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Abstract. For a graph G, the Hosoya index is defined as the total number
of its matchings. A generalized §—graph 6(ry, 72, - ,7,) consists of a pair
of end vertices joined by & internally disjoint paths of lengths ry + 1,72 +
1,---,7+ 1. Let @ﬁ denote the set of generalized §—graphs with & > 4.
In this paper, we obtain the smallest and the largest Hosoya index of the
generalized §—graph in ©F, respectively. At the same time, we characterize
the corresponding extremal graphs.
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1. Introduction

All graphs considered in this paper are finite, undirected and simple.
Let G = (V,E) be a graph on n vertices. Two edges of G are said to
be independent if they are not adjacent in G. A k—matching of G is a
set of k£ mutually independent edges. Denote by Z(G, k) the number of
k—matchings of G. For convenience, we regard the empty edge set as a
matching. Then Z(G,0) = 1 for any graph G. The Hosoya indez, denoted
by z(G), is defined to be the total number of matchings, namely,

1)
Z(G) = _ Z(G,k).
k=0
The Hosoya index was introduced by Hosoya [1] in 1971, and it turned
out to be applicable to several questions of molecular chemistry. For ex-
ample, the connections with physico-chemical properties such as boiling
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point, entropy or heat of vaporization are well studied. Especially, be-
cause of its important application to chemistry and physics, graphs with
extremal Hosoya index are studied by numerous scholars. Now the re-
search on Hosoya index mainly focuses on graphs with pendent vertices,
e.g., trees, unicyclic graphs, bicyclic graphs and tricyclic graphs; see[2-11].
On the other hand, only a few papers reported the progress on Hosoya
index of graphs without pendent vertices. In [12], Alameddine determined
the sharp bounds for Hosoya index of a maximal outer planar graph. Gut-
man (13], Zhang and Tian [14] studied the Hosoya indices of hexagonal
chains and catacondensed systems, respectively. Ren and Zhang [15] deter-
mined the minimal Hosoya index of double hexagonal chains. L. Tan and
Z. Zhu [16] determined the sharp bounds for Hosoya index of §—graphs.
Here we continue this line of research by investigating sharp upper and
lower bounds of so called generalized §—graphs.
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Figure 1: 8(ry,79,-++ ,7%)
A generalized 8—graph 0(r1, 72, -+ ,7x) consists of a pair of end vertices

joined by k internally disjoint paths of lengths 7y + 1,79+ 1, -+ ,7x + 1(see
Fig.1). Since the case of k£ = 3 has been discussed in [16], in this paper, we
only consider the case of k > 4. We denote the set of n—vertex generalized
6—graphs with k > 4 by ©F, that is, ©% = {8(r1,r2, -+ ,7) : 71 + 72 +
et rg=n—271 < <--- <,k 24}

In order to present our results, we introduce some notations and ter-
minologies. For other undefined notations we refer to Bollobds [17]. If
W C V(G), we denote by G — W the subgraph of G obtained by deleting
the vertices of W and the edges incident with them. Similarly, if E C E(G),
we denote by G — E the subgraph of G obtained by deleting the edges of E.
If W = {v} and E = {zy}, we write G — v and G — zy instead of G — {v}
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and G — {zy}, respectively. We denote by P,,C,, the path, the cycle on n
vertices, respectively. Let N(v) = {u|uv € E(G)}, N[v] = N(v) U {v}.
Denote by F, the nth Fibonacci number. Recall that F, = F,—1 +
F,_, with initial conditions Fj = 1 and F} = 1. Then 2(P,) =
For convenience, we let F,, = 0 for n < 0. Note that Fj,4;m = FrFpm +
Fo_1Fpn-1.
The following Lemma will be used in the proof of our main results
repeatedly.

Lemma 1.1 ([13]). Let G = (V, E) be a graph.

(i) If uv € E(G), then 2(G) = 2(G — wv) + 2(G — {u,v});
(ii) Ifve V(G), then 2(G) = 2(G — v) + L e n(w) 2(C — {u,v});
(iii) If G1,Ga,...,G, are the components of the graph G, then z(G) =
IT5=1 2(Gy)-

2. Graphs in ©f with minimal Hosoya index

We first consider the lower bound of generalized §—graph in ©F with
respect to the Hosoya index. Let

To = 6(r1,ra, 1) — {wv),-- ,uvk 1},
Tl = 0(7.1)7.2)"' 1Tk)_{u1v:1}7
I, = 9(7'1’7'2""37'16)—{“”:11" y U :-:_1} {’U,, r} i=2 k=1

Obviously, T; = 0(ry,r2,- -+ ,7%) — {u,v},} fori=1,--- ,k— 1. By Lemma
1.1 (i, iii), we have

2(0(r1,72, k)
= 2(6(r1,72,+ ,Tk) — uv} )+ 2(9(7'1,7'2, e TE) — {u,v,l.l})
= z(0(r1,r2, k) — {uv l,uvr })+

2(0(r1, 72, - ’Tk) - {u v }) + 2(6(r1,72, - yTk) — {u)vrl’l })
= 2(0(r1,72, - i) — {uv} Uy, U ,2, . ,uvfk'l, )+

2(0(r1,72, - yTk) — {uvrl,--- ,uv,. } {u, 'u,_k_ H+-

+2(0(r1,72,+ -, k) — uvp, = {u,v3,}) + 2(8(ry, 2, - k) — {u, v })

k-1

= Y «m), (2:)

i=0
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where

z(To)
2(To—v) + Z 2(To — {v,z})

z€N(v)
2(PyU---UP, _UPr 1)+ 2(Pry,1UP,U---UP,_ UP,4)
+z(Pry UP,_yUP,U---UP,_ UP, 1)+ -+
2(PyUP,U---UP,__1UP, 1) +2(PU---UP,_ UP,)
Fr - Fr [Frpi+FyaFryo o Fry(Front+
FoFpaFrg - Fo Fron+ -+
FoFoyo o B i aFron + B oo Fry L Fr,
z(T1)
FroaFr - F + FyoFpy - B + o Frp i Fry - - Frp +
FraF Py Fryo P+ + By By - FryFrm
z(Tz2)
FoFry 1\ Fry B+ Foy 1 Fry 1 Fry -+ Frk + Fp FryoFry - Fr +
FrlFrz—lFrg—l Frk +- +Fr1Fr2 lFrg * r;, 1y

2(T-1)

FoFr---F 2 Fo + Fo aFy - Fry 1 F,

+Fp Frp— lFrs"'Frk 1P+ B By By oFr +
FoFry - Fop_ 1 Fr 1. (2:2)

Lemma 2.1. Let 8(ry,72,--+ ,7%) € OF with ry > 1, then

2(0(7‘1,1‘2, to )Tk)) > 2(0(1,7‘2, ey T TE— 1))

Proof. Let
Ts = 6Q,re,--, 11 +1—1)— {uv,‘, . uvf:_ll ,
Ti 01,72, ,r1+ 7k — 1) = {u,v5, },

1

T = 0(1,r2,-~-,r1+'rk—1)—{'wu,§l,--, vy, :} {u'vﬂ}

i=2,--- k-1
By Lemma 1.1, we have
k-1
2(0(1,7‘2,'“ yT1+ Tk _1)) = EZ(T;I), (2'3)
=0
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where

By (2.

2(Tp)

Fopoo By Fropre + Fry o B Frpg + From1 Fry o By Fry

Fove ot Fry o Fry 1oty + Fry o Py, Fryprget

«(T))

Frz"'Frk-xFr1+rk—1+FV‘2—1F"’3 F"k 1F1+1‘k 1+

FoyFry1Fry- Foy \Frygrac1 - Fry o Foy_\Fritmmz

(1Y)

2P Fry o Fryprem1 H FrgoFoy o Fripr—n + Frpm1 Frgmr o Frygra
+Fp1Fry o Frp a Frigre1 + Frg 1 Fry oo By Frygr—2

2(Tg-1)

2Fv‘z e F"'k—ZFrk—l‘lFTx'l-Tk-l + Frz—lFra ce Frk_zFTk_x—lF‘r‘l-!-rk—l
+oot By By Fy P+ Fry o P Fy —2F r a1
+Fry o Fr g Fro =1 Fr gn—2 (2.4)

2) and (2.4), we have

z(To) — z(Tp)

Fo--F,_ l(Frl Fos1—Fopsr) + Fryoo B (Foy Frp1 — Fryge) +
{From1Fry o P (Fry Frpg1 = Frygr,) 4+ 4

F,-- Frk_,_l(F,.l Frs1—Foir)} +Fry oo Fro ((Fry Fry1 = Frogrg—1)
Foyor o By ((Fry—2Fry—y — Fry2Fr + Fr oF 22) +

{Fry=1Fry - Frp  FryoFp1 + ----l-F,n2 coiFp  1Fr_2Fp1}
FryoaFpy oo Fry (Fry9Fr g+ -+ Fpy-- Fr | 1 Fp _oFp 1

2(Th) - 2(Ty)

—(Frg-1Fry - Fry_Fri9Fr 1+ +Fpy- Fr_ 1\ Frm2Fy 1)
2(Tz) - 2(T3)

FopoaFry o Fr ((Fr Fyp = Fritr—1 + Fry o1 Fry = Fryprg=1 + Fry Fro 1
—Frir—2)+ (Frye2Fry - Fry 4+ Fry yFry g Frp_, +-+ +
F"z"lFra e Frk— —I)Frl—ZFrk-2

(FryegFry - Foy 4+ Foy yFpyyo Frp -+ Foy_1Fry -+ Frp_ 1)
Frl-—ZFrk-—2
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2(Th—1) — 2(T}_;)

= (Frg—lF‘ra o 'Frk—l"'l +F1‘2F1‘3—l o 'Frk_1—1 +-- +Fr2F1‘3 ”'F'l‘k_l—Q)

Frl—ZFrk—2-

By (2.1),(2.3) and (2.5), we have

2(0(ry, 72, , 7)) — 2(0(1,7g, -

k-1 k-1

(2.5)

i+ —1)

= > 2AT) =D =T} 2 2(Ta) — 2(T3) > Fry—oFry -+ Fry FryaFrp s

i=0 i=0

> 0.

Hence, we obtain the desirable result.

O

Lemma 2.2, Ifry,rg,--- ,7: > 1 andi > 2, then 2(6(1,--- ,1,74,-+ ,Th—1,Tk+
N’

i—-1

it —i+1)) > 2(0(1, -0, LTy, 00y Th=1, TR HTLH T — ).
N’

Proof. Let
T =

i

0(1,... ,1,7’i+1,"'

i

yTh=1,Tk +7T1 4+

; 1 k-1
+ri =) = {uwv,,, - ,uvs

T’li = 0(1!"' alari-i-l,"' 1 Th=1,Tk+7T1+ - +7 —'Z) - {u"v}ﬁ}’
i
Tj; = 0(1’ ,1,7‘,’+1,' oy Tk=1LTEk+Ty e+ Ty _"i) - {uvil'n"' auvgj_-ll}
—{u,'v;j},j =2,---,k—-1.
By Lemma 1.1, we have
k-1 ]
z(g(l,"',l,ri.'.],"',Tk_l,rk+7’1+"-+1'i""l:)) = Zz(qj;)
i j=0
(2.6)
where
AT3) = (E+1)Fr,  Fr Frdrdedrimitl +

Fri+l—lF"‘&+2 e Frk—lFrk+7'1+"'+T‘i-‘i+1 +-o

F,
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AT}) = iFryy - Fr Frordeotri +
Frop—1Fr Foo  Frogrpgogr—i +00
+Fripr o Fr Fror4edr—iet

AT} = «THj=2,.i

2(TH) G+ 1)y, 1Fripy - Fry\ Frpbryotrimi +
Frop—2Fri Fro Froprogri—i +

i

F"4+1—1F"i+2-1Fri+a o 'Ff‘h—lFf'k+T1+-"+"i—i +---+
F"i+l_1Ffi+2 Tt ka—1—1FTk+7'1+"'+ri—i +
F"i+l"1F”'i+2 o Py Frgtryegri—ic 1

(7: + l)FT'i+1F"i+2—1 e F"k—lFf‘k+1‘1+---+1'x'—i +
F"i+l_1Fri+2—l Tt F"‘k—1F1‘k+1'1+~~+7‘.'-i +

Z(ﬂ+2)

F"'H-l Fri+2-2Fre+a e Frk+r1+-n+r.~—i +-e+
Ff‘i+1 F":'+2—1F7’.'+3 e Frk-l—lFY‘k+1‘1+-"+1‘i—i

+F"i+xFri+a—l e F"k—lFrk+T1+"-+1'g—i—1)

.
.

Z(T',:;_l) = ('L + l)Fri+XF"i+2 oo F,.k_l_lFr,‘+r1+...+r,._,- +
FT(+1—1FT5+2 e Ff‘k—l-lFf‘k+1'1+-"+1‘i—i +
Ff‘i+1F‘ri+2—1F7‘i+a Tt Frk-l—IFTk+1‘1+"-+f'i—i +oeet
Fri+1 F"i+2F7'c'+8 e Frk-1—2Frk+"1+"-+re—i +

F"i+1 Ff‘i+2 e F"'k-l-lFT‘k+"1+-"+r‘—i—1

k-1
. '_1
2(0(1, -+, L7, Tro1, T+ T iy —i+ 1) = j§=0z(T; ),

i—1

(2.7)
where

z(Tg'l) = iF'-'FrH»x T Frk—lFTk+7'l+'"+ﬂ—1—‘i+2 +
F""-lF"iH vt F"k—lka+1‘1+-'-+n—1—i+2 + o+
F?'.' F"s+1 ter Frk—1-1F7k+"1+"'+7‘:’—1‘-i+2 +
oo P Frodryedriog—ig
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9tl

.g—!—!4+...+u+’l.¢dz—.‘.4j'[—l—’ud e l+ud e —
:;—I—!4+...+IJ,+’IJJZ_!JJ ‘l-’ud- e I"l+’-‘J
-1 e 1 o} -9 T+,

-t [ -‘+"-‘JZ ot Sl SRR -‘J(z — *[)

4 ?
(L)% — (L)%
f_g_t-u+...+m+’udz_udt_I-’(.;J e l+ud + - +
;_I—!4+...+t4+’u‘:{z—udl-’l.ld e '[..l'H_ld
+ ?,—‘-’J+...+IJ+°‘JJZ—!JJI-".‘J - 1+!_¢J(.[ — ‘l)
1)z - (;-1)%

';_l—§4+...+‘l_¢+°ud[_l—°ud - ‘+"‘J!JJ

+ T41—T1"2u4 IJ+°|J,J3—‘—°‘J,J . l+.ud. !_‘J

+ e + '[+‘_1_1‘!J+...+14+§_‘J‘[_1“’!_‘J e 34'.',‘,.:[ l+!_‘JI_!_¢J
+ l+';_l—!_¢+...+34+’l.‘d‘—l-’l,;d . I+!JJI_!,‘J

+ [.H_l-u+...+1.l,+=udl—l-=ud e I+.‘.¢J!4J:l

4;-!-!4+...+14+’14Jt-=l,¢d .. -[_I-H_;J ud

+ I+;_t—94+...+t_‘+ndt_t-iud . I—‘+!JJ !,;J

+ Ve + I+;-l-u+...+u+=udt—’ud e c+.ud.z.-t+udud
+ t+;_l—.!.;+...+u+=t.;Jl—’l4J v ‘[—I+.‘JJ[—.‘J.J

+ 1+;_l—u+...+u+’udx-=ud . I_H.udud'?
t;_l—!,;,+...+u+’udt-’ud . ‘“"JI_’J.:I

+ H._g_l—!,;+...+l.4+3l.;dt_!-’u,d e t+.ud[_uJ

R I+_1_1-u+...+u+°udt-=ud e z+ud1_l+udt_ud
+ I+;_I—)J+...+l,‘+°udl—°ud I t+ud.z_ud

+ I+;_t—u+...+u+’udl—’ud o I+ud1._.ud?

Tt =0(l)?

_;_I-!_‘+...+t,;+=ud!—’ud. s .ud I

+ [+;_l—u+...+u+’l,‘dt—éud Ve l+9_¢dl_ud

AT AT PR A ()|

ey,

= (12¥n)=

= tlj;l)z
= (I_;L)Z
(-iD)?

= ({-sD)?



And for j=1,---,i—1, we have

(T3 - 2(T))

= (i - 2)Ff‘e+x te F"k—lF"'i—2F7'k+7'l+"‘+7'i—l—i—1 +
Fr.-.,.x—l te Frk_lFri—2F"‘k+1‘1+-'-+1‘i-l~i"1
+ooo Fr-‘+1 e F"k-l-lFTi-zFrk+7‘1+'~-+7‘i-1-i—1’

forj=i¢+1,--+ ,k—1, we have

2(1}:‘_:11 - z(ﬁ-}-l)

= (i- 1)F7e+|—1 LEED 2 NERP 5 ST 3 RIS S
Fn“-'l e F"k-lFT('IFTk+7'1+"'+7‘i-1—‘i+1 +
Fri+1—2Fri+z tt Ff'k-xFri—2Frk+1‘1+-"+ﬁ-1—i-1 +ot

FT§+1—1 T Frk_l—lFrg—2Frk+r1+~-~+r,-_1-i—la

AT - (Tiy)

= (i—-1)F, - Fo —1F2Frirbedniog—ic1 +
Fr.-.,.l v P 1P Pt —i1
Fripi1Frppp o Froov1FriaFrgrigegrcg—ic1 + 000 F

Ff‘,'+1 st Frk_l—2Fr.-—2Frk+r1+m+r;_1—:'—1'

Hence
k-1 k-1
AT -T2 AT - AT)
§=0 j=0
2 Fr.~+1—l cr Frk_l Fr;—‘ZFrk+r1 iy —i-1 > 01
as desired. O

Repeated using Lemma 2.1 and 2.2, we have
Corollary 2.3. Let 8(ry, 72, ,rx) € OF with r; > 1, then
2(0(r1,72, - 1)) 2 2(6(1,1,--- ,1,n—k - 1)),
the equality holds if and only if O(ry, 7o, -+ , 1) 2 8(1,1,--- ,1,n—k—1).

Lemma 2.4. Ifry > 1, then 2(6(0,r2,++ ,Tk—1,7147%)) > 2(8(r1,72, -+ ,Tk))-

137



Proof.

Ao
A
A;

i=2,:

Let

= 6(0,rg,
0(077'2’ :
0(0’ g, -

k-1

,Tk_l,"'l + T’k) - {’U/U, 'U,'U12.2, Tt ’uv"'fk__ll 4
ct yTk—1,T1+ Tk) - {u7 ‘U},
yTe-1,71+ 1) — {wv,wol, - uviTh } - {u, 0}

By Lemma 1.1, we have

200,72, ,Tk—1,T1 + Tk))
= 2z(0(0,72, -+ ,Tk—1,71 + Tk) — wV) + 3(0(0 T2, ,Th=1,T1 +Tk) — {u,v})
= 2(000,72, + ,The1,71 + &) — {wv, uv? 1) +z(9(0 T2y ** yThel,T1 + Tk)
—uv — {u, vf,}) + 2(8(0, 72, -+ ,7k—1,71 + %) — {1, v})
2(0(0,72,- - , ko1, 71+ k) — {uv,uvd, - ,uvfl})
+2(0(0, 72, -+ ,rk—1,71 + Tk) — {uv, uvfz, . f:";} {u, Vp, 1}) +-
2(0(0,72, -+ ,Th—1,T1 + T%) — uv — {u,v? .+ z(0(0 To, ++ ,Tk—1,T1 + Tk
~{u,0})
k-1
= ZZ(Ai)=
i=0
where
z(Ao) = Fop o Fy  Franmar t Pyt By B Frgre1 +- +
FrpoFryy1Frytress + Fry o Fryy Frygras
2(A1) = Frpo o Fr  Frigr,
Z(A2) FoaFy  Fro  (Frigr + Frz—ZFrs B Frigr, +
F1’2—1F7'3—1 e Frk_.lFr1+rk
+roo+ Frpa By oo Frya Fr e + Frgd Fry oo Fry _ Fry -1,
2(Ak-1) = FrFry - Fr1Frgr + FrpaFry - Fry 1 Frpgr +
FrFryor+ - Fr_ i1 Fry4r,
+ooot By Fryeo Frp 2 Fryyr + By Fry o By 1 Fr g1
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Then

z(Ao) — 2(To)
= Frg—lFra coo B Fr o Fr + F"‘zFfs—l e F’k-lFr‘—IFr" oot
F.,E, - F,_.1F 1 F,
z(A1) — 2(Th)
= —(Frg—].Frs e Frk_;Fr;—lFrk + F”2F"3‘l v Fr o Fry B
+- -+ F,F, - Frk_!—lFf'l—lF"‘k)

2(A2) — 2(T?)
= FT3—2F1'3 i 'Frk_IF‘l'l—lFrk—l + FTz—lFra-lFr.g * "Frk_IFrl—lFrk—l
+-- 4+ Frg—lF'r‘a t 'Frk_l—1F1’1-1F1'k—l

Z(Ak_l) —z(Tk—l)
= Frz—lFr;, .. -Frk_l—'lFrl—lFrk—l + Fr:Frs—lFm o 'ka-l-lFrl_lFrk_l
+---+ FTQFTS Tt F"k-x-2F"1_lF"=_1‘

2(0(0,7‘2, sy Tk—1,T1 + Tk)) - 2(0(7‘1,7‘2, T :Tk))

k-1 k-1
= Y Ai—Y T:>2A) —2(Tz) 2 Fry 1 Fry 1 Fry o Fry  Fry1 Fre 1
i=0 i=0

> 0.
Then 2(6(0,72,- - ,7k—1,71 + 7T&)) > 2(0(71,72, -+ ,7%)). As desired. a
By direct calculation,

2(0(1,1, :lan-k_ 1))
= kFpok+ Fook—1+ (k= 1)[(k—1)Fp g1+ Fak-2]. (2.8)

By (2.8), Corollary 2.3 and Lemma 2.4, we have

Theorem 2.5. Let 0(ry,72,--- ,7%) € O, then
2(8(r1,72, %)) 2 kFpop + Faog—1 4+ (k= 1)[(k — 1) Frog—1 + Fa-k—2],

the equality holds if and only if O(ry,72,- - ,7%) = 0(1,1,--- ,1,n—k~1).
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3. Graphs in 6% with maximal Hosoya index

Now, we consider the upper bound of generalized 8—graphs with respect
to the Hosoya index.

Lemma 3.1. Ifrp > 3, then 2(6(0,2,73, -+ ,7k—1,71 + T2 + 7 — 2)) >
2(6(0) T2, ,T1+ Tk))'

Proof. Let
Bo = 6(0,2,73, k1,71 + 12 + 7% — 2) — {wv,wd,, - ,uvfTl},
B, = 9(0,2,7’3,"' yTk-1,T1 72+ Tk ‘_2) - {u,v},
B, = 9(0,2,7‘3,-.. yTh=1,T1 + T2+ 7K —2) —{u'u,u, :‘_’2’... ,uvi;-_ll}_
{u,v,i.‘},i =2,-- k-1
By Lemma 1.1, we have
k-1
2(0(0,2,1’3, ey Tk=1,T1 + 7T+ T — 2)) = Zz(Bt)
i=0

By Lemma 2.4, we have

z(Bo) ~ 2(Ao)

= Foy - Fo [ (BaFgrtr-1 — FrFryr 1) +
Fr e Fr;,-l(FlFr1+r2+rk—l - Frg—lFr,+rk+l)
Frporo o o ((FaFrrggre—1 — By Frfpr 1) + -+
+Fry o Fr - 1(FoFryrgire—1 = FryFrreg1) +
Fry- o Frp (B2 Fr yrptre—2 — Fry Fryiry)

= (Frg-1Fp_,+-+Fryo o Fry 1)Fry 3F 42
2(B2) — 2(Az)

= —(Fger Fo + o+ Fyeo Fy 1) FryaFr 2
2(B1) — z(Ay)

= Fy  Foy  Fry-3Fr4re-3

2(Bk-1) = 2(Ag-1)
= (Frs—lFm”'Frk-l-l+F7'3F7‘4—1"'Frk-1-1+"'+F"3"'Frk-1—2)

Fr2—3Fr| +re—3
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Hence,

2(9(0, 2,73, \Tk—1,T1 + T2+ Tk — 2)) - 2(9(0, oy, T +rk))

k-1
= ) (2(Bi) — 2(A:)) > 2(B1) — 2(A1) > Fry -+ oy Frpm3Frypry—s
=0
> 0,
as desired. (W]

Similar to Lemma. 3.1, we have
Lemma 3.2. Ifry,--- 7541 2> 3,1 2 1, then
z(9(0,2, * '.' aza Ti+2y' 1y Tk-1,T1 +ro4--- 4 Ti+1 + 1) — 27:))
> 2(9(0,2, ,2,7‘,;.4.1,'" JTh—1yT1 + 7241+ 7Tk —22+2))
N —
i-1
By Lemma 3.2, we have
2(6(0, 27T3, 3y Thk-1,T1 + T2+ 73 + Tk — 2))
< z(6000,2,2,74, - ,Tk—1,T1 + T2+ T3+ 7% — 4))
< < 2(000,2,---,2,n -2k +2)) (3.9)
Lemma 3.3. Ifrijy2 > 3,i > 1, then
2(9(0, 17"' ,1,2,7‘,'.;.3,"' W Th=1,T1+ T2+ - + rigo+ Tk —i— 2))
N

i

> 2(0(0,1,- -, L, 7it0,Tig3, 0+ s Th=1,T1 + T2 + o+ + 75 + Tigy + 1% — 1)).
h\r—/
12
Proof. Let
D = 00,1, --,1,2,ri43, - ,Te—1, "1+ T2+ + g2+ Tk — 1 — 2)
i
Dy = D—{uv,uvfz,---,'u.v,’?,:_ll ,

D, = D-{u,v},

D; = D_{uv’uv?'g?“"uvi:—ll}_{uiv'f'.'}vi=2""’k_l'

By Lemma 1.1, we have

k—1
2(9(01 11 Y l’ 2,7’,’4.3, 3 Tk—1, r1+ret-- '+7'i+2+’l'k—i—2)) = ; Z(Di)a
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where

z(Do)

= (7' + 1)F2F7'i+3 o Frk-xF"|+1‘2+~~'+1‘i+2+!'k—i—l +
F1F7'4+3 e F"k-lFf|+7‘2+-~~+r¢+z+'rk—i—1 +
F2F"|’+3"’1 e ka-lFf’1+r2+"'+ri+2+1'k—i—1 +--+
F2Fri+3 T F"k-x—lFf1+rz+"'+fi+2+rk—i—l
+F2F"i+8 F"k 1 F1'1+7'2+'--+f‘e+2+1'k—i—2
#(Dy)

= BF. ., Fro Friartdrigptrei-2
Z(Dz)

= iF?-Frwa By Fyy +rotetripatri—i-2 +
FlFri+3 e Ff'k-lF7'1+7'2+’“+7‘i+2+7'k—i—2 +
F2F"e+3—1 tet F"k-xF"1+1‘2+"-+"i+2+rk—i—2 +oet
F2Fr‘-+3 By -1 Fr +radeedripetri—i-2
+F2FT§+3 tee Ff‘k-lFr1+1'2+'~+7'<+2+rk—i—3

2(Dg-1)

= (7' + 1)F2Fr4+a tet Frk-x—IFT1+7‘2+~"+ri+2+rk—i—2 +
FlFTH-s T Frk-:—lFf'1+1‘z+"'+7‘i+2+7‘k—i—2
Byt Frys o1 Fryrgbobrepmbremica + oo
FyFr o Fry i —2Fr brptetripatri—i-2 +
F2F7’i+3 te F’f‘k-l—1F1'1+1'2+-"+7’i+z+7‘k—i—3

Similarly, let

E = 6(0,1,---,1,7i42,7i13," " yTk=1,T1 + T2+ -+ + Tig1 + 7% — 1)
(A

i

Ey, = E-{w,uw?, - ,uwfl},
E1 = E- {u,v},
Ei = E—{w,uw?, -, uil}—{uv },i=2- k-1
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By Lemma 1.1, we have
k-1
20(0,1,--+ 1, 7ira, Tiga, o+ s Thon, T1HT2 b i e —i)) = O 2(E3),
‘i,__/ i=0
where
z(Eo)
= ('L + I)Fri+2F1'i+3 Tt F"k-nFT1+T2+-"+f¢+1+1'k—i+1 +
Fr,'+2—lF1‘“+3 T Ff‘k-xFT1+7‘2+-"+7‘i+1+1’k—i+l +
Fr.-+2Fr.-+3—1 T Frk_1F1‘1+1‘2+'-~+1‘.'+1+1‘k-i+l +-00
Fr¢+2Fr.'+3 Tt Frk_l—lFr1+1‘2+'~+1‘i+1+rk—i+l +
Ffi+2FTi+3 e FTk-lF1‘1+7‘2+---+n+1+7'k—i
z(E1)
= Fr,-+gFr.-+3 Tt Frk_l Fr1+r2+'"+re+1+rk-i
z(E2)
= iFT‘i+2F"i+3 t F’f'k-lFf‘1+1'2+~'+1‘.-+1+1‘k—i +
Fr¢+z—1Fr‘-+a c P Fridra e g dme—i +
Fri+2FT§+3—l tee Frk-lF"1+T2+'--+7‘i+1+"k—i +---+
Fr,-.(.: Fri.;.a ce Frk_l-»lFrl ot dbriprbre—i T
Fr‘+z Frs+s Tt Frk-1Frn+"2+"'+1’-‘+1+fk-i-1
2(Ek-1)
= (i+ 1)Ff£+2Fri+a Tt ka—l-lFT1+f‘2+"-+rc+1+f‘k-i +
Fr,v+2-1Fr.~+3 T Ff'k—l—1F7'l+7'2+"‘+ri+l+rk—'i
+Fri+2F1‘i+3—1 T F"k—z—lFr1+rz+---+ri+|+"k—i +--+
Fr.'+zFr¢+3 o Fr;‘_l—ZFr1+rz+---+rs+1 +rie—i
+F"i+z F"'i+3 Tt Frk-x—lFrx+Tz+-"+f‘i+1+7'k—"—1

So
Z(DO)_Z(EO) = (Frg.,.a—l"'Frk_,+"'+Fr3"'Frk_1—1)

Fri+2—3Frl+7'2+"‘+Ti+l +re—i-2
Z(D2) - Z(E2) = _(Frc+3—1 T F"k-]. +-0 4 Ff:s e F"k-l_l)

F"i+2 -3k, +r2ttrig1tre—i—2
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2(D1) = 2(E) = Frg-1- 'Frk-:Fr:+z—3Fr1+rz+~-+r«+|+rk—i-3

2(Dg-1) = 2(Ek-1)
= iFr;.;.g—an.;.a v F"k—lF"H—Q—3F7'l+"'2+“'+"i+l+7'k‘i"3
+(Fre+3—1Fri+4 ot 'Frk-l +oet Ffs Tt Frk-1—2)

Fri+g—3F1‘1 +rodetripr+re—i-3

Hence
k-1
> (2(Di) = 2(E:)) 2 2(D1) - 2(Ex)
i=0
> Fr.-+3-1 ce Frk_l Fr¢+2—3Fr1+r2+"°+ri+|+1‘k-i—3 >0,
as desired. (]

Similar to Lemma 3.3, we have
Lemma 3.4. Ifriij42 > 3,i,5 2 1, then
2(0(07 1,---, 1) 2’ tee )2)ri+j+3’ 3 Tk—1,
N e’ N, e’
i J+1

T1+re+ o+ Tipje2 + T — 1 — 25 — 2))
> Z(B(O? 1’ ] 1) 2’ et 12’ri+j+2s 0y Thk—1,

i J
1+ T2+ + Tipjer + 1 — 0 — 25)).

Remark: In order to find the upper bound on Hosoya index of graph
in ©F, by (3.9), Lemma 3.1, 3.3 and 3.4, it suffices to determine

max{2(6(0,2,---,2,n — 2k + 2)),2(6(0,1,2,--- ,2,n — 2k + 3)),
2(6(0,1,1,2,--- ,2,n— 2k +4)),--- ,2(6(0,1,--- ,1,n - k))}.
Lemma 3.5.

2(0(0,1,++ ,1,2,+++ ,2,n — 2k + i + 2))
N N e’

i k—i—2
> 2(60(0,1,---,1,2,---,2,n—2k+ i+ 3)).
e’ N !
i+1 k—i-3
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Proof. Let

W = 6(0,1,---,1,2,+,2,n—2k+i+2)
N Nt e

i k—i-2
Wo = F-—{uv,uv?, ,u‘v,'?k 11
W, = F-—{u,v},
W; = F—{w,w?, - uwil}-{uv }i=2- k-1

By Lemma 1.1, we have

k-1
2(0(011"" 1,200 ,2,n — 2k+z+2)) = ZOZ(F;)’
i k—i-2 =
where
2(Wo) = (4125 2F kpirs + (k=i —2)25 "3 F oppigs +
2k=i=2F oksiv2,
2(Wy) = 2572F, griive
2(Wo) = 2 2F, oppine+(k—i—2)2F 3 F okpipa +

22 aktit,
2(W;) = 2(F2),j=38,---,i+1,
2(Wize) = (i+2)25 3 F oppipe+ (b~ —3)2F "4 Fy _oppiya +
PARERS NPV
2(W;) = z(F),j=i+2,---,k—1.

Similarly, let

H = 6(0,1,---,1,2,---,2,n—2k+i+3)
N—— N———
i+l k—i-3
Hy = H-{uww,uwf, - uwfl},
H, = H-—{u,v},
H; = H-{w,uw?, - uwil}-{u}},i=2-,k-1

By Lemma 1.1, we have

k-1
2(0(0,1,"' ,1)2)"' ’2an-2k+7’+3))=§z(Ht)7

i+1 k—i-3
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where

2(Ho) = (i+2)2" 3 Fpgkgipa+ (k—i-3)25 " F gppira +
2k=t=3F _okrits,

2(Hy) = 257 %Fn oktiss

2Hy) = (i+1)2" 3 Fgpqigs+ (k—i—3)2 " *Fr_oppirs +
2= 3 F okis2s

z(H;) = z(H),j=3,--+,i+2,

2(Hiys) = (i+3)2 " Fakpipa+ (k—i—4)2" " SF_opis +

25~ 1 P gk yiv2,

2(H;) = 2(Hz),j=1i+4+2,--- k-1

So

z(Wo) — 2(Ho) 2613 okrira+ (k—i—3)284E, oy
Z(Wh) — z(Hy) = 263F, opqi

Forj=2,+,i+1,

(i + 1)2F 3 P _opeyigr +
(k—i—3)2F " Py gkgi + 25 3 P gpgic,
2(Wige) — 2(Hiyo) = —(i25 7 Fp akpiqa+ (k—i = 3)2° 71 Fy_gp4s)

2(W;) - 2(Hj)

Forj=i+3,--- k-1,
2(W;)—2z(H;) = (i+1)2F " F, gxqiqe+ (k=i —4)25 8 F,_opts.

Hence

k-1
3 " (2(Wh) = 2(Hy)) 2 2(Wh) — 2(Hy) = 2673 Fy_gis > 0,

=0
as desired. O

Using Lemma 3.5 repeatedly, we have

max{z(8(0,2,-- ,2,n — 2k + 2)),2(6(0,1,2,--- ,2,n — 2k + 3)),
2(0(0,1,1,2,--+ ,2,n = 2k +4)),--+ ,2(8(0, 1, , 1,n — k))}
= 2(0(0,2,---,2,n — 2k +2)). (3.10)
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By direct calculation,

20(0,2,- - ,2,n— 2k +2))
k-2%3F, _orys+ (K2 —k+6)-25"4F, _oxi2+
(k—2)- 253 Fp okt
(3.11)

Hence, by (3.10), (3.11) and Remark, we have

Theorem 3.6. Let 8(ry,72,--- ,7%) € OF, then z(8(r1,72, -+ , 7)) < k-
2k=3F, okss + (k% — k + 6) - 2F4F _okq0 + (k — 2) - 2573 F, ok 41, the
equality holds if and only if 6(rq,72, -+ ,7) 2 6(0,2,---,2,n — 2k + 2).
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