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ABSTRACT. In this paper, we derive some identities involving Genoc-
chi polynomials and numbers. These identities follow by evaluating
a certain integral in various ways. Also, we express the product of
two Genocchi polynomials as a linear combination of Bernoulli poly-
nomials.

1. INTRODUCTION
The Genocchi polynomials are defined by the generating function to he
(1.1) e‘ n 1 = ,;, ——., (see [1-10])

When z =0, G, = G, (0)are called the Genocchi numbers. From (1.1),
we note that

(1.2) Z%G @ (et+1) (ZGI ) (;)_m_”"t,.)
“£E 0

Thus, by comparing the coeflicients on both sides of (1.2), we get

(1.3) Gn (z) = Zn: ('l‘) Gz,

1=0
From (1.1), we can also derive the following recurrence relation related
to Genocchi numbers:

(14  Go=0, (G+1)"+Cn=GCn()+Cn=251, (n21),

with the usual convention about replacing G® by G,,. The first few of them
are 0,1,—1,0,---, and Gogy1 =0, for k=1,2,3,-.- . It is well known that
the Bernoulli polynomials are given by the generating function to be

—ZB (:c) -, (see[d, 12])

n=0

(1.5)
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When = = 0, B, = B, (0) are called the Bernoulli numbers. By (1.1)
and (1.5), we easily get

2t 2t
(1.6) Ec ==
n=0
n
-3 (2 (3)-2) %
!
n=0
Thus, by (1.6), we have
G, =2" (Bn (%) —B,,) =2(1-2")B,, (n=>0).
From (1.1), we can derive the following equation:
-2t
—(l—z)t
(1.7) ZG (:z =
n
= Z NG (1 -x) t'
n=0 7.

Thus, by comparing the coefficients on both sides of (1.8),
(1.8) Gn(z)=(-1)"""'G,(1-2), (n>0).
By (1.3), we see that
(1.9) %Gn () =n(C+z)" ' =nGn_y (z), (n>1).
Thus, from (1.9), we have

(1.10) /G dx—n+1/d Gny1 (2)dz
2Gn+l

7 (Grnr (1) = ) = =274

The gamma and beta functions are defined by the following definite
integrals (a > 0,8 > 0):

(neN).

1.11 ['(a)= - —tpa-lgy

(1.11) (@)= [ et

and

(1.12) 13(a,,r3)=/1 11—t dt
(1]

tu—-l

- /:o T (see[10-21]).



Thus, by (1.11) and (1.12), we get

L' ()T (8)
. r 1) =al B ==t
(1.13) (a+1)=0al(a), (e, B) T(atf)
In this paper, we derive some identities involving Genocchi polynomials
and numbers. These identities follow by evaluating a certain integral in

various ways. Also, we express the product of two Genocchi polynomials
as a linear combination of Bernoulli polynomials.

2. IDENTITIES INVOLVING GENOCCHI POLYNOMIALS AND NUMBERS

From (1.3), we note that
1
n
( l)Gn_z () /0 y"tdy

()22

1
(2.1) /0 4G (z +y) dy =

M- IM-

!

[l
©

By (1.8), we get
(2.2)

1 1
/o y"Gn (z+y)dy = (—1)"“/0 Y'Ga(1-(z+y))dy
n—1 = n ! n {
=G () [ a-u'ay
=0 0
= Z (7) (-1)'Gui(1+z)B(n+1,1+1)
3 i m) 1y Casi(1+2) n+0\"}
- ! n+il+1 !
Therefore, by (2.1) and (2.2), we obtain the following theorem.

Theorem 1. For n > 1, we have

= (D)Cn-t(z) & t Gat(1+2) (7)
; In+l+1 _g(_l) n+l+1 ("}')‘
In particular, x = 0,
>t -y S A
n+l+1 n+l+1("+‘)

l=
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For n € N with n > 3, from (1.9), we have
1
I N L

1
_G"(z’l‘l) __n /y"“Gn_l(:v-i-y)dy

n+1 n+1Jo
_Gn(z+1) Gnoi(z+1) n
T on+1 n+1 n+2
-1 1
+(—1)2——n—(u Yy 2Gn oz (z +y)dy

_Ga(z+1) nGn-i(z+1) (-1)? n(n—1)Gn_2(z+1)
T on+1 (n+1)(n+2) n+1)(n+2)(n+3)

(-1)’n(n-1)(n-2) [ ,
(n+1)(n+2)(n+3) Y" G-z (z+y) dy.

Continuing this process, we have

(2.4) / n(T+y)dy

:1:+1 +"Zln (n—-1)-
=2

-1
~(n—1+2)(C1) Gnot+1(1+ 1)

n+1 r+1)(n+2)---(n+1)
et nn—1).. 1 -
HEDT S +1)(n+2)---(2n—1)/0 y"IG (z +y)dy

G Ga(z+1) = n(n—-1)---(n—1+2) —
Tn4l Z(n+l)(n+2) (n+l)(_1) 'Goois1 (1 +17)

n!
(n+1)(n+2)---2n

_Gn(z+1) n-1 n(n—1)---(n—1+2) .
== Z;(n+1)(n+2)---(n+l)(_1) 'Gnot41 (1 +3)

-1
+ (=1 (2")
n
Therefore, by (2.1) and (2.4), we obtain the following theorem.
Theorem 2. For n € N with n > 3, we have

+(-1)""!

(1) Gn-i1 (=)
Z n+l+1
Gapi(@+1) | B D) Gaapi (1 +2) ac1 1
"—+n_+1—+l§ l(n;!) Aot POV
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From (1.8), we have G, = (-1)""' G, (1). Taking z = 0, from Theorem
2, we obtain the following corollary.

Corollary 3. Forn > 3, we have

n (n Gn-—
merile

=Gn41 Ga-i+1 1
LR T

For n € N, we observe that

(2.6)
1
/0 Y"Ga(z+y)dy
G 1
= n+T:_(:1+ 1) _HII/ yn—IGn+1 (:r+y)dy
0
Gn+1(.’13+1)_ n /1 nel_q\n
© n+l ax1 ), ¥V N Can (- (z+y)dy
Gn+l($+1) ntl n+ . 1 B
= n+1 - n+1 s l Gr1-1(—2) (-1) / (1 ) dy
Gns1(z+1) n = 1 n+1 .
B n+1 —n+1§ l Gry1-1 (—z) (-1)" B (n,l +1)
_Gpgi(z+1) 1 3=
B n+1 n+1 Z (n+l) (-1)" Gng1-1(~2)
1=0 \ !
_Grsi(z+1) 1 KO, Ly
T n+l n+1 (n;H) (-1) Gnp1~1(1 +2).

Therefore, by (2.2) and (2.6), we obtain the following theorem.

Theorem 4. Forn € N, we have
fe. Lz +1 1 n+1 n+1 .
"+ni1 ) _ — Z(w Grt1-t(1+72) (1)

+i n—lx‘*'l) ()

n+l+l (";‘")'

{=0
In particular, for x =0,

(G _ 1L §-CD)g |y~ Gnt ()
- )G ,
n+1 n+14& (") “n+l+1("H)
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Now, we ohserve that

1
(2.7) /0 G (2) G (z) dz

()G,( 1"‘“2( ) / 2" (1—x)™ Fde

puqs

k=0
=ii( )(TZ) (-—1)'"_]G[GkB(n—l+1,m—k+1)
=0 k=0
=\ — m m— F(n—-l+1)I'(m—-k+1)
=2 k;( )(k)(_l) By oy
R I I GiGx
_Zkgo (rrmolk (=1 1n+m—l—k+l‘
For m,n € N with m,n > 2, we have
(2.8)
1 1
| 6m@6n(@)de = - |} G (@) G ()
_‘ 1
= (1 e [ Gt (0) G () =
= (-1)™"! (n+(2)——1) / Crimoi (z)Gi (z) dz

m-—1
=~y G

n

Therefore, by (2.7) and (2.8), we obtain the following theorem.

Theorem 5. For m,n € N with n,m > 2, we have

_ n+m GGk
Gn+m—__( )ZZ n+m—l k)n+m_l_k+1

=_l(n+m)ii( )(k) l:frlk (lik)

From (1.1), we have

(2.9)
3 Gn Gm t‘m n
m;w (Gm (z) n:l. (lx) + m+-*1. (lx) G, (w)) o %

d ( gelstt)= (s+t)x
(

= _____) P S S—
dz \ (et +1)(e*+1) (et +1)(e*+1)



S +t e(’“)z 4— 4 _ 4
estt —1 e+l e +1
B (s+1t) Gt tT S Gryr 87
‘(;B‘(’”) 1 4 2rz=;'r+1r! 2§r+1r!
i st o~ Gorya 1 2r 41 | 2r+1
_.‘T) (’22, CEDICT AR

oo G2r 2
=2 (_2;(2r+2)(zr+1)!

m,n=0
mlitms™ n'Bm+n—2r—l (IE) M
(Bm_zr_l"'" (=) (m=2r=1nlm! * (n-2r - 1)'1‘n"r1,| t

Z ( ZZ ;TSB"“”"“" (=) ((2;1 1) + (2:» 1))) %"'_*:;

m,n=0

By comparing the coefficients on the both sides of (2.9), we obtain the
following thoerem.

Theorem 6. For m,n € N, we have

G (@) Sox1lD) | Gmit ) ()

G2r+2 m n
Z 2r+2B'"‘2T"+" (@) ((2r+ 1) + (2r+ 1)) '

Il
P
e
o]
3
+
-]
O
E
s

Note that
(2.10)
‘_l _C",,,+l_(2l3) Q".-i-l (l)) ¢ "+l ( ) "'+1 (Z)
da( m+1 w1 G (@) = n+1 m+1 Gn (=)

Gars2 m n
2—/ 5r 4 3 Dm-r=i+n (2) ((21‘ + 1) + (21»+ 1)) )

r=0

Thus, by (2.10), we get
Gm+l (‘T) Gn+1 (l‘)
m+ 1 n+1
_ G2r+2 Brmin—2r (:L’) m n
- r_02'r+2 man—2r \\2r+1) T\or+1 +C

where C is some constant.
By (2.8) and (2.11), we get

Gm41(z) Gy (z)
(2.12) c= / ztl D) 2t 1) g

(2.11)




( 1)m+1
Tntmt2y —mmay Cntm+2
n+1
1

*mFD(m+1)
Therefore, by (2.11) and (2.12), we obtain the following theorem.

Theorem 7. For m,n € N with m + n > 2, we have

Gm+1(z) Gryr (T)
m + 1 n+1

G2r4+2 Bmin—2r (:B) m n
ZZ:27'+2 m+n-—2r 2r+1 + 2r+1

2(=1)"*1Gpym42
(n+m+2)(n+m+1) (")
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