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Abstract: An urn contains m distinguishable balls with m distin-
guishable colors. Balls are drawn for n times successively at random
and with replacement from the urn. The mathematical expectation
of the number of drawn colors is investigated. Some combinatorial
identities on the Stirling number of the second kind S(n,m) are de-
rived by using probabilistic method.
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1 INTRODUCTION
It is an important method to find and prove some combinatorial

identities on Stirling numbers based on a probabilistic model*~7. In
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this paper, We build a model as follows:

An urn contains m distinguishable balls with m distinguishable
colors. Draw balls for n times successively at random and with re-
placement from the urn, which is noted as experiment T. We inves-

tigate the the number of drawn different colors or balls.

2 DISTRIBUTION

Let X be the number of drawn different balls(or colors) in ex-
periment T(X = 1,2,.--,m), A; represent the event that the ith
kind ball(or color) is drawn(i = 1,2,---,m), and P(A;) denote the
probability of A;.
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Especially, the probability of the all kinds of colors are drawn in
n trials is
m—iyn _ mlS(n,m)
PO =) = 3 ()(m)_ )

where n > m, and S(n,m) is the Stirling number of the second kind.

For (1), it is equivalent to n distinguishable balls are set into
m(n > m) distinguishable urns with no empty urn, then the number
of ways is m!S(n,m). It is also equivalent to a set with n elements
is divided into m no empty subsets.

Thus, by the definition of S(n, k), we have

Ak S(n, k) .
P{X =k} = -"‘—mn—, k=1,2,---,min(n,m).
Then, we obtain a combinatorial identity

min(n,m)

> AES(n,k) =m". (2)

k=1
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where Af =m(m —1)---(m -k +1).

Because f'; P{X =k} =1, we have
k=1

EEL () )0 )Esy -

At the same time, by the distribution of X using different meth-
ods as above, a new explicit expression on S(n, k) is derived:
m—k k44 .
k41 .
S(n, k) = Z > (= 1)'“( ) ( : )(m - 4
1—0 j=0 J
Where n > m > k. For example, for n = 5,k = 3, (4) holds when

m = 3 or m = 4 showed as follows.
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=%[45—3x35+3x25—1—45+4x35-6x25+4]=25.

3 MATHEMATICAL EXPECTATION

1, the ith kind color is drawn in n trials
Set X; = , then
0, otherwise

X=Xi+Xo++Xpn.

Because P{X; =0} = (mT‘l)n, then the mathematical expecta-
tion EX = m(1 — (m=1)"). By EX = 5 kP{X = k}, we obtain
k=1

B S () 7))ot

k=1 i=0 j=0
(5)
min(n,m)
> kAES(n,k) =m" —m(m —1)" (6)
k=1

For example, n = 5, m = 4, we have

4
D kA§S(5,k) =3124 =45 - 4 x 35,
k=1

4 FURTHER INVESTIGATION

Suppose we need at least Y trials to draw the all colors in exper-
iment T, then Y =m,m +1,--.. Set p, = P{X =n},qgn = P{Y =
n}, then

Pn=0qm +qm+1+ '+ dn-1+¢qn.
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That is

dn = Pn~—Pn-1
mlS(n,m) miSn-1m) (m-1)Sn-1,m-1)
mn - mn—1 - mn—1

= "{[, 1)"( )(t%:—k)"'l.

We obtains an interesting formula on S(n,m)

!
st(n?_l. (7)
= (m+1)
Specially,
22-1 1 & 8(n5) 1
Zznl-l Z gn—1 ‘5?2 6" 5 (8)
n=2 n=3 n=>5

In addition,

EY — f: (m—l)'ni(;z:l m—l)

n=m
Suppose we need Z; trials in experiment T to draw the ith kind
color after the (i — 1)th kind color appearing, ¢ = 1,2, - -, m, where
the probability P{Z; = 1} = 1, random variables Z,, Z,, - -, Z,, are

independent each other, and
Y=2Z21+Z+Z3++Zn=1+2Z0+Z3+ -+ + 2.
i—1 kE—1y
P{Zk ’L} ( ) (1—-_171.—)’ '&—1,2,'”, k—1,2,-~,m.

Zi have a geometric distribution, and the mathematical expec-
tation E(Zk) = ﬁ':’nF_'l'_'l', k= 1, 2, cer,MM, thus

1 1 1
EY=m(1+-2-+§++E)=mh1(m).
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where hi(m) =1+ } + % + -+ + % is the harmonic number.

Thinking of the above expectation EY just obtained,

)
(m-1DnSn—-1,m-1) _ 1 1 1
Z =T —m(1+§+§+"'+;;;). 9)

n=m
For example, m = 2, 3 respectively, we have

S~ _" 1, &n@2-1) 11 3 1 1
Do =3=2+3) X~ =y =5ltg+3)

n=2 n=3

By the independence of Z;, Z, -+, Z,, and the property of vari-

ance,
m(k — 1)
(m—-k+1)%’

E(Y?) = DY + (EY)? = m?(h}(m) + hy(m)) — mhy (m).

D(Zk)= =132a"’,m;

then

i (m— 1)!n2S(n1— 1,m—1)
mn-

=m? (hf (m) + hg(m)) — mhy(m).
(10)

n=m

where ho(m) =1+ 5 + 95 + -+ + 7.
In a word, we think (4), (6), (7) and (9) are interesting results

on the Stirling number of the second kind.
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