SOME IDENTITIES OF SYMMETRY FOR CARLITZ
¢-BERNOULLI POLYNOMIALS INVARIANT UNDER S,
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ABSTRACT. In this paper, we investigate some new identities of sym-
metry for the Carlitz g-Bernoulli polynomials invariant under S,
which are derived from p-adic g-integrals on Z,.

1. INTRODUCTION

Let p be an odd prime number. Throughout this paper, Z,, Q, and C,
will denote the ring of p-adic integers, the field of p-adic rational numbers
and the completion of the algebraic closure of Q.

The p-adic norm is normalized as [p|, = %. Let us assume that ¢ is an
indeterminate in C, with |1 — ql, < p‘r_-Lf. The g-number of z is defined

as [z], ——JrT‘ Note that limg1[z], = z. Let UD(Z,) be the space
of umform]y differentiable functions on Z,. For f € UD(Z,), the p-adic
g-integral on Z,, is defined by Kim to be

p—l

L1) I,(f) = /f:c)dp,q(:c) Jim [p"’] S F@)e, (see (8)).

z=0

Thus, by (1.1), we get
(12) o, (f) =1, () = (a—1) £ (0) + %f’ (0), (see [6-14]).

L. Carlitz defined the g-Bernoulli numbers as follows:

1, ifn=1

(13) =1, q(qﬁ+1)"—ﬁnﬂ={0 itn>1, B

with the usual convention about replacing 57 by 8, ,.
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The g-Bernoulli polynomials were defined by L. Carlitz to be

n

(1.4 Bra(@ =Y (1) B a1

=0
= (a8, +1al,) " (see [1-17)).
From (1.3), we have
(15) / U e 1) = fag (), (020).

When 2 =0, B4 = fz,, [m]: dpg (z), (n 20).
Indeed, by (1.2), we get

g—1, ifn=0,
16 o[ rtldu@ - [ GldnE@=11  itn=1,
Z Zr 0, ifn>1.

Thus, from (1.6), we have
Qﬁn,q (1) - Bn,q = 61,n7 ﬂO,q =1.
By (1.5), we easily get

_ 1 “ (n iz 141
pnate) = g 32 (1) '

B (TIL) ¢ (el Bue-

1=0

In this paper, we investigate some properties of symmetry for the Carlitz
g-Bernoulli polynomials invariant under S, arising from p-adic g-integrals
on Z,. In addition, we give some new identities of symmetry for the Carlitz
g-Bernoulli polynomials which are derived from our symmetric properties
related to p-adic g-integrals on Z,.

2. SYMMETRIC IDENTITIES FOR THE CARLITZ ¢g-BERNOULLI
POLYNOMIALS INVARIANT UNDER S

In this section, we assume that w;,wq, w3, ws € N.
From (1.1}, we have

(2.1) / e[w; W w3Y+ W WawawaT+Wwawawai+waw) w33+w4w1w9k]qtdqulw2w3 (y)
Z

P

= lim !
N—roo [pN]q'"x"'z wg
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Ny
x § : e[w1wzway+w1u:2w3w4x+w4w2w3i+uuw1w3j+w¢w1w3k]qt W W w3y

y=0
1
= lim Y Vi R
N—)oo ['U)4p ] wy g ury
p -1

X E: [w;wgw,y+w|wzw3W4::+W4w2w3z+W4w,w3_1+w4w1w2k} qwlwzwgy

y=0

1 wy—1p~ -1
= lim B Z grvaws (I+way)
N—-oo [w4p }q“’l wowgy 1=0 y=0

elrrwrws(l+wiy)+wiwrwswaztwawawyitwawy wyj+wawiwak] ¢

Thus, by (2.1), we get

(2.2)
w1 —1we—11wy-—1
E : Z Z qw4wgw3z+w4w1w3]+w4w1wzk
[w;wgwg} i=0 j=0 k=0

x/ e["“l‘”2w3y+1vlsz3u141’+‘”4w'-“”3i+w‘w‘w"j+w4wlw2kl"tdﬂq‘”lwzws (y)
z,

wl—lwg——lum—l W4—1P

R I I DD S WL

T NS [w1w2w3w4pN] i Sl or Sl Sl ol

x qw; w21ngw4ye[w, wawa(l+wqy)+wiwewaws T+ wywowai+waw) waj+waw wzk]qt
k]

where A = wywowsl + wywowat + wawrwzj + wow wok
As this expression is invariant under any permutation o € S;, we have

the following theorem.

Theorem 2.1. For wy, w2, w3, ws € N, the following expressions

w,,(l)—l ‘w,,(g)—l w,(g)—l

1
S Y S i ),
P

[woywoywo], 43

where B = w,(4)wa(2)w,,(3)i+wa(4)wa(1)w,(3)j+wa(4,wc(l)wa(2)k and C =
Wo(1)Wa(2)Wo(3)Y +Wo(1)Wa(2) Wo (3) Wo(4) T +Wo(4)Wo (2) Wo (3) L+ Wo (4) W (1) X
We(3)] + Wa(4)Wo(1)Wo(2)k are the same for any o € S,

Now, we observe that

(2.3) (w1 wawzy + wiwawzwsz + wawowsi + wawywaj + w4w1w2k]q

wy . . w.
= [w1waws], [y+w4z+ it =i+ — ] :
wq wa W3 | quiwaug
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Thus, by (2.3), we get

(2_4) / e[wx waw3 Y+ w1 wrwaweT+wrwawgitwywzwej+wn wzqulqtdﬂq"‘l waws (y)
P

oo
=2 fwrwausly

n=0

n tn
x +w:1:+—z+— +—- dpigwiwaw ol
/Zp [y ¢ w2 w3 ]qwl"’Z‘”S I-Lq e (y) n!

tn
= Z [wiwaws]}; B guwiwaws (w4:r + -—1, + %45 —k) =
n=0 2 w3 n:

From (2.4), we note that
(2.5) / [wi1waway + wywawawsT + wawzwyt
+uwywawyj + w1w2w4k];' dqulwr"a (y)
— n Wq, Wy. Wy
= {w1w2w3]q Br,qwiwawa (w417 + E‘l‘z + '172'] + 'L_U;k) , (n20).
Therefore, by Theorem 2.1 and (2.5), we obtain the following theorem.

Theorem 2.2. For n >0, wy,ws, w3, ws € N, the following ezxpressions

wa(l) -1 w,(g) -1

[wa(1)wa(2)wa(3)]n~ Z Z

=0
Wa3)—1
X § qw«(a)wn(z)‘wa(a)i*‘wa(a)wa(x)wa(a)ﬁ+wq(4)wa(1)wo(z)k
k=0

w w,
o), | W@, o Wo(a) k)

X B, g et e a3 <wa(4)‘E +
Wo(1) Wo(2) Wo(3)

are the same for any o € S,.

From the definition of g-number, we note that

2.6 +w:r+—z+— + k}
(2.6) [y 4 w2J W3 | e

1-— qwxw2w3y+w|wgw3w4:+w2w3wd+w1w3w.;j+w1 wowgk

1 — gwiwaws

[wal,

B [w1w2w3]q

(2.7) [wowai + wiwsj + wi1wek] g,

w)wawg

+ qwgwgw.,i+w1w3w4j+w,waw4k [y + w4$]q
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Thus, by (2.6), we get

w n
(2.8) / [y +waz + z—:z + ;’—:j + —“-kJ a— !

w3 q“’l wwy

n n—{
-5 () () et

X ql(w2t03u14i+w1W3104j+w1w2W4k)/ [y + wt1$]’qw1w2w3 duq“’l“’2‘"3 (y)
Z

n-i
= Z ( ) (E—)T[Z:—]m—]—> [wowsi + wywsj + wlwzk]:w_.,l

x ql(wzwgwu+w1w.,wu+w;w2w4k)'3,'qw‘",2.,,a ('w4:t) .

From (2.8), we can derive the following equation:

wl—l U)Q—l ws—l

n-1 wawzwaitwiwywaj k
[wlw2w3]q § z § q 2wW3weituwiwajtwiawiwe

i=0 j=0 k=0
n

wy. Wy, W
X / [y + wyz + 4 + —1) + —4k] dpgurwaws (y)
z wy we

" W3 | quwiwgwy

wp—~1wy~1

= Z (?) ['wl’wzws];_l Iw4]2—l Brgwrwawa (W) Z Z
1=0

i=0 ;=0

w:;—l
x q(l+l)(wgw3w4i+w1w3w4j+w1w2w4k)

k=0
. . =1
X [wowsi + wywsj + w1w2k];'..,4

n
n - —
= (l) [wiwaw;], ! [wal; ™ Brgurwaws (waz) Ty gqua (wy, wa, w3 | 1),
1=0

where

Tn,q (’UJI,'LUz, w3 | l)

wy—1we—1wz-1

) : i ) -1
= Z Z Z q(l+1)(w2ws!+WAW3J+WJwzk) [wowsi + wywsj + ’wlwzk];‘ .
=0 j=0 k=0

As this expression is an invariant under S,, we have the following theo-
rem.

287



Theorem 2.3. Let wy,wq, w3, wqy € N. For n > 0, the following expres-
sions

n

n -1 n-=l
> (,) [weyworwow]y  [worn],

=0
X By gratn watar o (Wo@)T) Ty geetor (Wo(1), W2y Wo3) | 1)

are all the same for o € Ss.

10.

11.

12.
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