the edges in {z(u2,v3,—2), y(ua, v3r—2), y(u2,v3,_1)} U
{(wi,var—1)(ig1,v3,-1) |2 <7 < =111 < 7 < m— 2) and the path L]



induced by the edges in E(P;) U {z(u2,vm)} U{ (v, Um ) (ti41,Vm) |2 < @ <
J— 2} U{ 2(uj—1,vm)} U E(P) are m — 1 internally disjoint S-paths.

Next, we consider the case j = 3. We may assume that z,y € V(H(u;))
and 2,t € V(H (u3)). Let 2/, ¢’ be the vertices corresponding to 2, ¢ in H(u,),
z',y’, 2", t" be the vertices corresponding to z, y, z, t in H(uz) and =", y" be the
vertices corresponding to z, y in H(us).

If z,y,2',t' are distinct vertices in H(u;), without loss of generality, let
{z,y,2/,t'} = {(u1,vr) |m -3 < r <m}and {2/, ¢, 2", t"} = {(u2,vr) | m—
3<r<m}and{2”,y", 2t} = {(us,v,)|m—3 < r < m}. Then the paths L,
induced by the edges in {z(uz, v3r—2), ¥(u2,v3,-2), y(u2, var_1), 2(u2, Var—1),
z(uz,v3r), t(uz,v3r)} (L <7 < | Z5%]) and the path L induced by the edges in
{zz',2'z, 23,3t} U E(P,) and the path L) induced by the edges in {z2”, 2"z,
zy',y'y} U E(Py)are | 254 | + 2 internally disjoint S-paths; see Figure 8 (a).

(a) (b)
Figure 8: Graphs for Lemma 2.5.

Suppose that three of z,y, 2/, t’ are the same vertices in H(u,), Without loss
of generality, let y = 2’ = ' and {z,y} = {(v1,v,)]m -1 < r < m} and
{z',y'} = {(u2,vr) |m—1 <7 <m}and {z,t} = {(u3,v;) | m~1 <r <m}.
Then the paths L, induced by the edges in {z(uz, v3,—2), y(ug, var—2), y(u2, var—1),
z(ug, var—1), z(u2, var), t(uj,v3,)(1 <7 < [ﬂs‘—zj) and the path L induced by
the edges in {zz’, 2’2} UE(P,)UE(P;) are | 52 | +1 internally disjoint S-paths.

Suppose that two of z,y, 2’,t’' are the same vertices in H(u;). Ify = ¢/,
without loss of generality, let {z,y,2'} = {(u;,v;)|m -2 < r < m} and
{z,¢', 2"} = {(ug,v;) |m -2 < r < m}and {2, 2,t} = {(uz,v) |[m -2 <
J < m}, then the paths L, induced by the edges in {z(ug,v3,—2), ¥(uz, v3r_2),
y(uz,‘U3r_1),Z(’u2, ’U3r-1), z(ug,var),t(uj,vgr)(l <r< [m;3J) and the path
L] induced by the edges in {zz’,z'z, zy’, y't} U E(P;) and the path L} induced
by the edges in {z2", 2"z, zy’, y'y} U E(P;) are | 253 | + 2 internally disjoint
S-paths.

Finally, we consider the case j = 2. Without loss of generality, we may
assume that z,y € V(H(u;)) and z,t € V(H(uy)). Let 2/, ¢’ be the vertices
corresponding to 2,t in H(u;), =/, be the vertices corresponding to z,y in
H('U.g)
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If z,y,2',t' are distinct vertices in H(u,), without loss of generality, let
{z,y,2",t'} = {(u1,v,) |m =3 <r <m}and {z/,¢,2,t} = {(ug,v;) | m —
3 < r < m}, then the paths L, induced by the edges in {z(ug,v3r—2),y(u2,
var—2), y(Uz, var—1), (42, V3r-1)(%1, var-1), 2(u1, var-1), 2(u1, var), t(u1, var) }
(1 <7 < |25%]) and the path L} induced by the edges in {z2’,2'2’,2'2} U
E(P,)UE(P,) and the path L}, induced by the edges in {zz, zy, yt} are | 254 | +
2 internally disjoint S-paths; see Figure 8 (b).

Suppose that three of z,y, 2/, t’ are the same vertices in H(u;). Without loss
of generality, let y = 2/ = ¢’ and {z,y} = {(u1,%,)|m -1 < r < m} and
{z,t} = {(u2,v,) |m — 1 < r < m}. Then the paths L, induced by the edges in
{z(u2, var—2), y(uz, var—2), y(u2, v3r—1), (¥2,v3r—1)(v1,v3r-1), 2(t1,V3,-1),
z(u1,v3,), (1, v3.)(1 < 7 < |252]) and the path L} induced by the edges in
E(P) U {z2} U E(P,) are | =2 ] + 1 internally disjoint S-paths.

Suppose that two of z,y, z/,t' are the same vertices in H(uy). Without loss
of generality, let y = ¢’ and {z,y,2'} = {(u1,v)|m —2 < r < m} and
{z/, z,t} = {(u2,v;) |m—2 < r < m}. Then the paths L, induced by the edges
in {z(u2, v3r-2), Y(u2, var-2), y(u2, v3r—1), (42, var—1)(u1, v3r-1), 2(u1, v3r-1),
z(u1,v3r), t(u1,v3-) {1 < 7 < | Z52]) and the path L} induced by the edges
in {zz',z'2',2'2z} U E(P,) U E(P2) and the path L} induced by the edges in
{zz, 2y, yt} are | 2572 | + 2 internally disjoint S-paths. .

Lemma 2.6 Ifx,y, z,t are contained in distinct H (u;)s, then there exist L’—"3;2J +
1 internally disjoint paths connecting S.

Proof. We have the following cases to be considered.

Case 1. dp o (z,y) = dp,on(y,2) =dp,on(z,t) = 1.

Without loss of generality, we may assume thatz € V(H (u;)),y € V(H (u3)),
z € V(H(ug)) and t € V(H(uy4)). Let ¢, 2, t’ be the vertices corresponding
to y,2,t in H(u,), z’,2"”,t" be the vertices corresponding to z, z,t in H(us),
z”,y",t" be the vertices corresponding to z,y,t in H(us) and z"/,y"", 2" be
the vertices corresponding to z,y, z in H(u4).

If z,y', 2/, are distinct vertices in H{w;), without loss of generality, let
{z,v,2/,t'} = {(u1,v,) |m—3 <7 <m}and {z',y,2",t"} = {(ug,v;) | m—
3<r <m}and {z",y", 2,t"} = {{us,v;)|m—3 <r <m}and {=",y",
2"t} = {(u4,v;) |m—3 < r < m}. Then the paths L, induced by the edges in
{z(u2, var-2), (U2, var—2) (1, v3r—2), y(u1, v3r—2), y(u3, v3r—2), t(u3, v3r—2),
t(us, var—1), (u3, var—1) (U4, var-1), 2(ta,v3,-1)} (1 < 7 < | 272]) and the
path L} induced by the edges in {zy, yz, zt} and the path L} induced by the edges
in {zz’,z'y’, y'y, yz", 2"t ty", y"'z" & 2} are | B52| + 2 internally disjoint
S-paths; see Figure 9.

Suppose that three of z,y',2’,t’ are the same vertices in H(u;). Without
loss of generality, let ' = 2z’ = ¢’ and {z,y'} = {(21,Ym), (¥1,9m-1)} and
{-'L",y} = {(’U,Q,'Um), (’U«2,'Um_1)} and {I”r Z} = {(U3,'Um), (’U,3,‘Um_1)} and
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Figure 9 Graphs for Lemma 2.6.

{z",t} = {(w4,vm), (u4,v;n_1)}. Then the paths L, induced by the edges in
{z(u2,v3r_2), (u2,v3,_2)(u1,v3r—2), Y(u1, v3r_2), y(us, var—2), t(us, v3r_2),
t(ua,mr 1) (u,g V3r— ])(ﬂ.4,‘U3r 1) (U.4 V3r—1 } (1 <P S |_mf2J and the
path L} induced by the edges in {zy,yz, zt} are | 2| + 1 internally disjoint
S-paths

Suppose that two of 2,3y, 2/, ' are the same vertices in H(uy). If 2/ = t/,
without loss of generality, let {x,vy,z'} = {(ug,vm), (1, Um-1), (U1, Vm—2)}
and {Ifﬂ Y, Z”} = {(u'}_, Um)v (u21vn171)a (UQ,'U,-"AQ)} and {:L‘”'» y“r Z} — {(Ug,
Um)! (u3v vm—l)v {”‘3’ Um—z)} and {xm’ y"”rt} = {(uda Um)v (U4, Um—l)? (u.4,
Um-2)}. Then the paths L, induced by the edges in {z(u2,v3,—2), (u2,V3,_2)
(u1,v3r-2), Y(u1,v3r—2), yY(us, v3r_2), t(u3, var_2), t(u3, var_1), (u3, v3r—1)
(ua,v3r—1), z(ug,v3r—1)} (1 < r < |B5= 3]) and the path L induced by the
edges in {zy,yz, zt} and the path L} induced by the edges in {zz', 2"y, y'y,

" Ih' 111'

(Tl ke iR T T z} are |- 3j + 2 internally disjoint S-paths.

Suppose that x,y’, z’,t" are the same vertices in H(u;). Without loss of
generality, let z = (u1 um) y = (u2,vm) and z = (ug, vm)and t = (ug, V).
Then the paths L, induced by the edges in {z(ua, -vghz), (ug, v3r—2)(u1,var_2),
y(u1, v3r—2), y(u3, v3r—1), (us, var—1)(u2, v3r—1), 2(uz, v3r-1), 2(a, var), (ua,
vy ) (u3, var)t(us, vsr)} (1 < r < |Z52]) and the path L] induced by the edges
in {zy,yz, zt} are [ | + 1 internally disjoint S-paths.

Case 2. dp,on(z,y) =dp opy(y,z) = 1 and dp.op(z,t) > 2.

Without loss of generality, we may assume thatz € V (H (u )) y € V(H (uz)),
z € V(H(uz)) and t € V(H(w;)) (5 < ¢ < n). Let ¢/,2',t' be the ver-
tices corresponding to y, z,t in H(u,), ', 2",t"” be the vertices corresponding
to x,ztin H(ug) ,x",y",t" be the vertices corresponding to x,y,t in H(u3)
and P’ = ugus -+ u;. Clearly, K(P' o H) > m. From Lemma 2.1, there is a
t,U-fan in P’ o H, where U = V(H(w4)) = {(ua,v,)|1 < r < m}. Thus
there exist m pairwise internally disjoint paths P{, Pj,---, P} such that each
P/ (1 <7 < m) is a path connecting ¢ and (u4,v,).

If z,y', 2, t' are distinct vertices in H (u; ), without loss of generality, we let
{z,4", 2, t'} = {(u1,v) |m—3 < r < m}and {z’, y, 27, t"} = {(uz; v;) |m—
3 <r <m}and {z",y", z,¢"} = {(uz,vr) [m = 3 < r < m}. Then the paths
L, induced by the edges in {y(ua,va,—2),y(us, var—1), (uz,var—1)(us, var—1),
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Z('LLQ. U3r‘—1)7 Z(UQ; UST‘)) -7"(“2;'”37')5 (’LL3, 1)3,-_2)(’114, UST‘—?)} U E(P.’;r'—2) {1 S
7 < |™+1]) and the path L} induced by the edges in {zy,yz, z(us,vm)} U
E(P.)) and the path L} induced by the edges in {zz', 'y, ¥y, yz", 2" 2", 2"z,
z(ug, Um—-1)} U B(P},_,) are [ 252 ] + 2 internally disjoint S-paths; see Figure
10.

H(uy) H{(uz) H(ig) H(u,)

Figure 10: Graphs for Lemma 2.6.

Suppose that three of x,y’, z/,t' are the same vertices in H(u;). Without
loss of generality, let v/ = 2/ = t' and {z,y'} = {(u1,vm), (w1,Vm-1)} and
{z', 4} = {(v2,vm), (U2, vm_1)} and {z”, 2} = {(usz,vm), (u3, Um—1)}. Then
the paths L, induced by the edges in {y(us,v3,—2), y(uz, var—1), (ug, v3,—1)
(us,v3r-1), (U2, v3r-1), 2(u2, var), (U2, V3, ), (us, var_2) (w4, var_2) JU
E(Pj,_,) (1 <r < |™+2]) and the path L} induced by the edges in {zy,yz,
z(ug,vm)} U E(P},) are [ 252 + 1 internally disjoint S-paths.

Suppose that two of z, y', z/, ¢’ are the same vertices in H (u;). Without loss
of generality, let 2/ = ¢’ and {z,v',2'} = {(u1,vm), (U1, Vm—1), (21, Vm—2)}
and {:r’,y, Z"} = {(u'z, 'Um)a (u2,vm-1), (u2fvm—2)} and {lﬂﬂ yrr, Z} = {(u3a
Um), (U3, Um—1), (u3, m—2)}. Then the paths L,. induced by the edges in {y(us,
U3r—2), Y(u3, V3r—1), (U2, Var—1)(us, v3r_1), 2(u2, v3r-1), 2(u2, var), T(u2, vs,),
(ug, var—2)(ta, var—2)} U E(Pj._5) (1 <7 < [252]) and the path L} induced
by the edges in {2y, yz, 2(u4,vn)} U E(P),) and the path L; induced by the
edgesin {zz', 'y, y'y, yx" , a"2", 2" 2, 2(uq, Vin—1) JUE(P),_, ) are [”‘gaj +2
internally disjoint S-paths; see Figure 10.

Suppose that x, y', ', ¢’ are the same vertices in H (u). Without loss of gen-
erality, let z = (u1,vm), ¥ = (u2,vm) and z = (usz, vm)and t = (u4, Vs ). Then
the paths L, induced by the edges in {y(us,vsr—2),y(us,var—1), (u2,v3,—1)
(u3,v3r—1), 2(u2, v3r—1), 2(u2,v3,), 2(u2,v3r) } UE(P3,_5) (1 <7 < ..B%_—I‘D
and the path L/ induced by the edges in {xy,yz} U E(P},) are | 252 | + 1 inter-
nally disjoint S-paths.

The other cases dp_on(y, 2) = dp,on(2,t) = lordp,on(z,y) = 2 can be
proved with similar arguments.

Case 3. dp, o (z,y) =1, dp,or(y,2z) > 2and dp op(z,t) = 2.

Without loss of generality, We may assume thatz € V(H (u1)),y € V(H (u2)),
€ V(H(w)) and t € V(H(u;)), where 3 < i < j, |j —i] = 2,4 <
<n-—26<j < n Lety' 2 t' be the vertices corresponding to y, z,t
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in H(u;), ', 2, t” be the vertices corresponding to x, z,t in H(uz) and P’ =
u3, Ug, -+ ,u; and P” = u;4q,u;42, -+ ,u;. Then P’ and P” are two paths
with order at least 2. Since xK(P’' o H) 2> m, from Lemma 2.2, if we add the
vertex z to P’ o H and join an edge from z to each of (us,vr) (1 £ r <

m), then x((P' o H) V {y,V(H(us))}) = m. By the same reason, n((P"

H) v {t,V(H(ui+1))}) = m. From Menger’s Theorem, there exist m inter-
nally disjoint paths connecting y and z in (P’ o H) V {y, V(H(u3))}, and we
say Pl, Pj, ... P! . Also there exist m internally dxsjomt paths connecting 2
and t in (P" o H) V {z,V(H(ui+1))}, and we say Py, Py,--- , Pl. Suppose
T = (u1,vm) € (H(ul)) and y = (ug,vp) € V(H(ug)). Then the paths
L, induced by the edges in {z(uz,v,), (v1,vr)(u2,vr), y(u1,v-)} U E(P) U
E(P!) (2 £ r < m) are m — 1 internally disjoint S-paths, as desired.

The other cases dp, ou(y,2) = 1, dp,on(z,y) = 2 and dp,op(2,t) > 2

ordp,on(z,t) =1, dp on(z,y) > 2 and dp_ ou(y,z) > 2 can be discussed
similarly.

Cased. dp o (z,y) 2 2,dp,on(y,2) = 2and dp o (2,t) = 2.

Without loss of generality, we may assume thatz € V(H (u,)),y € V(H (u:)),
z € V(H(uj)) and t € V(H(uk)), wherei < j < k, |7 —14 =2, |k—j| =22,
1<i<n-17, 3<J <n-4and7 <k <n. Let P = uj,ug, - ,u;—1
and P = Uiy Uit1,  * ,Uj—1 and P = wj,ujyq,+++ ,ux. Then P’ and P”
and P" are three paths with order at least 2. Since k(P' o H) 2 m, it follows
from Lemma 2.2, if we add the vertex y to P’ o H and join an edge from y to
each of (ui-1,v) (1 < 7 < m), then k((P' o H) V {y, V(H(ui-1))}) = m.
By the same reason, if we add the vertex z to P” o H and join an edge from z
to each of (uj_1,vr) (1 < 7 < m), then &((P" o H) V {2, V(H(uj-1))}) =
m and if we add the vertex ¢t to P’ o H and join an edge from ¢ to each of
(uk-1,vr) (1 < 7 < m), then k((P" o H) V {t,V(H (uk-1))}) = m. From
Menger’ s Theorem, there exist m internally disjoint paths connecting = and y in
(P'o H)V {y,V(H(ui-1))}, and we say P{, Pj,--- , P! . Also, there exist m
internally disjoint paths connecting y and z in (P" o H) V {2, V(H (u;-1))}, and
we say Py, Py,--- , P! and there exist m internally disjoint paths connecting z
andtin (P o H) V {t,V(H (uk-1))}, and we say P{", P;" ... , P! Note that
the union of any path in {P/|1 < ¢ < m} with any path in {Pf’ |1 <j<m}
with any path in {P[” |1 < k < m} is a path connecting S. Then the paths Q,
induced by the edges in E’(P’ JUE(PYUE(P")Y(1<r<m)arem mternally
disjoint S-paths, as desired.

From the proof of Proposition 2.1, the following proposition is easily seen.
Proposition 2.2 Let H be a graph and P, be a path with n vertices. Then m4(Ppo0
H) > ll‘ﬁﬁﬂsll—_zj
2.2 The Lexicographic product of two general graphs

After the above preparations, we are ready to prove Theorem 1.2 in this sub-
section,
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Proof of Theorem 1.2: Without loss of generality, we set m4(G) = £. Recall
that V(G) = {u1,u2,...,un}, V(H) = {v1,v2,...,vm}. From the defini-
tion of m4(G o H), we need to prove that mgon(S) > €| 252 + 1 for any
S = {z,y,2,t} C V(G o H). Furthermore, it suffices to show that there
exist Z["‘T‘2J + 1 internally disjoint paths connecting S in G o H. Clearly,
V(G o H) = Ui, V(H(u;)). Without loss of generality, let = € V(H(u;)),
y € V(H(u;)), z € V(H(ux)) and t € V(H(uy)).

Suppose that z, y, z,t belong to the same V(H (u;)) (1 < ¢ < n). Without
loss of generality, let z,y, z,t € V(H(xu;)). Since 6(G) > m4(G) = ¢, it fol-
lows that the vertex u; has £ neighbors in G, and we say ug, u3, - - , 4g41. From
Proposition 2.1, there exist [1"—3"‘—2J + 1 internally disjoint paths connecting S in
P, o H, where P; = uju; (2 < i < £+ 1), which occupy at most one path in each
of H(u;) (2 £ j < m). These paths together with the paths P; ; induced by the
edges in {z(ui, vaj_2), y(ui, vaj—2), y(wi, v3j-1), 2(ui, v35-1), 2(ui, v35), (i,
v} 2 << €+1, 1< <[22 are (252 +1) + (€ - 1) 252 =
¢ [-"%—2-_' + 1 internally disjoint paths connecting S in G o H, as desired.

Suppose that three of {z,y, z,t} belong to some copy H(u;) (1 < i < n).
Without loss of generality, let z,y,2 € H(u;) and ¢ € H(u2). Observe that
k(G) 2 m4(G) = £. Therefore, there exist £ internally disjoint paths connecting
u; and up in G, and we say Py, Ps,- -, P;. From Proposition 2.1, there exist
[=52] + 1 internally disjoint paths connecting S in Py o H, which occupy at
most one path in each H (u;). For P (2 < k < £), there exist | 22| internally
disjoint paths connecting S in P, o H by Proposition 2.2, which occupy no edge
in H(u,) (1 £ r < n). Observe that Uf=1 P; is a subgraph of G and (Uf=1 P)o
H is a subgraph of G o H, so the total number of the internally disjoint paths
connecting S is (| Z572] + 1) + (£ - 1) | 252 = €| 252 ] + 1, as desired.

Suppose that two of {z,y, z,t} belong to some copy H(u;) (1 < i < n).
At first, we consider the case that z,y € V(H(u;)), z € V(H(uj)) and t €
V(H(uk)). Without loss of generality, let z,y € H(u1), z € H(ug) and
t € H(us). Observe that K(G) > m4(G) = €. Therefore, there exist £ inter-
nally disjoint paths connecting u; and u, in G, and we say P, Ps,--- , P;. From
Proposition 2.1, there exist Lﬂg—‘-z-j + 1 internally disjoint paths connecting S in
PyoH, which occupy at most one path in each of H (u;). For P; (2 < i < ¢), there
exist | =2 | internally disjoint paths connecting S in P; o H by Proposition 2.2,
which occupy no edge in H(u;) (1 < j < n). Observe that Uf=1 P; is a subgraph
of G and (Uﬁ;l P;) o H is a subgraph of G o H,so the total number of the inter-
nally disjoint paths connecting Sis (| 252 | + 1)+ (£ —1)| B2 ) = £| 252 +1,
as desired.

Next, we consider the case that z,y € V(H(u;)) and 2,t € V(H(uy)).
Without loss of generality, let 7,y € H(u1), 2,t € H(uz). Observe that k(G) >
m4(G) = £. Therefore, there exist £ internally disjoint paths connecting u; and u2
in G, and we say P,, P,,--- , P;. From Proposition 2.1, there exist [ﬂ;—zj +1
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internally disjoint paths connecting S in P; o H, which occupy at most one path
in each H(u;). For P; (2 < i < ¢), there exist [ﬂa'—gj internally disjoint paths
connecting S in F; o H by Proposition 2.2, which occupy no edge in H(u;) (1 <
7 < n). Observe that {J;_, P; is a subgraph of G and (U, P.)oH is a subgraph
of G o H, so the total number of the internally disjoint paths connecting S is
(1252 + 1) + (£ = 1)| 52| = £| ™22 + 1, as desired.

Suppose that z, y, z, t are contained in distinct H (u;). Without loss of gener-
ality, letz € H(u1), y € H(up), z € H(uz) and t € H(uy). Since ms(G) = ¢,
it follows that there exist £ internally disjoint paths connecting {1, ug, us, u4}
in G, and we say P, Py, -- -, P,. From Proposition 2.1, there exist £| 22| + 1
internally disjoint paths connecting S in P; o H, which occupy at most one path
in some H(u;). For P; (2 < i < ¢), there exist (¢ — 1)| 22| internally dis-
joint paths connecting S in P; o H by Proposition 2.2, which occupy no edge in
H(u;) (1 £ j < n). Observe that Uf=1 P; is a subgraph of G and (Uf__.1 P)oH
is a subgraph of G o H. Therefore, the total number of the internally disjoint paths
connecting S is (| 252 + 1) + (£ - 1)| 252) = €| 252 + 1, as desired.

From the above argument, we conclude that 7go g (S) > TU!_, Po a(S) >
€| 52|41 forany S C V(GoH), which implies that mg(GoH) > €| 252 | +1 =
74(G) [@]'—ZJ + 1. The proof is complete.
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