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Abstract

For given a graph H, a graphic sequence # = (d,dz, --,dn) is
said to be potentially H-graphic if there exists a realization of =
containing H as a subgraph. Let K,.,; ~ C; be the graph obtained
from K, by removing the k edges of a k-cycle. In this paper,
we first characterize potentially A,41 — Cx(3 < k < r + 1)-graphic
sequences which is analogous to Yin et.al characterization [19] using
a system of inequalities. Then we obtain a sufficient and necessary
condition for a graphic sequence 7 to have a realization containing
K41 — Ci as an induced subhgraph.
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1 Introduction

We consider finite simple graphs. Any undefined notation follows that
of Bondy and Murty [1]. The set of all non-increasing nonnegative integer
sequence 7 = (di,ds,- -, dy) is denoted by NS,,. A sequence 7 € NS, is
said to be graphic if it is the degree sequence of a simple graph G of order n;
such a graph G is called a realization of w. The set of all graphic sequences

*Research is Supported by NSF of China(11401290) .

ARS COMBINATORIA 121(2015), pp. 89-96



in NS, is denoted by GS,,. A graphic sequence = is potentially H-graphic
if there is a realization of = containing H as a subgraph. Let Ci and P;
denote a cycle on k vertices and a path on k + 1 vertices, respectively. Let
G — H denote the graph obtained from G by removing the edges set E(H)
where H is a subgraph of G. In the degree sequence, r* means r repeats
t times, that is, in the realization of the sequence there are t vertices of
degree 7.

In the research of degree sequences, an important question is to char-
acterize the potentially G-graphic sequences without zero terms, where G
is a simple graph. Erdds and Gallai[3] gave a characterization for 7 to be
graphic. Rao [14] and Kézdy and Lehel [10] independently gave a char-
acterization for a sequence 7 to be potentially K,;;-graphic. Lai and Hu
in [12] proposed the following question: Characterizing K, — H-graphic
sequences for the graph H C K,4; and H # K,4;. For K,y — H =
Ck, Luo [13] characterized the potentially Ci-graphic sequences for each
k = 3,4,5. Chen [2] characterized the potentially Cg-graphic sequences. If
7 =(d1,ds, -+ ,dn) € GSy, has a realization G with the vertex set V(G) =
{v1,v2,-+-,v,} such that dg(v;) = d; for 1 < i < n and vvz--- vy
is a cycle of length 7 in G, then 7 is said to be potentially C}-graphic.
Recently, Yin[16] characterized the potentially C;'-graphic sequences. Let
7 > 3 and S(r) be the set of all circular arrangements of 1,2,---,7. Let
o = iyig---ip € S(r) and © = (d1,dz, -,dn) be a graphic sequence with
n > r. If 7 has a realization G with vertex set V(G) = {1,2,---,n} such
that dg(i) = d; for 1 < i < n and iyia---i,%; is a cycle of length r in G,
then 7 is said to be potentially C%-graphic. Yin and Wang[17] character-
ized the potentially C*-graphic sequences for each o € S(r). An extremal
problem on potentially Ci-graphic sequences was investigated by Lai [11].

For the case H = Ci(k 2> 3), Yin et.al[18-19] characterized the poten-
tially K¢ — C3 and K, — Cs-graphic sequences. Hu and Lai[6-9] charac-
terized the potentially K5 — C3, K5 — Cy, K¢ — C4 and Kg — Cg-graphic
sequences. Xu and Lai[15] characterized the potentially K¢ —Cs-graphic se-
quences. In this paper, we first characterize potentially A, —Cr(3 < k <
r + 1)-graphic sequences which is analogous to Yin et.al characterization
[19] using a system of inequalities. Then we obtain a sufficient and nec-
essary condition for a graphic sequence 7 to have a realization containing
K, .1 — Cx as an induced subgraph.
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2 Preparations

The following definitions will be useful for us to prove our main theorems.

If # = (dy,dz2,---.d,) € GS, has a realization G with the vertex
set V(G) = {vj,va.-+-,vn} such that dg(v;) = d; for 1 < ¢ < n and
GH{vr.va.o o v} = Kry1 —Ci(3 < k < r+1) such that dg,, ¢, (vi) =
rfor1<i<r4l-kanddy,_ —¢c,(vi)=r—-2forr+2-k<i<r+1,
then 7 is said to be potentially A,y; — Ci-graphic. For given graph-
s Hy,Ha.---, H,. 7 is said to be potentially {H,, Hs,---, Hy}-graphic if
there is a realization of @ containing one of Hy, Ha, -+, Hy, as a subgraph.
Let H he a simple graph. We say that H satisfies the odd-cycle condition if
between any (wo disjoint odd cycles there is an edge. We need the following
results.

Theorem 2.1 [5] If ©# = (d;.da,--+,d,) is a graphic sequence with a
realization &G containing H as a subgraph, then there exists a realization G’
of m contaiuing H as a subgraph so that the vertices of H have the largest
degrees of .

Theorem 2.2 [4] Assume that H = (V(H), E(H)) satisfies the odd-
cycle coudition, where V(H) = {vy,vs,---,v,}. There exists a subgraph
G C Hsuch that every vertex v; has degree d;, if and only if

(1) i d; is even,

i=1

(2) f:r every A, 3 C V(H) such that AN B =0, we have

2: di <] {(vo0;): viv; € E(H),v; € Av; € V(H)\ B} | + Z: d;
€A uw,€B

n
Theorem 2.3 [3] Let m = (dy,dp,- - ,d,) € NS,,, where Y d; is even.
i=1
Then 7 is graphic if and only if

1 n
Yodi<tt—1)+ > min{t,di}
i=1 i=t+1

for each 1.1 <1 < n.

Lemma 2.4 [19] If 7 = (d,.ds,---,d,) has a realization containing
H as an induced subgraph so that the vertices of H have the largest de-
grees of 7, then there exists a realization G of m with the vertex set V(G) =
{vr,va, -+, e b such that dg(v;) = d; for 1 < i < n, G[{vy, vz, - - vt =
H and dy(ey) > dy(ve) > -+ 2 dg (o ay)-
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3 Main Theorems

Theorem 3.1 Let n>r+1,3<k<r+1,n=(d),ds,---.dn) € GS,
with dep.r = 7 and d,.4; > 7 —2. Then 7 is potentially A, ; —Cg-graphic
if and only if

» 1‘»|-l'~l\'+q s+r+1
Si=r)+ D (di=r+2)+ Y di<s(s—1)+2p+g)s
i=1 pzrb2—h i=r+2
r+l-k
+ Z min{s,d; —r}
i=p+1
r+1
+ Z min{s,d; —r+2}
i=r4+2—k+q

n
+ Z min{p + ¢ + s,d;}
i=str42
forany p.g md 5. 0< p<r+1-4k 0<¢g<kand0<s<n-r-1.
Proof: First we prove the necessity. Assume that 7 = (d;,ds,--+,d,) €
GS,, satislies the conditions of Theorem 3.1, and, G is a realization of 7
with the vertex set V(G) = {v1,ve,--+,v} such that dg(v;) = d; for
i=1,2,---.nand Gl{vy,v2, -+, Vrs1}] = Kry1—Ck so that vy 12 _kVr i3k,
UpgsadUy pd tie UpUpgy a0 Upy Uppo—k € BE(G). For0<p <r+1—k,
0<g<hamd0<s<n-—r—1denote P= {v; | 1 < i < p},
P={vi|p+1<i<r+1-k},Q={vi|r+2-k<i<r+1-k+gq},
Q ={vi|r+2-k+q<i<r+1},S={v; | r+2<i<s+r+1}, S = {vi |
s+ 7+ 2 <i < n}. The removal of the edges induced by {vy,ve, -+, vr41}
results in a graph G’ in which all degrees in {vy, v, -, Ur41-k} are reduced
by » and all degrees in {vy39_g.---.vr41} are reduced by r — 2. Hence,

P r+i1-ktq s+r+l
m=Y (d, =r)t Y (di-r+2)+ > di—(s(s = 1) +2(p+q)s)
i=1 izzr 42—k i=r42

is the minimun number of edges of G’ with exactly one endvertex in P U
QUS and

ra -k 1 n
M= X mn{s.d;—r}+ }_: min{s,d;—r+2}+ Z min{p+q+s,d;’
im=pil i=r42-k+q i=s+r+2
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is the maximum number of edges of G’ with exactly one endvertex in P’ U
Q'US’. Thus, m < M is true.

Now we prove the sufficiency. Let n > r+ 1 and 7 = (d,d2,---,d,) €
GS, withd, yx 2 v, dpyy 2 7-2. Let o’ = (d},dy, - ,d. L) 11 lrpo_ i s
dryiodyyy--.d))) wheredi =d; —rfor 1<i<r+1-k,di=di—r+2
forr+2--k<i<r+landd, =d; forr+2<i<n. Let H be the graph
obtained from N, with the vertex set V(K,) = {v;,v2,---,v,} hy deleting
all edges between ¢; and vy for any i,5 € {1,---,7 + 1}. It is easy to see
that 7 is potentially A, — Ci-graphic if and only if H has a subgraph G
with the degree sequence 7' such that every vertex v; has degree d!. Notice
that H satislies the odd-cycle condition, we may use Theorem 2.2.

Let 1Y = {l’] RIS ,‘U,..H_;,-}, T = {vr+2_k, ey v,..,.]} and A,B C
V(H) such that ANB = (. Let Ay = ANT}, Ay = ANTy, Az = A\{T\UTy},
By =BNTy. By = BNT, By = B\{T1 UT;} and set p = |A;[, ¢ = |A4,],
s = |Az|. by -z |B)]. by = | Ba|, by = | B;|. For simplicity, we denote

r r+l1—k+g s+r+l
Kpg.s) =) (di-r)+ Y (d-r+2)+ Y d;
=] i=r42—-k i=r+2
r+l—k
Lip.g.s) = s(s—1)+2(p+q)s + Z min{s,d; —r}
i=p+1
r+1
+ Z min{s,d; —r + 2}
i=r4+2-k+q
+ Y min{p+q+s,di}
t=s+r+2
K'(AB) - Y di= " (di—7)+ Yo (di-T+2)+ ) di
" eA v, €A, v;€EA2 v, €A
LA B) = [{(0i,05) : viv; € E(H),v; € A,v; € V(H\B}|+ ) d

v,EB
= {(vicvy) s viv; € E(H),v; € A,v; € V(H) \ B}|

Y (di=n)+ Y (di—r+2)+ Y d

", € B, v,EB, v,€By
Clearly, N'(A. B) < KN(p,q,s) and

H(eis ) s vie, ¢ K(H). v, € Alv, € V(H)\B}|
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= 2(p+q)s+s(s—1)+s(r+1—k—p—b;)+s(k—g—b2)+(p+q+s)(n—(r+1)~s—bs)
T+1—k—b] "+l—b2 ﬂ—b;;

=2(p+q)sts(s—1)+ D st 3. s+ 3 (p+a+s)

i=p+1 i=r42—k+q  i=stre2

Thus,

r+1-k—-b; r+1-b2 n—bs
L'(A,B) =2(p+q)s+s(s—=1)+ > s+ 3. s+ > (p+g+s)

i=p+1 i=r+2—k+q i=g+r+2

+ ) (di—r)+ D (di—r+2+ Y ds

v, €8 v, €B2 v;€8B3
r+1-k—by r+1—by n—bs

> 2(p+q)s+s(s—1)+ Z s+ Z s+ Z (p+q+s)

i=p+1 i=r+2—-k+4q i=s+r+2
r+1-k r+1

+ Y -+ Y (di-r+2)+ Z d;

i=r4+2-k-b; i=r+2-by i=n+l-by

r4l1=k r+1

> 2p+q)s+s(g-1)+ D min{s,di—r}+ > min{s,d;—r+2}
i=p+1 i=r+2—k+q

n
+ Z min{p +q + s,d;}
i=s+r+2

= L(p,q,s)

Since K(p,q,s) < L(p, g, s), we have K'(A, B) < L'(A, B). By Theorem
2.2, H has a subgraph G with the degree sequence 7’ such that every vertex
v; has degree d.

This completes the proof.

Theorem 3.2 Letn > r+1,3<k<r+1,7 ={dy,ds, --,d,) € GS,
with dy41-x > 7 and dy41 > 7 — 2. If 7 is not potentially {Kr41, Kry1 ~
H(H C C) and H # Cy)}-graphic, then 7 is potentially K, — Cx-graphic
if and only if 7 is potentially A,;; — Cix-graphic.

Proof: Clearly, we only need to show that if 7 is potentially K1 —Ck-
graphic, then 7 is potentially A,4+; — Ck-graphic. This is the immediate
consequence of Theorem 2.1 and Lemma 2.4.
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