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Abstract

Let G be a graph of order at least 2k and sy, s2,- - - , Sk, t1,¢2, - ,tx be
any 2k distinct vertices of G, if there exist k disjoint paths Py, Pa, -+ , Px
such that P; is an s; — ¢t; path for 1 < i < k, we call that G is k-linked.
K. Kawarabayashi et al. showed that if n > 4k — 1(k > 2) with aggG) >
n + 2k — 3, then G is k-linked. Li et al. showed that if G is a graph of order
n > 232k with 63(G) = n + 2k — 3, then G is k-linked. For sufficiently
large n, it implied the result of K. Kawarabayashi et al. The main purpose of
this paper is to lower the down bound of » in the result of Li et al.. We show
that if G is a graph of order n > 111k + 9 with 03(G) > n + 2k — 3, then
G is k-linked. Thus, we improve the order bound to 111k + 9, and when
n > 111k + 9, itimplies the result of K. Kawarabayashi et al.
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1 Introduction

Let G = (V, E) be a finite and undirected connected graph. Let A and B be
two subsets of V, and let both G{A] and G[B] be the induced subgraph of A and
B in G respectively. Let Ng(A) denote the neighbor of A in G, simply denoted
by N(A). Let Ng(A) denote the neighbor of A in B. We denote (G) = IE(GgL.
Let G be a graph of order at least 2k and sy, S2, - - , sk, t1,82, -+ , Lk be any
distinct vertices of G, if there exist k disjoint paths Py, P, - - - , Py such that P; is
an s; — t; path for 1 <i < k, we call that G 1s k-linked.

Finding the minimum positive integer f(k) such that every f(k)-connected
graph is k-linked is an interesting problem. Bollobds and Thomason [1] showed
that if G is a 22k-connected graph, then G is k-linked. It is the first linear upper
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bound for f(k). Later, Thomas and Wollan [8] improved this bound to f(k) <
10k. It is currently the best result on determining the minimum value of f(k).
The result of Thomas and Wollan [8] is the following.

Theorem 1 If G is a 2k-connected graph with at least 5kn edges, then G is k-
linked.

Hence from the result, we know that if G is a 10k-connected graph, then G
is k-linked. There are also many other results on k-linked graph. Chen et al. 3]
showed the following result.

Theorem 2 If G is a 2k-connected graph that contains a k-linked subgraph H,
then G is k-linked.

Y. Manoussakis [6] got the following result.

Theorem 3 Let G be a graph and v be a vertex in G withd(v) > 2k—1. If G—v
is k-linked, then G is k-linked.

Let 02(G) denote the minimum degree sum of a pair of nonadjacent vertices.
Ore (7] proved that every n-vertex graph G with 02(G) > n is Hamiltonian. K.
Kawarabayashi et al.[4] used the parameter o2(G) to study the sufficient condition
of G being k-linked. They showed the following result.

Theorem 4 Ifk > 2 and

n+2k—3, n>dk-1
05(G z{ Antsh) 3, 3k<n<4k-2
2n — 3, 2k<n<3k-1

then G is k-linked.

And they gave out examples to present that these bounds are the best possible
for all n and k.
Let 03 (G) denote the minimum degree sum of a pair of nonadjacent vertices

at distance 2. Fan [2] showed that if G is a 2-connected graph of order n(n > 3)
and z, y are any two vertices of G at distance 2 with maz{d(z),d(y)} > %, then
G is Hamiltonian. Li et al.[5] used the parameter 05(G) to study the sufficient
condition of G being k-linked. They showed the following result.

Theorem 5 If G is a graph of order n > 232k witho3(G) > n+ 2k — 3, then G
is k-linked.

In this paper, we continue to use the parameter g3 (G) to study the sufficien-
t condition of G being k-linked, and try to lower the order bound as small as
possible. Our main result is as below.

Theorem 6 If G is a graph of order n > 111k + 9 with 05(G) > n + 2k - 3,
then G is k-linked.

The result of Theorem 6 lower the order bound to n > 111k + 9. And when
n > 111k + 9, Theorem 6 implies Theorem 4,
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2 Proof of Theorem 6

Proof. Let G be a graph of order n > 111k + 9 with 03(G) > n + 2k — 3. Let
S be a minimum cut of G, A and B be any two components of G \ S, without
loss of generosity, assume that |A] < |B|. Let N4(S) be the neighbor of S in A
and Ng(S) be the neighbor of S in B. As .S is a minimum cut, for every vertex
s € 8, there exists some vertex a; € Na(S) such that a,s € E(G), and some
vertex by, € Ng(S) such that b;s € E(G). That is, the distance of a5 and b; is 2.
Hence d(a,) + d(bs) > n + 2k — 3. Since

n+2k—3<d(as)+d(bs) <Al +|S|+|B|+|S|-2<n+|S]-2, (1)

we can get S| > 2k — 1. So G is (2k — 1)-connected and the minimum degree
of G is at least 2k — 1. By Theorem 1, if |S| > 10k, then G is k-linked, so in the
following, we assume that 2k — 1 < |S| < 10k — 1.

We will divide two cases to show our theorem.
Casel. |S|=2k -1

From (1) and |S| = 2k — 1, we can get |A| + |S| + |B| = n, d(a,;) =
|A| — 1+ S| and d(b,) = |B| — 1 + |S}. Hence both G[N(S)] and G[Np(S)]
are complete graphs. If Na(S) C A, then |N4(S)| > | S|, otherwise S is not a
minimum cut. If | B| <| S|, then

n < 2|B| +|S| < 2|S| +|S| = 3|S| < 30k — 3,

a contradiction ton > 111k + 9. So |B| >| S| and |Ng(S)| = |S].

We can get that for any vertex b, € Np(S), there exists some vertex s’ € S
such that s'b;, € E(G) and there exists some vertex a/, € N4(.S) such that s’a, €
E(G), so the distance of a and b/, is 2. Thus from (1) and |S| = 2k — 1, we can
get |A|+|S|+|B| = n,d(a}) = |A|-1+|S| and d(b}) = | B|-1+]|S5|. Forevery
vertex of N4(S), we can similarly get the above result. Thus, we can conclude
that the following facts: for any vertex b, € Ng(S) the vertex b, is adjacent to
every vertex of S and B; for any vertex b € B\ Ng(S) (if Ng(S) C B, then
INB(S)) = |S|), the vertex b is adjacent to every vertex of Ng(S); for any vertex
s € S the vertex s is adjacent to every vertex of Ng(S) and N4(S) ; for any
vertex al, € N 4(S) the vertex a/, is adjacent to every vertex of S and A; for any
vertex a € A\ Na(S) (if Na(S) C A, then |[N4(S)) = |S]), the vertex a is
adjacent to every vertex of N4 (.5).

In the following, we let S = {s,52,- -, 8;5(}, then G[Np(S) U {s1}] is
a complete graph of order at least 2k, so G[Np(S) U {s1}] is k-linked. Let
G| = G[Ng(S)U {s1}] and V] = V(G,). Since s is adjacent to every vertex of
Np(S),and |[Ng(S)| 2 |S| > 2k — 1, by Theorem 3, we know that G(V} U {s2}]
is k-linked. Similarly we can get G[V)U{s2}U{s3}] is k-linked, and so on, finally
we can get that G[V; U S] is k-linked. Since every vertex of N4(.S) is adjacent to
every vertex of S, by Theorem 3, we can get that G[V] U.S U N 4(S)] is k-linked.
If No(S) C A, then every vertex of A \ Na(S) is adjacent to every vertex of
N 4(S), by Theorem 3, we have that G[V] U S U A] is k-linked. If Ng(S) C B,
then every vertex of B\ Npg(S) is adjacent to every vertex of Ng(S), by Theorem
3, we have that G[B U S U A] is k-linked, that is G is k-linked.
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Case2.2k < |S| <10k -1

If G|A] is a complete subgraph of G, we will show that G is k-linked.

First, we claim that |A| < 2k. In fact, if |A| > 2k, then G[A4] is k-linked, by
’Il;heorem 2, we know that G is k-linked. So we assume that |A]| < 2k. We know
that

d(G[B]) = |Np(S)|(n + 2k — 3 - |A[+1 -S| —| §]).
If [N5(S)| > 11k, then

d(G|B]) — 10k|B| >| Np(S)|(n+ 2k —3 — |A|+1— 8| —| S|) - 10k|B|
k(n + 22k — 22 — |A| — 12]S5|)

k[(n + 22k — 22 — 2k + 1 — 12(10k — 1))

k(n — 100k — 9)

0(n > 100k + 9).

So, when n > 100k 4+ 9, we have d(G[B]) > 10k|B|. Hence we can get
e(G[B]) > 5k|B|. Therefore by Theorem 1, we can get that G[B] is k-linked.
And again by Theorem 2, we can get G is k-linked. In the following we assume
that |[Ng(S)| < 11k — 1. Let Ng(INg(S)) be the neighbor of Ng(S) in B. Then
for every vertex v of Ng(Ng(S)), there must be some vertex v’ of S such that
the distance dist(v,v’) = 2. We claim that |[Ng(Npg(S))| > 11k. In fact, if
INg(Np(S))| <11k — 1, then for any w € Ng(S), we have

d(w) < |S|+|Np(Np(5))| +|NB(S)| -1
10k —1+11k—1+11k -1
32k - 3.

Let w’ € A such that the distance dist(w,w') = 2. Then

d(w) + d(w') < 32k—-3+|Al-1+]|3]
32k -3+2k-1+4+10k -1
44k - 5,
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a contradiction to
d(w) +d(w') > n+2k—3>111k+9+2k -3 =113k + 6.

Hence |[Ng(Npg(S))| > 11k. We know that

d(G[B]) 2 [Ns(Np(S)I(n +2k — 3 — |A| —| S| +1 — [Ng(S)]).
Thus we have
d(G[B]) — 10k|B| > 11k(n + 2k — 3 — |A] —| S| +1 — |N(S)|) — 10k|B|
k(n + 22k — 22 — |A| —| S| — 11|Ng(S)])
k(n+22k —22 -2k +1—-10k +1 — 11(11k — 1))
k(n-111k -9)
O(n > 111k +9).
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That is d(G{B]) > 10k|B|. Hence we can get e(G[B]) > 5k|B|. By Theorem
I, we know that G[B)] is k-linked. And again by Theorem 2, we also can get G is

k-linked.
If G[A] is not a complete subgraph of G, we are still able to show that G is

k-linked.
In fact, since G[A] is not a complete subgraph of G, G[A] has non-adjacent

vertices and 05 (G[A]) > n+2k—3—2|5|. Sincen > 48k—1and |S| < 10k—1,
we have n > 16k + 3|S| + 2, that is n — 16k — 3|S| — 2 > 0. So we get

n—|S|

- > 0.
5 10k >0

n+2k—-1-2|5| -

Since |A| + |B| +|S| < n and |A| < |B|, we get |A| < 25/%l. Hence,
n+ 2k —1—2|S| —| A| — 10k > 0.
Therefore
03(G[A)) > n+2k -3 -2|S| > {A| + 10k — 2.
Similar to the previous proof, we can obtain that G[A] is 10k-connected, so
6(G[A]) > 10k. Hence e(G[A])) > 310k|A| = 5k|A|. By Theorem 1, we

know that G[A] is k-linked. And again by Theorem 2, we also get G is k-linked.
Combining Cases | and 2, we complete the proof of Theorem 6. [ ]
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