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Abstract

In this paper, we first prove that if the edges of K2m are properly
colored by 2m — 1 colors in such a way that any two colors induce
a 2-factor of which each component is a 4-cycle, then Ka,, can be
decomposed into m isomorphic multicolored spanning trees. Conse-
quently, we show that there exist three disjoint isomorphic multicol-
ored spanning trees in any properly (2m—1)-edge-colored K2m for
m 2> 14.
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1 Introduction

Throughout this paper, all terminologies and notations on graph theory
can be referred to the textbook by D. B. West. (8] A spanning tree T
of a graph G is a subgraph of G which is a tree and V(T) = V(G). A
k-edge-coloring of a graph G is a mapping from E(G) into a set of colors
{1,2,--,k}. A k-edge-coloring is proper if incident edges receive distinct
colors. Let ¢ be a k-edge-coloring of a graph G. If K is a subgraph of G,
for convenience, we use |, to denote the edge-coloring of K induced by
@, i.e., ¢|, () = p(e) for each e € E(K). Note here that in this paper, all
edge-colorings are proper.

If G has a proper k-edge-coloring, then G is said to be properly k-edge-
colorable. The chromatic indez of a graph G is the minimum number & such
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that G is properly k-edge-colorable. It’s well-known that the chromatic
index of Ko, is 2m—1. Let ¢ be a proper (2m — 1)-edge-coloring of Ko,
and C be the color set. For each = € V(Kj,,), define ¢, as the mapping
from V(Kam) \ {z} to C by ¢z(y) = cif p(zy) = ¢. Clearly, ¢, is bijective.
Let ¢;1(c) be the vertex adjacent to z with the edge colored c. For a vertex
set V and a color ¢, let [V]. = V U {u| p(uv) = ¢,v € V}. For convenience,
we use v{c) to denote the edge incident to v with color c.

A subgraph in an edge-colored graph is said to be multicolored if no
two edges have the same color. Therefore, a question arises naturally:
can the edges of a properly (2m—1)-edge-colored K., be partitioned into
multicolored subgraphs, such that each has 2m—1 edges. Here are three
conjectures related to this problem.

Constantine’s Conjecture (Weak version) [l4] For any positive integer
m, m > 2, there exists a proper (2m— 1)-edge-coloring of Koy, such that all
edges can be partitioned into m isomorphic multicolored spanning trees.

Brualdi-Hollingsworth Conjecture [3] If m > 2, then in any proper
edge-coloring of Ko, with 2m—1 colors, all edges can be partitioned into
m multicolored spanning trees.

Constantine’s Conjecture (Strong version) }4] Ifm > 2, then in any
proper edge-coloring of Ko, with 2m—1 colors, all edges can be partitioned
into m isomorphic multicolored spanning trees.

The first conjecture has been proved by Akbari et al [1]. As to the
second conjecture, a partial result by Krussel et al [7] shows that there
are three multicolored spanning trees in Kj,, for any proper (2m-1)-edge-
coloring of K>,,. Essentially, nothing was done so far on the third one.
In this paper, we set off the first step by finding three disjoint isomorphic
Ilnulticolored spanning trees in a proper (2m—1)-edge-colored Ka,, for m >

4,

It is worth of mention here that the above conjectures will play impor-
tant roles in applications if they were true. An application of parallelisms
of complete designs to population genetics data can be found in [2]. Par-
allelisms are also useful in partitioning consecutive positive integers into
sets of equal size with equal power sums [6]. In addition, the discussions of
applying colored matchings and design parallelisms to parallel computing
appeared in [5].

2 The main results

We start with the notion of a latin square. Let S be an n-set. A latin
square of order n based on S is an n X n array such that each element of

0]1
1{0

is a latin square of order 2 based on {0,1} = Z,. Since this latin square

S occurs in each row and each column exactly once. For example,
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corresponds to a group table of (Zy, +), the latin square is also known as
a 2-group latin square.

For convenience, a latin square of order n based on S is denoted L =
[l;;] where l; ; € S and i,j € Zn. Let L =[1;; ] and M = [ m;; | be
two latin squares of order [ and m respectively. Then the direct product
of L and M is a latin square of order [ -m : L x M = [ h;; | where
hey = ( lap,Mmeq ) provided that £ = ma + ¢ and y = mb + d. For
instance, let L be the 2-group latin square; then L x L is a latin square of
order 4 based on Zj x Zg, as in Figure 1.

0 1 2 3

0 |(0,0]0,1)(1,0[(1,1)

1 [(0,1)/(0,00/(1,1)](1,0)

2 1(1,00|(1,1){(0,0)](0,1)

3 [(LD](1L0)[(0,1)((0,0)

Figure 1: L x L.

A transversal of a latin square of order n is a set of n entries, one
from each column and one from each row, such that these n entries are
all distinct. For instance, in L x L, {hoo, 1,2, ho3, ha 1} is a transversal.
L x L is easily seen to have 4 disjoint transversals. The following shows
L" =L x L x---x L based on Z," has 2™ disjoint transversals for each
n.2> 2.

Proposition 1 L™ has 2™ disjoint transversals for each n > 2.

Proof. The proof is by induction on n. By Figure 2, n = 2 is true.

— L o 2.3
0](0,0){(0,1){(1,0)
i ; 1/(0,1) (1,D|(LD)
200/apjoof 2@ .h| 00|00
9 @ 0.0 0.0, : R
As

Figure 2: 4 transversals in L?.

Assume that the assertion is true for each k > 2. Let L* = [la,b(k)]
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Lo | L1®
Li* | Ly*
[Ma,s) where map = (0, lap™) (a (k+1)-dim. vector) and L* = [, 4)
where M, 5 = (1, la,b(k)). We shall use the set of 2% disjoint transversals
in L* to construct 2¥+! disjoint transversals in L*+!.

Let {A; | i =0,1,2,--+,2% — 1} be the set of disjoint transversals ob-
tained in L* by induction hypothesis. Without loss of generality, we may let
A; be the transversal which contains the entry lo.,-("), i=0,1,2,---,2F-1.
Now, we shall use Ag; and Ag;y1,i=0,1,2,--+,28"1 —1, to construct four
disjoint transversals in L**!. For convenience, we explain the construction
by using A and A;.

Since Ag(respectively A;) is a transversal in L*, the corresponding en-
tries in Lo* form a transversal, so are the corresponding entries in L,*.
Let the corresponding transversals of Ag in Lo* and L;* be Zo,o and Xl,g
respectively. Similarly, let the corresponding transversals of A4; be Zo,l
and A;,) respectively. Note that for 0 < r,s < 1, 4, has 2* entries, one
from each row and from each column. Now, for 0 < r,s < 1, we split Zm

into two parts: Xr,,(u) is the set of entries from the first to the 2¥~1-th

row of A, ,, and ,-4-,,8(') is the set of entries of the other half. By defining

go"Bh’ B, and Bj as in Figure 3, we have four transversals in L**! as
esired. _ _

Since for i = 1,2,---,2%¥=1 — 1, Aj; and A4 can also be used to
construct four transversals in L*+1, we have a set of 2**! transversals in
L¥+!, By the reason that Ao, Ay, -+, Agk_; are disjoint transversals, we

and LF+! = . By definition of direct product, we have Lo* =

conclude the proof. |
1w () e 2 ()
09 AL AS Ao/
T 1 T e
Al Aol Aol Al
0,1 1,‘5‘) 1.(1u) (ﬁ‘L
Al Al vl
Bo B: B: B:

Figure 3: 4 transversals in L¥+! constructed from A and A;.

Lemma 2 If p is a proper (2m—1)-edge-coloring of Koy, m 2> 2, such
that any two colors induce a 2-factor with each component a {-cycle, then
(a) 2m = 2™ for some n > 2 and (b) Ky contains a cliqgue K of order 2%,
1<k <n-—1 such that {u(e) | e € E(K)} is a (2¥~1)-set, i.e., p|, is a
(2k—1)-edge-coloring of K.
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Proof. First, we claim that (b) is true. The proof is by induction on
n. Clearly, it is true when n = 2. By hypothesis, let H be a clique
of order 2%, h < k, and p|,, is a (2"—1)-edge-coloring of H. Without
loss of generality, let V(H) = {z1,22, ++,z2x} and the colors used in H
be {c1,¢2,+++,con_1}. Since y is a proper (2m—1)-edge-coloring of Ko,
each color occurs around each vertex. Let cy» be a color not used in H.
Then, we have a set H', HH N H = ¢, H = {y1,¥2,--,Yor} such that
w(ziyi) = con for i = 1,2,---,28. Now, by the reason that any two colors
induce a Cy-factor, we conclude that yl,, is also a (2" —1)-edge-coloring
of H', moreover, pu(z;z;) = p(yiy;) for 1 < i # j < 2h. Therefore, the
complete bipartite graph Kon o» = (H, H') has a 2"-edge-coloring following
by the same reason. This implies that u|, .. is a (2#*1—1)-edge-coloring
of the clique induced by H U H’. So, we have the proof of (b).

Suppose 2m = 27 - p where p is an odd integer and p # 1. Using
the above argument, we can find the largest clique G of order 2° which
uses 2° — 1 colors. Then we partition the vertices of Kz, into two sets X
and Y where X = V(G), and let |[Y| = ¢g. Here, we notice that ¢ < 2°.
Consider these 2° — 1 colors used in coloring the edges of G, there are total
(2° — 1)(2"~! - p) edges which use these colors. But, we have used these

colors in G. Hence, there remains %(2’ —1)(2m—2°) edges to be colored by

using these colors. Since the edges between X and Y can’t be colored with
any of these colors, they have to be in Y. But, since ¢ < 2° and 2m—2° =g,

-;—(2’ —-1)(2m - 2°%) > g) , a contradiction. This implies that p = 1, and
we have the proof of (a). ]

Lemma 3 [3] Let u be a proper 7-edge-coloring of Kg such that for any
two colors form a Cy-factor. Then the edges of Kg can be partitioned into
4 isomorphic multicolored spanning trees.

Theorem 4 If i1 is a proper (2m— 1)-edge-coloring of Koy, m > 2, such
that any two colors form an Cy-factor, then the edges of Kom can be par-
titioned into m isomorphic multicolored spanning trees.

Proof. By Lemma 2, 2m = 2" for some n > 2. We prove the theorem
by induction on n. By Lemma 3, n = 3 is true.

Assume that the assertion is true for each k > 3 and consider Kpr+1.

From the process of the proof of Lemma 2, there must exist two disjoint
cliques of order 2 with 2%—1 colors in Kox+1. Let V(ng“? = AUB where
A, B are the vertex sets of the two cliques. Consider the colors of the edges
between A and B. Let A = {ag,a1,...,a2x_1}, B = {bo, b1,...,bax_1}
and M = [m; ;] where m; ; = p(asb;). It’s clear that M is a latin square;
furthermore, M = L*. By Proposition 1, M has 2* disjoint transversals.
This implies that there are 2% perfect matchings in the complete bipartite
graph induced by AU B. Note that the two cliques induced by A and B
respectively have 21 multicolored isomorphic spanning trees of order 2¥,
respectively. Thus, by assigning a perfect matching to each spanning tree,
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we obtain 2* spanning trees of order 2%*1. Moreover, these spanning trees
are isomorphic and multicolored. 1

For the presentation of the proof of our main theorem, we define the
following notations. In a properly (2m—1)-edge-colored Kz, a u-star S,
is a spanning tree consisting of all edges incident to u, where u € V(Ka,).
Suppose T is a multicolored spanning tree of Ky, with two leaves z; and
3. Let the edges incident to v; and vs be e; and ey respectively, and
ple1) = a, <p(egg2]= ¢o. Then let T[z1,z;¢1, c2) be the tree obtained from
T by removing the edges e;,e2 and adding the edges z)(c3), z2{c1).

At first, we show the existence of two disjoint isomorphic multicolored
spanning trees.

Lemma 5 Let ¢ be an arbitrary proper §2m—1)-edge-colon'ng of Kop.
)’:"he'n there exist two disjoint isomorphic multicolored spanning trees in Ko,
or m > 3.

Proof. Let V(Ks2m) = {zi| i =1,2,...,2m}. We split the proof into two
cases.

Case 1. There exists a 4-cycle (21, x2,x3,%4) such that o(z;z2) = b,
¢(z3z4) = ¢, and p(z124) = p(T2z3) = a. Let T} = 5, [xz,:z:,;;b,(ﬂ
and Ty = S, [z1,z3; b, a], see f’i
spanning trees.

gure 4. Clearly, they are the desire

Figure 4: Two isomorphic spanning trees of Case 1.

Case 2. If any two colors of this edge-coloring induce a C4-decomposition
of Ko, then we have the proof by Theorem 4. |

Now, we are ready for the main result.
Theorem 6 Let ¢ be an arbitrary proper (2m— 1)-edge-coloring of Kop,.

Then there exist three disjoint isomorphic multicolored spanning trees in
Kop form > 14.
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Proof. From the proof of Lemma 5, we only need to consider the case:
there exist two colors which do not induce a 4-cycle factor. Let T} and T3 be
the isomorphic multicolored spanning trees obtained in Lemma 5. Clearly,
Kopm —Ty — T3 is disconnected ({1, z2} induces a component in this graph{
Let o2 1(b) = y1, ¢z 1(b) = v2 and U = V(K3m) — {71, %2, T3, T4, Y1, 42}
Since m > 14, we can choose a vertex u € U such that the two colors <P(U$13
and p(uz,) are different from those colors on the edges of the graph induce
by the vertex set {z;, 23, z3,z4}. Without loss of generality, let p(uz;) =1
and ¢(uzz) = 2. Moreover, let v; € U \ {u} and ¢(z,v;) = 3 such that
©51(b) # wz1(1) and the two vertices ¢, '(3) and ¢;;}(1) are elements in
U \ {u}. Now, pick vz € U \ {u,v1,9;(b)} and let (zav2) = 4 such that
©51(b) # ¢z1(2) and the two vertices p;'(4) and ¢;}(2) are elements in
set U \ {u}. Note that we can always pick v; and v, consecutively since
m 2> 14.

Let T} = Ti[u,v1;1,3] and T} = To[u,v2;2,4]. Assume that ;1(3) =
u; and @71(4) = ug. If u; = @;}(1), then adjust Ty to Tjfvi,z4;1,b].
Similarly, if uz = ¢;,'(2), then adjust Tj to Tj[vs,z3;2,b]. Then T} and
T both have two types. In either case, they are disjoint and isomorphic.
Figure 5 shows the types of T}.

Type 1 Type 2

Figure 5: Two types of T7.

Now, we are ready to construct the third tree. Let T3 be the graph
Sului,ug;3,4]. Then choose one edge wyws; with color 3 in the graph
induced by V(Kam)\{z1, 22, u, u2} and assume p(uw;) = ¢, p(uwsz) = c3.
Let W = {z1, 23, u1,93] (4), w1, w2}. Since m > 14, there exists one color,
¢ry such that pZl(c,) ¢ W and pg'(cr) € (W], U (W), Let o7} (er) =
z; and ¢7l(c,) = z3. Since p(2122) may be ¢; or ¢y, we can assume
¢(2122) # c1. Finally, let T§ be obtained from T3 by removing the edges
u2(3), u{cp), u{c,) and then adding the edges ua{c,), w1(3), 22 Sc,,). Thus,
the third spanning tree is constructed, see Figure 6. Since all spanning
trees contain exactly four vertices which are of distance 2 from vertices
z), 22 and u respectively, they are isomorphic. This concludes the proof. i
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Figure 6: T3.
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