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Abstract: Let D be a finite and simple digraph with vertex set V(D) and
let f: V(D) — {-1,1} be a two-valued function. If ZrEN{, v f(z) 21 for

each v € V(D), where N [v] consists of v and all vertices of D from which
arcs go into v, then f is a signed dominating function on D. The sum
EveV( p) f(v) is called the weight of f. The signed domination number,
denoted by vs(D), of D is the minimum weight of a signed dominating
function on D.

In this work, we present different lower hounds on vg(D) for general
digraphs, show that these bounds are sharp, and give an improvement of a
known lower bound obtained by Karami in 2009 | H. Karami, S.M. Sheik-
holeslami, A. Khodkar, Lower bounds on the signed domination numbers
of directed graphs, Discrete Math. 309 (2009), 2567-2570]. Some of our
results are extensions of well-known properties of the signed domination
number of graphs.
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1 Introduction and terminology

The dominating theory has received considerable attention in recent years
for its strong applicability. The classical domination has been developed to
the signed vertex-domination [1, 2, 3, 4, 11, 13} and signed edge-domination
(5, 8, 9, 10]. Moreover, the graphs in which these concepts are considered
have been extended to digraphs [6, 7, 12]. In 1995, Dunbar et al. (3]
first introduced the concept of signed domination in graphs. Afterwards,
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Zelinka [12] transferred it to digraphs. In 2009, Karami et al. [6] presented
some lower bounds for signed domination number of digraphs in terms of
the order, the maximum degree and the chromatic number of a digraph.
In this work, we further study the lower bounds on signed domination
number of digraphs, present some new lower bounds on this parameter,
and show that these bounds are sharp. Moreover, we give an improvement
of a known lower bound obtained by Karami et al. in [6]. Some of our
results are extensions of well-known properties of the signed domination
number of graphs in [4, 6, 13].

Let G be be a finite and simple graph with vertex set V(G), and let
Ng|v] be the closed neighborhood of the vertex v consisting of v and all
vertices of G adjacent to v. A signed dominating function on G, proposed
in (3], is a function f : V(G) — {~1,1} such that 3  cn ) f(z) 2 1 for
all v € V(G). The sum 3°, .y (g f(z) is the weight of f. The minimum
of weights, taken over all signeé dominating functions on G, is called the
signed domination number of G, denoted by vs(G).

Let D be a finite simple digraph with vertex set V(D) and arc set
A(D). Let Vu(D) be the set of vertices of odd indegree in D and denote
|Vo(D)| = no(D) (if the digraph D is clear from the context, we write Vj
and ng instead of Vo(D) and ng(D), respectively). If D, is a subdigraph
of D, then e(D;) denotes the number of arcs in D;. If X C V(D) and
z € V(D), then we use e(X, z) to denote the number arcs from X to z. If
X and Y are two disjoint vertex sets of a digraph D, then e(X,Y) means
the number of arcs from X to Y. We use A~(D) (A*(D)) to denote the
maximum indegree (outdegree) of D and 6 (D) (6*(D)) to denote the
minimum indegree (outdegree) of D. Let Npj[v] be the set consisting of
v and all vertices of D from which arcs go into v. When no ambiguity
arises, we drop the index D of the notation. For a real-valued function
f: V(D) — R the weight of f is w(f) = ZvEV(D) f(v), and for SC V, we
define f(S) = >, s f(v), so w(f) = f(V(D)). For convenience, we denote
f(Np[v]) by flv].

A signed dominating function (abbreviated SDF) on a digraph D, pro-
posed by Zelinka [12], is a two-valued function f : V(D) — {-1,1} such
that flv] > 1 for every v € V(D). The minimum of weights w(f), taken
over all signed dominating functions f on D, is called the signed domi-
nation number of D, denoted by vs(D). A vys(D)-function is an SDF on
D of weight vs(D). According to this definition, one can easily obtain
vs(Cp) = n for any directed cycle C,, of order n.

The associated digraph D(G) of a graph G is the digraph obtained when
each edge e of G is replaced hy two oppositely oriented arcs with the same
ends as e. Since Np;[v] = Ng[v] for each vertex v € V(G) = V(D(G)),
the following useful observation is valid.
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Observation 1.1. If D(G) is the associated digraph of a graph G, then
15(D(G)) = 7s(G).

2 Main results

Throughout this paper, we define P = {v € V(D) | f(v) =1}, M ={v €
V(D) | f(v) = —1}, where f is a ys(D)-function on D, and let |P| = p,
|M| = m. Clearly, |V(D)|=p+m and ys(D)=p—m =|V(D)| - 2m =
2 — V(D).

Theorem 2.1. If D is a digraph of order n, then

vs(D) =22 [AT(D)-I +2—n.

Furthermore, this lower bound is sharp.

Proof. Let v € V(D) be a vertex of maximum indegree d~(v) = A~ (D),
and let f be a yg(D)-function. Assume first that f(v) = 1. Since f[v] > 1,
we deduce that e(P,v) > e(M,v), and then,

e(P,v) + e(M,v) _ A (D)
5 +1= ==

Hence, we have p > [A—;@] +1. This yields yg(D) = 2p—n > 2[9;2(21] +
2—mn.

Assume now that f(v) = —1. As f[v] > 1, we know e(P,v) > e(M,v) +
2. It follows that

p2e(Pv)+12 +1.

e(P,v) +e(M,v)+2 _ A—(D) +1

> >

and then, p > !-52@] + 1. This implies again that ys(D) > 2[5.}2)-] +
2—n.

In order to show the sharpness of this bound, we consider the digraph
D with V(D) = {v,v,vz,...,v2,} and A(D) = {v;u | j = 1,2,...,2r} U
{vzivzi..l b= 1,2,..,1‘} U {1)2,"02,-4.1 | 1= 1,2,..,7’}, where vor41 = v;. It
is easy to see that n = 2r + 1, d=(v) = 2r, d~(v;) = 0, d~(v2i—1) = 2
for i = 1,2,...,7. Since d~(v2;) = 0, then for any SDF f on D, we have
f(vas) =1for i =1,2,...,r and since f[v] > 1, at most r of the rest r + 1
vertices can be assigned to —1 . Define a signed dominating function f on
D as follows

f) =1, f(va) =1, f(vai-1) = -1, for i=1,2,...,7.

Obviously, f is a yg(D)-function on D. So ys(D) =1 = 2[5-2!—@] +2—~n
and the result follows. O
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Corollary 2.1. Let D be a digraph of order n. If D contains a vertez
of indegree k, then ys(D) > k+2 —n.

By using Observation 1.1 and Corollary 2.1, one can easily derive the
following result which was obtained by Haasa et al. in 2004.

Corollary 2.2. (Haasa et al. [4]) If G is a graph of order n and contains
a vertez of degree k, then ys(G) > k+2 —n.

The following theorem provides a lower bound on the signed domination
number of digraphs, which implies some well-known results on the signed
domination number of graphs as well as digraphs.

Theorem 2.2. Let D be a digraph of order n. Then

n(6*(D)+2 - AT(D)) + 2n
15(D) 2 =3 By 2+ AT (D)

Furthermore, this lower bound is sharp.
Proof. Let f be a ys(D)-function. Then for any vertex v € V5, we have
flv] = 2. It follows that

z fM:Zf[”}’*' Z flv} 2 2no+n —no =n+ny.

veV (D) veVp veV(D\Vo

In addition,

Lvevpy flV] = Ziev(py (@t (v) +1)f(v)

Toep(@t(@) +1) = 3 ey (dt(v) +1)
p(AT(D) + 1) —m(6*(D) + 1)

n(A*(D) + 1) — m(6*(D) + 2 + A+ (D)).

A

The above two inequality chains imply

m < nA“‘(D)—no
= §+(D) + 2+ AT (D)’

and hence, we obtain the desired bound as follows

n(6+(D) + 2 — A*(D)) + 2ng

1$(D) = n = 2m 2 e S T T AT(D)

Clearly, any directed cycle of order n achieves this bound. So this lower

bound is sharp. O
Corollary 2.3. Let D be a digraph of order n such that d*(v) = r for
allv e V(D). Then

n+no > n
r4+1 T r4+1°

15(D) 2




Corollary 2.4. Let D be an r-regular digraph of order n. If r is odd,
then on

r+1

vs(D) 2

Combining Observation 1.1 with Theorem 2.2 one can easily obtain the
following lower bound on vs(G) for any undirected graph G.

Corollary 2.5. (Zhang et al. [13]) If G is a graph of order n, maximum
degree A(G), minimum degree §(G) and no(G) is the number of vertices
of odd degree in G, then

n(8(G) +2 ~ A(G)) +2n0(G) | §(G)+2 - A(G) |
(G)+ 24+ A(G) =BG +2+A(G)

7s5(G) 2

Now we give another type of lower bound on yg(D) in terms of |V (D)|,
|A(D)|, 6*(D), A*(D) and no(D).
Theorem 2.3. Let D be a digraph of order n. Then

n(1 — A*(D)) + |A(D)] + non(l + 6+ (D)) — |A(D)| +n,
~s(D)2max { 1+ A+(D) " 1+6+(D) - } '

Furthermore, this lower bound is sharp.
Proof. Let f be a«ys(D)-function. Then following the proof of Theorem
2.2, we obtain

Lvevp) FV] = Xpep(@t(v) +1) = e p(dt (v) +1)
P—m+ 3 ,cpdt(v) =2 epd(v)

2p-n+23 ,epdt(v) v (pydt(v)

2p—n +ZveV(D) dt(v) =23 epmdt(v)

2p-n+23 ,epdt(v) —|AD)|

2p—n+|A(D)| -23 ,epmdt(v).

n 4+ No

A

This leads to
n+ng<2p-—-n+ 2pA"'(D) - |A(D)|

as well as
n+ng < 2p—n+|A(D)| - 2(n - p)é*t(D),
and thus on + |A(D)|
n + ng
% 2 =1 AT(D) (1)
and

- +
o> 2n — [A(D)| + ng + 2né (D).

2 T+5%(D) @)
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Using (1) and (2), we deduce that

n(1 — A+(D)) + JA(D)| + no
1+ A+ (D)

¥s(D)=2p—-n2

and

n(1+¢*(D)) — |A(D)| + o
1+ 6+(D) ’

and these imply the desired bound. Obviously, this bound is sharp for any
directed cycle of order n. O

Theorem 2.3 also implies Corollaries 2.3 and 2.4. The following theorem
provides a new type of lower bound for the signed domination number of
digraphs, which implies the result in (6] immediately and improves it in
some cases.

Theorem 2.4. Let D be digraph of order n with outdegree sequence
df > d¥ > .. > df and let A be the smallest positive integer for which
Yae1 8 = hag1 i = 2(n=A)+ng. Thenvs(D) > 2A—n. Furthermore,
this lower bound is sharp.

Proof. Let f be a yg(D)-function. Following the proof of Theorem 2.2,
we obtain

¥s(D) =2p—n 2>

n+ng p—m+ ZveP dt (‘U) — szM a* (‘U)

<
< 2p-n+3 i df =Yk a4

Thus 3°7_, df — 3°%_ 11 df > 2(n—p)+no. By the assumption on X, we
deduce that p > A, which implies vs(D) =2p —n 22X —n.

To see the sharpness of this bound, we consider the digraph D with
V(D) = {v1,v2,v3,v} and A(D) = {v1v, v2v,v3v}. It is easy to check that
for this digraph, n = 4, np = 1, A = 3 and vys(D) = 2. So the proof of
Theorem 2.4 is complete. O

Corollary 2.6. (Karami et al. [6]) Let D be a digraph of order n with
outdegree sequence df > dF > ... > d and let u be the smallest positive
integer for which Y %_, di ) d} > 2(n—p). Thenys(D) > 2u—n.

Note that Corollary 2.6 is sharp for ng = 0. However, for ng # 0, the
lower bound in Theorem 2.4 is better than Corollary 2.6. See the following
example.

Ezample. Let D be an r-regular digraph with order n such that r is
odd and n > 2r + 2. Then we can see that ng = n, the parameter A in
Theorem 2.4 equals [32£22] and the parameter p in Corollary 2.6 is equal

2r+2
to [%’;‘%1 Since n > 2r +2, we have A = [37"’,'?21] > [%] +i=p+1,

022 —-n2>2u—n+2.
The next two theorems provide two sharp lower bounds for the signed
domination number of a digraph D depending on its order and a parameter
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A, which is determined on the basis of the outdegree sequence as well as
indegree sequence of D.

Theorem 2.5. Let D be a digraph of order n with indegree sequence
d; > d; > .. 2 d; and outdegree sequence d}, < d} < .. < df . Then
7S(D) >n— 2/\ where A 2> 0 is the largest integer such that

S(o-[3)5l5]

Furthermore, this lower bound is sharp.
Proof. Let f be a ys(D)-function. The condition f[v] > 1 implies that
e(P,v) 2 e(M,v) for v € P and e(P,v) > e(M,v) + 2 for v € M. Thus we

obtain d~(v) = e(P,v) + e(M,v) > 2¢(M,v) and so e(M,v) < Ld—-z(—"lj for
each vertex v € P. It follows that

e(M,P)=Y eMuv)< Y ld (”)J < }: [dT:J < (n-m) l-A—_z(—D—)J.

veP veP k=1
(3)

In addition, d~(v) = e(P,v) + e(M,v) > 2¢(M,v) + 2 and thus e(M,v) <
[g%ﬂj — 1 for each vertex v € M. So we have

wou)= s 3 (1542 0) s (| 1)

veEM veM
which implies that

e(M,P) = Y ,epdt(v)—e(D(M))
Y1 45, Ekl(['J 1) (4)
> m6+(D)—m(l—é—lJ—1)-

v

Inequalities (3) and (4) lead to

Sa-sl)-Els

ma*(0)-m( S5 ) <m-m) | 2] @)

By the assumption on A, we know from (5) that m < A, and then,
vs(D) = n — 2m 2 n — 2\. Clearly, this bound is sharp for any directed
cycle of order n. O

and
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From (6), we have m < %_(:D%, so the following result holds.

Corollary 2.7. If D is a digraph of order n, then

14 6+(D) —2|22
7s(D) 2 1+5+([L)) L

Counting the arcs from P to M, we obtain the next theorem analogously
to the proof of Theorem 2.5.

Theorem 2.6. Let D be a digraph of order n with indegree sequence
d;, < d; < .. <d] and outdegree sequence df, > d}f, > ... > d} . Then

) —

vs(D) > n-— 2/\ where A > 0 is the largest znteger such that

(%) =5 (=-%])

Furthermore, this lower bound is sharp.
Corollary 2.8. If D is a digraph of order n, then

1~ A+(D) + 2[&EN

vs(D) 2 T+ AT (D)
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