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Abstract. In [4], the author introduced a new metric on the space
Matmxs(Zq) which is the module space of all m x s matrices with en-
tries from the finite ring Z4(q > 2) generalizing the classical Lee met-
ric [5] and the array RT-metric [8] and named this metric as GLRTP-
metric which is further renamed as LRTJ-metric (Lee-Rosenbloom-
Tsfasman-Jain Metric) in [1]. In this paper, we introduce a complete
weight enumerator for codes over Matmxs(Z,) endowed with LRTJ-
metric and obtain a MacWilliams type identitiy with respect to this
new metric for the complete weight enumerator.
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1. Introduction

The choice of a metric for a given parallel channel communication sys-
tem plays an important role as the channel model should match the metric
d to be employed for developing a suitable code, and hence for a commu-
nication system to operate reliably. Thus, given a modulation scheme, one
metric may be better suited than another. In [4], the author introduced
a new metric on Mat,, xs(Zg), the module space of all m x s metrices
over the finite ring Z,(q > 2), generalizing the classical Lee metric [5]
and array RT-metric [8] and named this metric as GLRTP-metric which is
also known as LRTJ-metric (Lee-Rosenbloom-Tsfasman-Jain Metric) [1].
MacWilliams type identity for RT-weight enumerator and RT-complete
weight enumerator have been obtained by various authors ([2], [9], [10]).
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2009.
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In this paper, we introduce a complete weight enumerator for codes over
Mat ., xs(Z,) endowed with more general metric viz. LRTJ-metric and ob-
tain a MacWilliams type identity with respect to this new metric for the
complete weight enumerator.

2. Definitions and notations

Let Z, be the ring of integers modulo g. Let Mat,xs(Z,) be the set
of all m x s matrices with entries from Zg. Then M atmxs(Zg) is a module
over Z,. Let V be a Z,-submodule of the module Matmxs(Z,). Then V is
called an array code (in fact, linear array code). For ¢ prime, Z, becomes
a field and correspondingly Matmxs(Z,) and V become the vector space
and sub space respectively over the field Z,. Also, we define the Hamming
weight H(a) and Lee weight L(a) of an element a € Z; by

_ 1 if as#0
H(@) = {0 if a=0,
a if 0<a<gq/2

L) = {

We now define the LRTJ-metric {4] as follows:

g—a if g¢/2<a<g-1.

Definition 2.1. Let Y € Matmxs(Z,) with Y = (yo,y1,--+,ys—1). The
LRTJ-weight of Y denoted by 7(Y') is defined as

jeoEX L(y;) + ,-=of'1‘f.‘.’.‘,s_1{7 l|y; #0} ifY #0

T(Y) =
0 if Y=0.

Then 0 < 7(Y') < [¢/2] + s — 1. Extending the definition of LRTJ-weight
to the class of all m x s matrices as

T(4) =) (A),
=1

Ay
where A = A2 € Matmxs(Z,) and A; denotes the ith row of A. Then

Am
LRTJ-weight 7 satisfies 0 < 7(A) < m([g/2]+s—1) forall A € Mat,xs(Zg)

and determines a metric on Matmxs(Z,) if we set d(A, A’) = 7(A - A’) for
all A, A’ € Matmxs(Z4) and is known as LRTJ-metric.
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Definition 2.2. Let V € Mat,,«.(%,) be a linear array code. The LRTJ-

weight spectrum of the code V is the set
{wo, wy," -+, Wm(lgs2)+s-1) }»
where for all 0 <7 < m([g/2] + s -- 1), w, is given by
un = |{A € V|r(A) =r}|

The LRTJ-weight enumerator of the code V is defined as

r:t([([/2I+ s-1)

Wy (z) = X Wy zy = Z;T(A). (1)

r==(} AeV

Definition 2.3. Let Y; = (po,p1.--,ps—1) and Y2 = (g0, 41, - - ,gs—1) be
two elements of A at)x.(%,). The inner product of Y7 and Y3 is defined by

s—1

<YLYy >=) pigec1os
=0
and this is extended to the inner product of A = (A, As, -, Am)T and
B= (Bl» Tt Bm)T € ]wa-tmxs(zq) as

<A,B>:i<A,‘,Bi>.

i=1

The dual of a linear array code V ¢ Mat,, «,(Z,) is defined as
V4 = (B € Matuxd(Z,)| < A, B>=0forall Ac V}.

Then V1 € Mat,, «.(%,) is also a linear array code.
Now we define the character of a finite Abelien group and canonical additive

character of a finite field [6, 7].

Definition 2.4. Let G be a finite Abelian group with respect to addition.
Let U be the multiplicative group of complex numbers having absolute
value 1 i.e.

U={:eC: |z| =1}
A character x of G is a group homomorphisin from G intoU ie. x : G- U
is a map satisfying x(g1 + ¢2) = v(91)x(g2) for all 1,92 € G.
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Definition 2.5. Let F;, = Fp» be a finite field having ¢ = p" elements
and U be the group of complex numbers as in Definition 2.4. Consider the
additive group Fit of the finite field Fy.

(i) The character x : Ft — U given by
x(a) =1for allae Ff
is called the trivial additive character of Fjt.

(ii) The nontrivial canonical additive character x of the finite field Fj is

a group homomorphism

x:F:=F;;—>Ugivenby

Pg..gtt ! Py...gP"!
x(a)=cos27r(a+a +p e )+isin21r<a+a +p h ) (2)

foralla e F:.

Observations

1. For the finite field F; having prime number of elements, the definition
of nontrivial canonical additive character x given in (2) reduces to

x : F} —Uisgivenby

2
x(a) = cos% +i sz"n.g;E forall a € Ff.

2. Over Fy, we have

-1 3, -1 3.
3. Over Fs,X(O) =1, X(l) = T + %'I,, X(2) = -? - %1,

3. Motivation for the introduction of complete weight
enumerator in LRTJ-spaces

Here, we state the difficulty arising in LRTJ-weight enumerator de-
fined in (1) by way of an example which gives the motivation for the in-
troduction of complete weight enumerator. Similar type of problem for RT
spaces was discussed in [9].
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Example 3.1. Let V; and V, be two linear array codes over M atax2(Zs)

. 0 0 1 0
o= {(0 ())’(1 0)} and
00 00
w=1(s) (5 1))
The LRTJ-weight enumerator of both V; and V; is 1 + z2. We find the dual
codes of V| and V5.

v P 4
1 s

given by

il

€ Matays(Za)| g + 5 = o}

€ Matayxa(Zo)| either g =s=1lorg=s= 0}.

Similarly,
A ( f (51 ) € Matyxa(Za)| r =0}-
Therefore
Vi 0 0 0 0 1 0 10 01
= 0 0o/°'\10)/)'\oo0o/)'\10/)'\0O0 1)
0 1 11 11
11 /L0 1 /)°\1 1 '
Vi 0 0 10 0 1 11 00
7 = oo0o/°\o o/°{oo0/)'\oo/'\o1)
10 0 1 11
o1/)'\o1/)'\o :

The LRTJ-weight enumerators of V;* and V;* are

Wye(z) = 14224327 4424,
Wii(z) = t+z+ 322 ¢ 2% 4 224,

Thus we observe that although the LRTJ-weight enumerators of the codes
Vi and V3 are the same, but the LRTJ-weight enumerators of their duals are
different. This problem can be overcome if we define a weight enumerator
that preserves the order as well as the absolute value of the entries of an

m X s matrix and gives more information about the code. Motivated by
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this in Section 4, we introduce complete weight enumerator for codes in
LRTJ spaces and obtain MacWilliams type identity for this type of weight

enumerator.

4. Complete weight enumerator in LRTJ-spaces

Throughout this section, g is a prime number. We begin with the definition
of the complete weight enumerator in LRTJ-spaces.

Definition 4.1. Let V C Matmxs(Z4) be a k-dimensional linear array
code over Z, with |V| = q"(k < ms) =n (say). Let

V= {A(l),A(2),~-,A(")}.

Also, fori < i< m, let
(@) ) (%)

i IR
i i
AD = a210 5 SRR T T |

RO

Let Y;,,; and T, be two ms-tuples of variables given by

Ym9 = (ylo""vyl,s—l)'"1ym0)°"aym,s—l) and

Tms = (t101°"atl,s-—h"'atm01"'atm,s—l)'

We define the complete LRTJ-weight enumerator of an array code V by

H(a{d) Liald) H(a{,_)) L(a{" ) H(al)), L(all),
(Yms, Tms) = Zy (am) (a "91,3.11' ltlsll '~~ym(()a )tm(;
i=1
H(al), 1) L(al), )
'yms—l ltm,.ﬁ—l YL

Then the complete LRTJ-weight enumerator Wy (Y5, Tms) of array code
V is a polynomial in 2ms variables. Further, it is possible to obtain the
LRTJ-weight enumerator as a special case of the complete LRTJ-weight
enumerator as shown in the following example:

Example 4.1. The complete LRT'J-weight enumerators of the codes V1, V3, Vit
and V' of Example 3.1 are

Wy, (Ya2,T22) = 1+ y1ot10Y20t20,
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Wy, (Y22, T22) = 14 yarta,

Wy. (Yaz, To2) 1 + yntnyeitai + yiotioyit yeotaoyz1t2: +

i

+yrotiovitinyaifar + yntuyaotoy21ta +
+y10t10 + Y20t20 + Yr0t10y20t20,

Wy (Yo, T22) = 1+yiotio +yntn +yaitar + yiotioynntn +
+yi0t10y21t21 + ynituy2itar + yiotioyntnuyaitar.

By letting for each 1 < j < 2,

o git iz gin g2izt(=izdio—ltmax{ivia}  if either of  4g,ip # 0
Yijotjo¥1t =

1 if iy=1i2=0,

in the complete weight enumerators of codes Vy, Vo, Vit and V5, we obtain
the LRTJ-weight enumerators of these codes discussed in Example 3.1.

In order to state and prove the MacWillians type identity for the complete
LRTJ-weight enumerator of an array code V C Mat,.xs(Z,), we make the

following identification:

Definition 4.2. Let ¢ be a prime number. Define

01 : Mat\x.(%,) — ‘<IJZ{:‘7]> ®

O1((Posp1s - Pem1)) = po+ pr+ -+ peyz®Th
Let P = (Pl- 1)‘..7‘ T ’er)T € Ai["‘tmxs(zq) where R = (PiOsPil, ',Pi.s—l)
forall i <i <.
Extending 6, to Mat,,xs(Z,) as

- Z,[x
8: ]\’l(lt,,,xs(/m) — Mat,,x, (<“';‘[,,—]>>

given by
()(P) = (p()() 4 por b P a1 2 Pme T Pt - +pm,s—lxs_l)T'
Then 8 is a Z,-vector space isomorphism.

Zy[x]

<zt > is given by

The LRT J-weight of a polynomial p(z) €

T(p(x)) = deg p(x) + ik {L(p;)},
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s—1

where p(z) =po +p1z + - + ps—1T

Further, we define the {**(0 < ! < s — 1) coefficient of p(z) as

a(p(z)) =p.
Let P(z) = (Py(z), -, Pm(x))T and Q(z) = (Q1(z)," -+, Qm(z))T be two
elements in Matmy; [ —22 ) where for all 1 < i < m,
<zf>
P(z) = piot+pazc+---+ pi,s_lms'l and
Qi(z) = qot+tguz+- -+ qi,s_;:rs'l.

The inner product of P(z) and Q(z) defined in Section 2 becomes

m
< P(z),Q(z) >= Y _co-1(Pi(2)Qi(2)).
i=1
Now, we prove the main result for which we require the following lemmas:
Lemma 4.1 [6, 7). Let x be the nontrivial canonical additive character of

Z x{a) =0.

a€Z,

Z, (q prime). Then

]

Lemma 4.2. Let x be the nontrivial canonical additive character of Z, (q
prime). Let V C Matmxs(Z,) be an array code. Then

Z x(< P(x),Q(z) >) = { ?Vl iiff %(&))éle “//ll

P(z)eV
Proof. If Q(z) € V4, then clearly < P(z),Q(z) >= 0. This implies that

> x(< P),Q)>)= Y x(0) =Vl

P(zx)eV P(z)eV
If Q(z) ¢ V+, then we claim that in the summation

> x(< Px),Q(z) >),

P(z)eV

214



the inner product < P(x), Q(xx) > takes every value of Z,, the same number
of times. For this, let »; > 0 be the number of elements of V' whose inner
product with @Q(:) is equal to j for all 0 < j < ¢ — 1. To be more precise,
let P,j (z), Pj(x),---, P’,J, (x) be all the elements of V' such that

< P/(),Q(x)> =jforalli=1tor;and forallj=0toq— 1.
Choose j such that 1 < j < ¢ —1 and fix it. Then
Pl () + PY(x), P{(x) + PJ(x), -+, P{(x) + P (x)

are 7y distinct elements of V such that

< P{(x),Q(z) > + < P2(z), Q(z) >
= j+0=jforallk=1tor.

< P‘,j(:r) 4 PP(2), Q(x) >

This implies that

1o S 1. (3)

Again, let

¢—1
R(z) =) P{(z) e V.
i
Then P} (z) + R(x), P{(x) + R(x).- -, P! (x) -+ R(x) are distinct elements
of V such that for every 1 <i <#;, we have

<P/(@)+R).Q)> = < Pl (x),Q(x) > + < R(z), Q(z) >
a!
= Jjt< ) P{().Q) >
%)

= 4124414+l +-+g—1
= sum of all the elements of the field Z, = 0.

This implies that

‘I"j < 0. (4)
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From (3) and (4), we get r; = ro. But j (1 < j < ¢ — 1) is arbitrary and
hence the claim. Thus

3" x(< P(z),Q(z) >) = multiple of Y x(a) = 0 (using Lemma 4.1)
P(z)eV a€Z,

]

Lemma 4.3. Let x be the nontrivial canonical additive character of Z, (q
prime). Let 8 be a fixed element of Z,. Then for ¢ > 2, we have

Y x(BayyH @t
a€Z,
14 2ty

= (g—-1)/2

1+ Z (X(ﬁz ﬂ(q—z)>yt‘ if B#0.

(e-1)/2 _
t______l) if B=0,

t—1

Proof. For 0 # 8 € Z,, we have

D x(Ba)yH @) = x(0) + x(B. L)yt + x(B-2)yt* + -+ +

a€Z,
tx (ﬁ(%))yt(q—l)/z +

X (ﬁ(%_l))yt(q”l)/z + -+ x(B(g — 1)yt!
= x(0) + (x(8.1) + x(B.(g - )yt' +--- +

() ()

(g—-1)/2 .
=1+ Y (x(ﬁi)+x(ﬂ(q—i))yt’-
i=1

Also for 8 =0, we have
D x(Ba)y@E® = Y y(0)yH @)

a€Z, a€Z,
= 14yt+yt2+.. cytlam /2 L gpla=1/2 Ly gl

= 1+2ty(l+t+¢2 +...+t(q—3)/2>

tla=1)/2 _ 1)

= 1+2ty< o)
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Remark 4.1. The result in Lemima 4.3 is also true for any odd positive

integer ¢ and for any character x of Z,.

Remark 4.2. If g is any even positive integer and x is a character of Z,

then proceeding as in Lemma 4.3, we have

Z X(ﬂu)yH(n)tL(n)
o€z,

tla=2)/2 _ 1
1+‘>u( o ~-~)+yf"/2 if B=0

1
= (9--2)/2

1+ 3o (\(ﬁ +-x(x’*((/—i)>:f/ti +x<ﬂ(q/2))yt"’2 it g0

=1
On putting ¢ = 2 and taking x to be the canonical additive character of

Z,, the above expression reduces to

. CH(W) L) _ 1+ yt if =0

2 x(pagy ) = { 1+x(yt if B#O.
_ 1+ yt if B8=0

- 1—yt if B#0.

Lemma 4.4. Let x be the nontriviel canonical additive character of Zq(q
prime) and i,j be fired nonnegative integer. Let p(z) = pio + paz + -+ +

pis—1z*7l e z (:[:] Then for g = 2,

D (< pla),aad )y = { Lyt if pis-1-5=0
"€Z, Y = yijti; if pis-1-;#0

and for ¢ > 2

Z (< p(x), ced >)z/"(“) L(a)
a€Z,

(a=1/2 _ 4
1+ 2t5y:; ( S 1-) if  pig—1-5=0
(9=1)/2
1+ Z (X(Pi.s—l—j x k) 4+ x(Pis-1-5 x (- k)))yijt?j
k=1

if Pis—1-j 5& 0.
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Proof. Since

z (< p(z), 0z’ >)y,J(°')tl’(°')

a€Zg
= Y x(csmr(p(z) x az?))yi; @t
a€Z,
- Z X(P: a1-j X a)yH(O) L(O)’
a€Z,
the proof now follows from Lemma 4.3 and Remark 4.2. ]

Lemma 4.5. Let V be an arrey code in Matmx1(<z;’:[sm]>). Let f :

Z,|z
Matmx1(< ;L ]>> — Cly10,***1Ym,s-1,10," ** 1 tm,s—1] be a map where
Cly10,***»Ym,s—1,t10,** * y tm,s—1) 1S the polynomial ring in the 2ms com-
mutating variables with coefficients from complex field C. Let x be the

nontrivial canonical additive character Zq. Then

Y fQ@)= v i > f(P()),

Q(z)eVv+ P(z)eV

where f is the Hadamard transform of f given by

f(P(z)) = > x(< P(z),Q(z) >)f(Qz)),
and
P(z) = (Pi(z), ", Pn(=))T,
Qz) = (@), Qmlz)T.
Proof.
S f(P=)
P(z)eV
= Y > x(< P(z),Q(z) >)f(Q(
P(z)eV Z,x]
Q(r)eMatmx1 ($)
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i

33 x(< P(2),Q(x) >)f(Qz) +

P(r)eVQ(x)ev<t
+ 3 Y x(< P(x), Q=) >)f(Q(=))
P(x)eVQ(x)¢V -+

Z f(Q(x)) (using Lemma 4.2)

Q(I)EV*

> ¥ Q@) = | Y e

Qr)ev -+ P(')GV

|

O

Theorem 4.1. Let ¢ > 2 be a prime. Let V C Mat,,,«s(Z4) be a linear ar-

ray code equipped with LRTJ-metric. Let Q(x), P(z) € Mat,x1 (%%)

be such that Q(z) = (Qy(x),- -+, Qum(x))T with Qi(z) = qio + gz + -+ +
gis—12°7 1 and P(a) = (Py(x), -+, Pu(2))T with Pi(z) = pio+paz+--- +
pis—1x®  forall1 <i<m.

Then
Z I{(J)(qm)fb(qm) JHS(T A1) ft(:lll—l) ym(QnO)tL((In()) ..
Q(r)evt
ey
1 -~
= —-I(Ax > B). (5)
| P(x)eV
where
m s—1
a = 11114 ©
i=1 j=0
ms—1 H(poor=j)
5= 1111(3%) , 0
i=1 j=0
and
t(l!—l)/2_1
Aij = L4225y, Y- ), (8)
S tij -1
(4-1)/2
By = 1o 3 (xracres < B+ Xiamioy x (0= 9) ) usthe9)
k=1
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Z,[x
Proof, Take f : Matmx1(< ;:L ]>) — C[lea' . ';ym,s—l,tIO,"' Jtm,a—I]

in Lemma 4.5 as
H L H a— L ’_ H(gm L(gm
fQz)) = yh@odgfime). . yflae-nytlaa-u) . Hlamo)yLidmo) .
H(qms 1) L(Qm s—l)

ym s—1 ms—l

Then

L.H.S. of (5)

> Q=)

Q(z)eV+

LS /(P(z)).  (using Lemma 4.5) (10)
l IP(I)EV

Now

f(P(x)) Z x(< P(z), Q(z) >)¥10 (qm)tL(q:n) ..

z
Q(I)e Mat,nx) (_q[-?]—)

<zs>

yH_Sil s—1) Ls;l_lla 1), H(Qmo)tL(qmo) L. yﬁ(gria—l)t,l;l(;"_"f—l)

- z HX(< Pi(x),Qi(z) >)yH(qm) L(quo)
Q(2)eMatmxs (Zq_[“’]>

<zs>

H(g1,a-1),L - H(gmo) ;L(gm H(gm,s—1),;L(gm,s-
13(‘11 ')t (q; 1) oyl (q o)t (g o),_,ym,(‘g_1 l)tm(,Z—l 1)

= Z x(< Pl(w),(ho >)y10(‘“°)t5(‘110) %
q10€Z,

- H(q1,5-1) ,L(q1,s-
X Z X(< Pl(x)a 41,s—1938 ! >)y1'_.§‘ill t) 1,?_11 l)
q1,5-1€Z,4

X Z x(< Po(z), g20 >)y§)(qzo)t1‘éqzo) X oo X
q20€2Z,

H(q2.-1) . L(q2,
X Y X(< Pa(@), g1zt S« x
q?.a—lezq
X 3 X(< Pm(2),qm0 >)yro ™t i G x -+ x
gmo€Zq

H m,s— L m,s—
X Z x(< P (x), qm,s-12°~ )ym(;7 1 » rn((.]s—l v,
qm.s~1€Zq
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Applying Lemna 4.4, we get

. s—1 t(q-—l)/2 1 1—H(p1,4-1-1)
f(P(x)) = H[(l + 2fuyu< o ’“‘)) x

=0

(4--1)/2

) (1 + 2-: (X(Pl.g_l_, X L)

kool

H(pya—1-1)
= x(P1were 1 X (g = k))) yut’f,) J X

‘*t] f(q l)/z 1 I—H(pvn.a—l—d)
X oooveen X [(1 + 2tmlyml (Ldﬁ—)) X

x (1 + (X(Pm.s—l—l x k)
k=1

. H(pm.a—1-1)
_v\'(pm‘sml--l X ((l - k))y"'-lt'ml) ]

- {111 (2)

i=0 j=0 i=0 j=0

= AxB

where A and B are given by (6) and (7) respectively and A;; and B;; are

given by (8) and (9) repcctively.
Thus

> ftPa)= 3 AxB=Ax Y B (11)

P(x)eV P(x)eV P(z)eV

From (10) and (11) we get

. o1
L.H.S. of (5) = Gl (A X P(Z)EVB).
(W]

Remark 4.3. For ¢ : 2. proceeding as in Theorem 2.1 and using Lemma

LS. 0['(5):. ~~~~~ (u > B)

Plx)eV

4.4, we get
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where

m s—1
A= H H(l + yisti) (12)
=0 j=0
and

m s—1 H(pi,s-1-;)

1- yutn) ! ’
B= 13
;[_Ilg(l'*'yutq (13)

Example 4.2. Consider the codes V; and V, of Example 3.1. Here q =
2,m = s =2,|V}| = |Vo| = 2. We find complete LRTJ-weight enumerator
of dual codes Vi and V3t using (5) where A and B are given by (12) and
(13) respectively.

Wys(Via, T = LHS. o1 (5)= 3 (4% ¥ B)

P(z)ew,

where (for code ;)

2
A= H(1 +yijtij)
=1 j=0
d
. 2 1-y H(pis—1-j)
o[ (L)
i=1 j=0 +y1] L)
Thus
A= (1+y0t10)(1 + y1rt11) (1 + yoot20)(1 + y21t21)
and
B = 1,
B _ {l-yntun\ {1 -yain
P 1.0 T \l+yntn/\1+yata /)
(z)= 1 0
Thus
1
WV (Yoo,r2) = = |(1+y1ot10)(1 + y11t11)(1 + yeota0)(1 + yartar) x
2
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y (1 + (}_j ‘yntu) (1 _y2lt21))]
1+ yntn 1+ yortan
1
= 3 [(1 +y10t10) (1 + y20t20) X ((1 + y11t11)(1 + ya1ta1)

+(1 - yutn)(1 - yzxfim))]

= 14 yaota0 -+ y10tio -+ Y1ot10y20t20 + y11t11Y21821
Fyaotaoynituyaitar + viotoyninyta

+yotoy2otaoyilinyaitag.

Similarly for code Vs, we have

5 . 1
‘/VVQJ‘ (Yaz,T22) = L.H.S. of (5) = 3 (A X z B)
(P(z}eVa

where
and

Computing A and B give

A= (14 yiot10)(1 + yit1)(1 + yaotao)(1 + ya1t21)

and
Lo o
1 — yaot20
B - (____
(00 1+ yzotzo)'
k “’"‘( 01 )
Thus
1
szx (Yo2,T22) = 5 [(1 + y10t10)(1 + ynitn)(1 + yoot20)(1 + yarta1) x

y (1 - (1, “..j-{{?pf&))]
1 -+ ya0t20
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(1 + yiot10)(1 + y11t11)(1 + y2urtar) x

X ((1 + yoot20) — (1 + y20t20))]

= =|2(1+yntn + yiotio + yrotroyntn)(1 + y21t21)}
= 1+ yait2r + yutu + yntuyata + yiotio
+y10tioy21t21 + Y1oti0y11tn
+y1oti0yninyata.
We note that WVI* (Y22, T2) and sz.L (Y22, T22) are same as obtained in
Example 4.1.
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