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Abstract Two Schwenk-like formulas about the signless Laplacian ma-
trix of a graph are given, and thus it gives new tools for computing Q-
characteristic polynomials of graphs directly. As an application, we give
the Q-characteristic polynomial of lollipop graphs and reprove the known
result that no two non-isomorphic lollipop graphs are Q-cospectral by a
simple manner.
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1 Introduction

Let G be a simple graph with vertex set V(G) = {v1,...,v,}, edge set
E(G) = {e1,...,em} and adjacency matriz A(G) = (aij)nxn Where a;; = 1
if v; is adjacent to v;, and a;; = O otherwise. Let D(G) be the diago-
nal matrix diag(dy,...,d,), where d; denotes the degree of vertex v; (i =
1,...,n). The signless Laplacian matriz Q(G) is the matrix D(G) + A(G).
The polynomials P(G;z) = det(z] — A(G)) = Y1 yaiz"", ¢(Giz) =
det(z] — Q(G)) = >_1_, qiz™ " where I is the identity matrix, are defined
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as characteristic polynomial and Q-characteristic polynomial of the graph
G, respectively. For brevity, write P(G;z) = P(G), ¢(G;z) = ¢(G) pro-
vided the omitted variable is obvious from the context. Since A(G) and
Q(G) are real symmetric, their eigenvalues are all real numbers. The A-
spectrum (Q-spectrum) of a graph G consists of the eigenvalues of A(G)
(Q(G)). Two graphs G and H are said to be A-cospectral (Q-cospectral) if
they share the same A-spectrum (Q-spectrum).

It is meaningful to study the property of characteristic polynomial for
spectral graph theory. Since calculating the spectrum of a graph is a fun-
damental work and determining the coefficients of the characteristic poly-
nomial and then finding its roots is one way for computing the eigenvalues
of a graph. In addition, as cospectral graphs have the same characteristic
polynomials, several graph operations and modifications in which the cor-
responding characteristic polynomials are known, can be used to construct
cospectral graphs. For instance, by examining the characteristic polynomi-
al of what he called the coalescence of two graphs, Schwenk [10] proved the
famous theorem which stated that with respect to adjacency matrix, almost
all trees are not determined by their spectra. On the other hand, compar-
ing the exponents and coefficients of two characteristic polynomials is a
frequently-used and efficient method for determining the non-cospectrality
of two graphs, see [4, 8, 9, 12-14] etc.

There are several formulas for determining characteristic polynomials
of graphs derived from that of their subgraphs by certain operations or
modifications. The first is due to Heilbronner [7], he gave a formula which
expresses the characteristic polynomial of graph GuvH (the graph obtained
from G and H by adding a bridge uv, where u € V(G) and v € V(H))
by the characteristic polynomials of graphs G,H,G — u and H —v. The
most frequently encountered formulas in the literature are those given by
Schwenk [11]. His two results display respectively the relations between
the characteristic polynomial of a graph G and the polynomials of G minus
a vertex and G minus an edge. In the monograph (2] Cvetkovié et al.
presented a equation of the characteristic polynomial of the corona GoH in
terms of that of the graph G and the regular graph H. Recently, Belardo et
al. [1] extended some well-known formulas about characteristic polynornial
to weighted (di)graphs. All the above formulas are involved in adjacency
matrix, however, when it comes to signless Laplacian matrix, little are
known.

In this paper, by the definition of the semiedge vertex, Q-induced sub-
graph and Q-elementary graph, two Schwenk-like formulas for signless
Laplacian matrix are established. Thus it supplies new tools for evalu-
ating Q-characteristic polynomials of graphs. As one application, the Q-
characteristic polynomial of lollipop graphs is presented and the known
result that no two non-isomorphic lollipop graphs are Q-cospectral are re-
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proved by a simple manner.

2 Main results

Let G be a graph without isolated vertex. Its signless Laplacian matrix
Q(G) has nonzero diagonal entries. Then the principal submatrix of Q(G)
will not be a signless Laplacian matrix of the induced subgraph of G since
the two matrices do not have the identical diagonal entries. In order to
avoid this difficult, we introduce the definition of semiedge vertex. For
signless Laplacian matrix Q(G), we view each vertex v and the semiedges
incident to it indivisible. We define it as semiedge vertezr and denote by v—.
For example, the thick lines shown in Fig. 1 are semiedges while the thin
lines are edges. The edge of G is independent of semiedge vertex. By the
symbol e = u~v™, we mean that there is an edge e joining one semiedge
of u~ and one semiedge of v~. The degree of a semiedge vertex v~ is the
number of semiedges incident to v~. If we delete a semiedge vertex from
a graph G, then the edges incident to it should be also removed, however,
all of semiedge vertices remain the same when an edge is deleted (see for
example, 6(2,0,2)—v; and 6(2,0,2)—e7 in Fig. 1). A Q-induced subgraph
Go[V(Z)) is a subgraph induced by the semiedge vertex set V(Z) and the
edges whose two end semiedge vertices belong to V(Z). In a Q-elementary
graph, each component is either a semiedge vertex, or a P;, or a cycle. We
give all the Q-elementary spanning subgraph of 6(2,0,2) in Example 1.

Example 1. 6(2,0,2) has 27 Q-elementary spanning subgraphs, we list
them according to the number of edges. Hy = {vi,v;,v3,vs,v5,0 };
Ha = {vyvy,v3,v5,v5,v5 }, Hy = {vgv5,v7,v5,v3,96 }, Hy = {v5v5,
vy, vy ,vp,v5 b Hs = {vTvg,v5,v3,v7,v5 }, He = {vav3,v1,v7,v5,% },
Hy = {vzvy,vy,vy,v5,9 }, Hs = {v;v;,vi',v{,v;,v;}; Hy = {vy vy,
v:«l_vs_’v«!_’vs_}: Hyo = {vivg,vyv3,v5,v5 }, Hiu = {vrvs,vavg,va,v5},
Hyz = {vyv3,v5vg, v, vy}, His = {v3vg,vivs,vp,v5 }, Hia = {v3 vy,
v Vg, V1,7 }, His = {”1—1’2-:"3_”;1”;:'06_}, Hye = {vivy,v5v5,v3,v; },
Hy; = {Ul_ve_’v;vs_7v2—’v.;}z Hyjg = {U2_'U3_7'U4_v5_’vl_vv6_}: Hyg = {”1_”2_»
1)4_1)5_,’03_,'06_}; Hyo = {Uf"{’vaé'av;”;}: Hy = {vTvg,v3v3,v5v5 |,

Harary [5] first gave a structural interpretation of determinant of the ad-
jacency matrix A(G) by the linear subgraphs whose components are paths
P; or cycles. The following theorein is a similar result concerning signless
Laplacian matrix Q(G).

341



€6 €5 €6 €5 €6 €5
€1 €7 €4 €1 €4 €1 e4
€2 €3 ) l €3
123 vz v v vy Uy v vy
6(2,0,2) 6(2,0,2) — vy 6(2,0,2) — e7

Fig. 1: Illustration of semiedge vertex

Theorem 2.1. Let G be a graph with n vertices and no isolated vertices.
Suppose that Q(G) is the signless Laplacian matriz of G, then

i(H)

det(Q(G)) = (-1)™ Y (~1)*"([] d(wi 2™,
k=1

Heo#

where ¥ is the set of Q-elementary spanning subgraphs of G, vy, ..., ViH)
denote the semiedge vertex components of H, w(H) denotes the number of
components of H and ¢(H) denotes the number of cycles in H.

Proof. Let Q = [¢ij]lnxn be the signless Laplacian matrix of the graph G.
Consider a term sgn(7)q1,x(1)g2,x(2) * * * @n,n(n) in the expansion of det(Q). If
this term is non-zero then j = #(j) or j ~ w(j). Thus 7 can be expressed as
a composition of disjoint cyclic permutations: o - - oy B1 -+ By -+
Ye(H) Where ajy,..., oy are the fixed points; By, ..., By are transposi-
tions and 71, ..., Yc(H) are cycles of length at least three. This expression
determines an Q-elementary spanning subgraph H in which the semiedge
vertices components v, (k = 1,...,i(H)) are determined by the fixed
points o, ..., &4(x), the components isomorphic to P> are determined by
the transpositions Bi,..., By x) and the cycles are determined by the re-
maining v ... Ye(H)- Let €(vk) (k =1...,c(H)) be the length of vk, since
a fixed point and a transposition has length 1, 2, respectively. The sign of
m is

i(H) t(H) c(H)
sgn(m) = > (flox) = 1)+ D (€(Bx) — 1) + D (&(w) = 1)
k=1 k=1 k=1
c(H)
=t(H) + Y _ &w) — c(H).
k=1
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In view of i(H) +t(H) +c(H) = w(H) and i(H) + 2t(H) + Y54 Z('yk) =n,
we have sgn(w) = n — w(H). Thus the term sgn(7)q1 x1)92,7(2) * * * Gn,n(n)
contributes (—1)"~«(H) H2(=H1) (d(vg )) to det(Q(G)). Finally, H arises from
2¢(H) permutations: aj - - - aym)br - Punym 'y;%;,) with the same sign
and identical contribution to det(Q) as . O

We compute the determinant of Q(0(2,0,2)) according to Theorem 2.1
and the data of @Q-elementary spanning subgraphs obtained from Example
1 in the following.

Example 2

44Q(620,2))
i(H,)

= (- 1)62( ) [T despee?

i(Hh) i(H:)
1)w(H1)( H d(vg ))Qc(H:) + z w(H )( H d(vy) )2c(H.
z(Hq) 1(H.
+ (—1)~H)( H d(v )2°‘”"+Z( —1) s ’(H d(v))2°H)
=5
I(H, 1(Ha
+Z 1)“<H>(H d(vp )2C(H>+Z( 1)”“"-’([1 d(vp )25
=9 i=15
l(H19) 1(H)
+ (=1)wHio)( H d(vy) 2°<H19)+Z( 1) (Ha)( H d(vp))2°H)
=20
z(H) z(H)
+ Z( 1)‘~(”>(H d(vg ))25H) + Z( 1)“'(”)(1'[ d(v ))2cH0
1=23 1 i=25
'(Hz-r)
+(_1)W(H21)( H d(’U,:))2C(H”)
k=1

=(-1)x2'x32+2x (~1)°x 22 x 3%+ (-1)° x 2* +4x (-1)°x 28 x 3
+6x(—1)*x22 +4x (1) x2x 3+ (-1)* x 32 +3x (1)
+2x (-1 x22x24+2x(-1)2x2+(-1)x2

=144 -1844+57-3-16+4—-2

= 0.

It is not hard to calculate the determinant of Q(6(2,0,2)) directly, we see
that the two results are coincident.
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The next corollary interprets the coefficients of @-characteristic poly-
nomial of a graph by its Q-elementary subgraphs.

Corollary 2.2. Let ¢(G;z) = z" + qiz"~  + -+ + gn1Z + qn be the
Q-characteristic polynomial of G, and let %, be the set of Q-elementary
subgraphs of G with s semiedge vertices. Then

i(H)

=S (- 1)”<">(H dop)2® (s=1,...,n).

Hest,

Proof. Since (—1)°g, is the sum of all s x s principal minors of Q(G), and
each such minor is the determinant of the signless Laplacian matrix of a Q-
induced subgraph on s semiedge vertices. A Q-elementary subgraph with
s semiedge vertices is contained in exactly one such Q-induced subgraph,
and so the result follows by applying Theorem 2.1 to each s x s principal
minors of Q(G). O

For the signless Laplacian matrix Q(G), we use ¢(G \ V(Z); z) to de-
note the Q-characteristic polynomial of the Q-induced subgraph Go[V(G)\
V(2)] (or equivalently, the characteristic polynomial of the principal sub-
matrix of Q(G) whose rows and columns correspond to the semiedge ver-
tices in V(G)\ V(Z2)). In particular, if V(Z) = {u~} or V(Z) = {u~,v"},
we write G —u~ and G —u~ — v~ to abbreviate Gg[V(G)\ V' (Z)]. Now we
give the Schwenk-like formulas for Q-characteristic polynomial of a graph
G in the following theorem.

Theorem 2.3. (a) For any semiedge vertez v~ of a graph G,
p(G;2) = (z —d(u))p(G—u";x) — Z Y(G—-u™ —-v7;7)
T (1)
-2 ) @(G\V(2Z)x),

ZeC(u~)

where the first summation goes over all semiedge vertices v~ adjacent
to u~ and C(u~) denotes the set of all cycles containing u™.

(b) For any edge u~v™ of the graph G,
©(Giz) = p(G-—u"v7;2) —p(G —u” —v7;x)
-2 Y e(G\V(2Z)2), (2)

ZeC({u~v™)

where C(u~v™) denotes the set of all cycles containing u~v™.
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Proof. (a) Recall that ¢(G;z) = 3 i ¢:iz"¢, and Corollary 2.2 expresses
g; in termns of the i-point Q-elementary subgraphs. We now present a one-
to-one correspondence hetween those Q-elementary subgraphs contributing
to ¢; on the left and those contributing to one of the terms on the right.
Namely, letting H be an i-point Q-elementary subgraph of G, we have four
possibilities:

(i) If u= € H, let H' be the same Q-elementary subgraph, only now
viewed as a @-induced subgraph of G — u~.

(ii) If v~ is one of the semiedge vertex component of H, let H' be H —u~
viewed as a Q-induced subgraph of G — u~.

(iii) Ifu~ € P, C H,let H be H—V(P;) viewed as a Q-induced subgraph

of G — V(R).
(iv) Ifu~™ € Cr C H, let H' be H—V(C}) viewed as a Q-induced subgraph
of G — V(Ck).

It is easy to see that this does indeed establish a one-to-one correspon-
dence. Moreover, if H contributes an amount s toward the coefficient z"—*
on the left, we observe that on the right H’ also contributes s in each case
as we demonstrate:

(i) Since H’ = H, we see that H' contributes s to the coefficient of
z"1=% in (G — u~;x), and thus supplies s toward the coefficient of
2" in 29(G - u~; 7).

(ii) Now H' = H — u~, so H’' contributes

i i(H") ) 1 i(H) Y
—1)w(H’ —yyoelH) — 2 (_qy(H) —1)9¢(H)
()T A2 ™ = — o= (0[] dewin2e
-5
d(u")

to "~ 1—0-1) = gn—i to the Q-induced subgraph G — u~. Thus it
contributes sz™~* to —d(u~)p(G — u~; x).
(iii) In this case H' = H — V(P,), so H’ contributes
| iH) , i(H)
(12T dlop)2et™ = ~(=1)=(]] dwg 2= = ~s
k=1 k=1

to "~ 27(-2) = g7~ to (G —u~ — v~;x). Hence, it supplies sz"~*
to —p(G —u™ —v™;z).
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(iv) Finally, we have H' = H — V(C%), so H' contributes

, i(H') , 1 i(H)
(=] iz = =5 (1] ] dwi 2™ =
k=1 k=1

s

to zn~*—(i=k) = g7~ in (G \ V(Ck); z). Thus H’' contributes sz™*
in —2¢(G \ V(Ck); z).

Therefore, the contribution of each Q-elementary subgraph H to the left
side is matched by a corresponding contribution on the right side of the
Q-elementary subgraph H'.

For (b), we have three cases, the method of proof is identical to that of
(a) and is omitted. This completes the proof of the theorem. a

As an illustration of Theorem 2.3, we give the following example.

v3 vy V5 vg v3 , C3 = vy vy v3 vy V5 Vg vy . Applying Theorem 2.3 at semiver-
tez v; and edge v vg , respectively, we have

©(G) = z° — 14z° + 74z* — 1842 + 2132? — 90z,

(G —v3) = z° — 112* + 442° - 78z% + 59z — 15,

©(G —vy —v3) = (G —v; —vy)=z*—92°+272% - Blz + 11,

o(G — vz —vg =z% — 82% +222% — 24z + 9,

(G — vyvg) = z° — 142° + 75z — 19223 + 23922 — 130z + 21,

PG\ V(1) = p(G\V(C2) = 2% — 4z +3,

P(G\V(Cs)) = 1.

It follows that

#(G) =(z - 3)¢(G —v7) = (P(G — v7 —v7) +¢(G — vy —v)
+9(C — vy —v5) — 2p(C = V(C1)) + 9(G \ V(C2))
+¢(G = V(C3)),

Q) = (G — v5v) — 9(C —v3 = v5) = 2#(G ~ V(C1)) + 9(G \ V(Ca))-
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3 Application

The lollipop graph L, (a > 3,b > 1) is obtained by appending a cycle
C, to a pendant vertex of a path P,. By showing no two non-isomorphic
line graphs of lollipop graphs have the same adjacency spectrum [6, 15],
the authors conclude that no two non-isomorphic lollipop graphs are Q-
cospectral. In what follows, we will give a direct proof for the above result.
Some symbols follow from the paper [3].

Let B, be the Q-induced subgraph obtained from P, by deleting one
semiedge vertex of degree one and H,, be the @-induced subgraph obtained
from P, ;2 by deleting two semiedge vertices of degree one. Then the Q-
characteristic polynomials of B,,, P, and H, have following relations.

Lemma 3.1. Set o(FPp) =0, o(Bo) =1, ¢(Hp) =1. We have
(i) ¢(Bn) = 1(@(Pas1) + @(Pn));
(i) ¢(Pni1) = (z — 2)p(Pn) — ¢(Pa-1),(n 2 1);

(iti) p(Hn) = 20(Pat1),(n 2 1).

Proof. Since

r—1-1 -1 0 0
-1 r—2 -1 0
o(Ba)=| O “LoE=2 e 0P~ p(Bany).
0 0 0 z-1
Thus we have
(Pn) = ¢(Bn) + ¢(Bn-1)- (3)
From Theorem 2.3 (a), we have
#(Pny1) = (z = 1)p(Bp) — p(Bn-1). (4)
Substituting Eq. (3) into Eq. (4), we have
20(Bn) = p(Pat1) + 9(Pa), (5)

therefore (i) follows.
For (ii), using (4), (3) and (5), we obtain
@(Pn+1) = (z — 1)9(Bn) — ¢(Bn-1)
= (@ = 1)(¢(Pn) = ¢(Ba-1)) — ¢(Ba-1)
= (z — 1)¢(Pn) — z¢(Bn-1)
= (z — 1)e(Pn) — (¢(Pn) + @(Pr-1)),
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hence ¢(Pn41) = (z — 2)¢(Pa) — #(Pac1)-

To show (iii), we need to verify ¢(P,) = zp(Hn_1). Using induction
on n, if n = 1,2, the result is obvious. Suppose that n > 3. From (ii) and
induction, we get

P(Pn) = (z — 2)p(Pr-1) — p(Pn-2)
= z(z — 2)¢(Hn-2) — zp(Hn-3)
= z{(z — 2)p(Hn-2) — ¢(Hn-3))
= zp(Hnp-1).

]

The following lemma gives the concrete form of Q-characteristic poly-
nomials of graph P,, B, and H,.

Lemma 3.2. Let y be the root of the equation y?> —(z—2)y+1 =0 (z # 4),
then the Q-characteristic polynomial of the path P,, Bn, Hy, are

. _ +@E*t-1 .,
(i) p(Pn) = LA,
gy a1 _

(n) o(Bn) = ‘gTuTl__yvln'
21:-{-2_1

(i) @(Hn) = Bt

Proof. Leinma 3.1 (ii) gives the recurrence relation of ¢(P,). It has char-
acteristic equation

VP (2 —-2y+1=0 (z#4) (7)
Let y be the root of (7), the general solution of w(P,) is
1
o(Fn) =ay” + 02(§)n~ (8)

Note that ¢(Pp) = 0 and ¢(P,) = z, we obtain that,

c1+cp=0
ay+ey ==z

so ¢ = —c; and
2+l
o = +y+ ¥+2+1 y+1 ©)
1= = = = .
y-y ' y-3 y? -1 y-1
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Substituting (9) into (8) we have

v+ 1 y+1 . ¥"(y+1) y+1
py=21t_,n_27 _-n_ _

oPn) ==y y-17 yvy-1) g (y-1) (10)

_+)E*r-1)
- yn+l — yn :

Finally, By putting z = ﬁf—fﬂ and (10) into Lemma 3.1 (i), (iii), we see
that Lemma 3.2 holds. O

Next by providing the Q-characteristic polynormnial of the lollipop graph,
we give a direct proof of the known result that no two non-isomorphic

lollipop graphs have the same Q-spectrum.
Lemma 3.3. The Q-characteristic polynomial of the lollipop graph L, 4 is
¢(La,by) = =z P1(Lasi y), where

©1(La i y) =yotoF? — 2yo ol — 2042 4 gybHl _ yph2me

11)
+ ya—b + 2yl—b + 2y-b + y-a-—b _ 2y—a—b—l (

and y is the root of Eq. (7).

Proof. Let u~ be the unique semiedge vertex with three semiedges. By
Theorem 2.3 (a), ¢(Lq4,5) can be computed as follows:

P(Lap) = (= 3)p(Ha-1)0(Bs) — 2¢(Hqa—1)p(Bs) (12)
— ¢(Ha—1)p(Bs-1) — 2¢(By).

Recall that = = yijyﬁ, by Lemma 3.2 (ii), (iii), Maple direct calculation,
we see that (11) holds. a

Theorem 3.4. [6, 15] No two non-isomorphic lollipop graphs are Q-cospectral.

Proof. Let L, and Lgr i be two Q-cospectral lollipop graphs, then they
share the same Q-characteristic polynomial, thus from Lemma 3.3 ¢ (L, »; )
= p1(La’,p; ¥). By (11), we see that the third leading term (term with the
third highest exponent) of ¢1(L, ) is —2y®*2 or y~®. Comparing this
corresponding term in ¢1(Ly p;y) leads to a = o’ and b= b'. Hence L,
and L, p are isomorphic. 0O
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