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Abstract.Lee and Wei defined super vertex-graceful labeling in 2006. In
this paper, the generalized Butterfly Graph B, and C,(f) graph are dis-
cussed, the generalized butterfly Graph B! is super vertex-graceful when
t(t > 0) is even, BY is super vertex-graceful when n = 0,3(mod4); For
Cét), there are: Cé') is super vertex-graceful if and only if t = 1,2,3,5,7.
Moreover, we propose two conjectures on super vertex-graceful labeling.
Keywords: Generalized Butterfly Graph B!; C§‘) Graph; Super Vertex-
Graceful Graph.

1. Introdution

In 1967, Rosa [16] first introduced the concept of graph labeling and
proved some interesting results. In 1980, Graham and Sloane [11] further
developed the methods and new notations on graph labeling. Up to now, it
has been discovered that theory of labeling graphs can be applied to coding
theory, X-ray crystallography, radar, astronomy, circuit design, communi-
cation network addressing, data hase management, etc 4, 5, 9, 15, 18].

In 2005, Lee, Pan and Tsai [13] called a graph G with p vertices and
q edges is vertex-graceful if there is a bijection f : V(G) — {1,2,---,p}
such that the induced mapping g from E to Z, defined by g(uv) = (f(u) +
f(v))(modq) is a bijection. In 2006, Lee and Wei [14] defined a graph
G(V,E) to be super vertex-graceful if there is a bijection f from V to
{0,£1,+2,---, :I:u/—'{—l} when |V} is odd and from V to {£1,+2,---, :L-%l}
when |V]| is even such that the induced edge labeling g defined by g(uv) =
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f(u)+f(v) over all edges uv is a bijection from E to {0, £1, +2,--- , ijﬂ{—l
when |E| is odd and from E to {£1, +2,--- ,:I:J%} when |E| is even. They
showed that K, x P, are not super vertex-graceful for n odd; for n > 3,
PZ2x P, is super vertex-graceful if and only if n = 3,4,5; P, x Py, x- - - X P,
is not super vertex-graceful for each of m,ny,ng,--- .1, at least 3; and
Cn x Cp, is not super vertex-graceful. They conjecture that P, x P, is
super vertex-graceful for n > 3.

Lee et al discussed the edge-graceful spectrum of butterfly graph. For
Cg‘), there are the following: C_'gt) is graceful if and only if t = 0, 1(mod4)
(3]; C’;‘) is harmonious if and only if ¢ # 4k + 2 [11]; c§" has sum number
8]; C:gt) is even edge-graceful(10]; Cg‘) is strongly multiplicative[1]; C:g‘)
is 3-equitable if and only if t # 6k +3 [7); em(CSY = 1ift = 1 and
em(Cg) =2t-1ift >1][12]; Cg‘) is super edge-magic if and only if
t =3,4,57 [17]; Cg’) has total magic cordial labeling [6]; Cé') } is super
(@, d)-antimagic total [2].

In the paper, we define the generalized butterfly graph Bf and prove
that is super vertex-graceful when t(t > 0) is even, BY is super vertex-
graceful when n = 0, 3(mod4), C:gt) is super vertex-graceful if and only
ift =1,2,3,5,7. Moreover, we conjectures: 1. the generalized butterfly
graph is not super vertex-graceful when ¢t is odd; 2. B is not super vertex-
graceful when n = 1, 2(mod4).

2. Preliminary

Definition 2.1. Let a graph G(V, E) that has p vertices and q edges,
if there is a bijection f from V to {0,+1,+2,..., :l:m,;—l} when |V| is odd
and from V to {£1,+2,.-- ,:i:J-‘zﬂ} when |V| is even such that the induced
edge labeling g defined by g(uv) = f(u) + f(v) (v,v € V, uwv € E) over all
edges uv is a bijection from E to {0, £1,%2,--- ,i@,‘,—‘—l} when |E| is odd
and from E to {%1,+2,... ,i%l} when |E| is even, then graph G(V, E)
is called super vertex — graceful graph.

Definition 2.2. Butter fly graph is obtained by two even cycles of the
same order sharing a common vertex with an arbitrary number of pendant
edges attached at the common vertex.
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Definition 2.3. The generalizedbutter fly graph is obtained by two cy-
cles of the same order sharing a common vertex with an arbitrary num-
ber of pendant edges attached at the common vertex. The generalized
butterfly graph is denoted by B, and illustrated in Fig.1. On Bf, the

edges ujug, us, U3, -+ , UnU], U1 Un+2, Unt2Unt3, - , U2ty are denoted by
€1,€2," " y€n,€nt1,° " ,E2n, the edges uvy,u ve, - ,u v, are denoted by
€11,€12," " ,€1¢.

Fig.1. generalized butterfly graph B},

Definition 2.4. The Cét) graph is obtained by the one-point union of ¢
Cs. The ng) Graph is illustrated in Fig.2. C’ét)is also call friendshipgraph

or Ductch t — windmill.

Fig.2. Cg) graph

3. Super Vertex-Graceful Graph
Theorem 3.1. If t(t > 0) is even, then the generalized butterfly graph B,

is vertex-graceful.
Before we prove the theorem, first, we divide BY, into two part, one is B2,
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another is star that the center vertex is u; and the others are vs, vg, - - - , vy;
next, we define f(u;) = 0 from beginning to end in the proof; the third, ac-
cording to the symmetrical characteristic of B2, we only give the labelings
of up,us, -+ ,un,v1, the labelings of un42,uns3,+ ,Uzn,vs are opposite
number of the labelings of ua,us, - ,up,v;.

Lemma 38.1. When n is even, B2 is super vertex-graceful.
Proof we consider the following two cases.

Case 1. n = 0(mod4). When n = 4, we define f as follows:
[ {ug,us, uq, 1} — {4,1,-2,3},

it is easy to see that B2 is super vertex-graceful.

When n > 4, let f : {uz,un,v1} = {n,n - 2,n — 1}; for the vertices
u3, ug, -+ ,ug, if the vertex subscripts are odd, we label these vertices
in proper order: 1,2,---,% — 1, if the vertex subscripts are even, we la-
bel these vertices in proper order: —(n —3),—(n —4),--- ,—(32 - 1); let
flugser) = 37" — 2. For the vertices Up42,UF 43, ,Un—1, if the vertex
subscripts are odd, we label these vertices in proper order: -8+
1),--+,—(% — 2), if the vertex subscripts are even, we label these ver-
tices in proper order: 37" -3, 37" -4, ,%,—(5 —1). On the above
rule, we can get the labeling set of the vertices uj,uz, -+ ,upn,v — 1 is
{0,n1,-(n-3),2,-(n—4),---, 3 -1, —( -1}u{dr -2 -2 3 _
3,—(§+1),---,%,-(5-2),—(5-1),n—-2,n—1}, depend upon definition
2.1 and the labelings of un42,%n43,- -, u2n, v2 are opposite number of the
labelings of u3,us, -+ ,un, v, we can know that the vertex labelings of B2
satisfy the demand from definition 2.1.

Now, we discuss edge labelings. By labeling the vertices defined ahove
and the edge labeling rules, the labelings of the edges that are related
to the vertices us,us, - ,un,v; are in proper order: {n,n + 1,—(n -
4),-(n-5),"-,—-3tu{-1}U{§-2,3-3,---,2,-(n-3),3 - 1,n—
2} U {n — 1}, together with the labelings of the edges related to the ver-
tices un42, Uny3, - , Uon, V2, we can get clearly that these edge labelings on
B? also satisfy the demand from definition 2.1, so B2 is the super vertex-
graceful at this time.

Case 2. n = 2(mod4). n = 6, we define f as follows:
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fi{ug,us, - ,us,n1} = {6,1,-3,2, 5,4},
it is easy to see that B? is super vertex-graceful.

When n > 6, let f : {ug,un, 01} = {n,n — 1,n — 2}; for the vertices
U3, Ugy*c ,Ug—, if the vertex subscripts are odd, we label these vertices in
proper order: 1,2,-.-, "4;2 — 1, if the vertex subscripts are even, we label
these vertices in proper order: —(n — 3),—(n — 4),--- ,—(3%"—2 —1); let
flug) = — 2. For the vertices ugi1,ugta, ", Un-1, if the ver-
tex suhscnpts are odd, we label these vertices in proper order:sl‘;t-"l -
3, 3"442 —4,---,%,—(% — 1), if the vertex subscripts are even, we label
these vertices in proper order:—'—‘fg, —("T‘2 +1),---,—(3 —2) . On the
above rule, we can get the labeling set of the vertices uj,ug, -+ ,uUn,v —
1is {O,n,1,—(n — 3),2,—(n — 4),---, 232 — 1, (382 — 1)} U {32 -
2,832 3ni2 _ 3 (222 +1),-.-,3,-(3-2),-(5 - 1),n—1,n -2},
depend upon definition 2.1 and the labelings of un 42, ¥n43,: - , U2n,v2 are
opposite number of the labelings of ug,us, - ,un,v;, we can know that
the vertex labelings of B2 satisfy the demand from definition 2.1.

For the edge labelings, we can also get the same conclusion by the proof

of case 1.

Lemma 3.2. When n is odd, B2 is super vertex-graceful.
Proof With lemma. 3.1, we consider the following two cases too.
Case 1. n = 1(mod4) We consider the following two subcases.

Subcase 1.1. 222 is even, let f : {u2,un,v1} = {n,—(n —1),n —2}; for
the vertices us, u4, " Unga, if the vertex subscripts are odd, we label these
vertices in proper order: 1,2,---, “T‘l, if the vertex subscripts are even, we
label these vertices in proper order: —(n — 3),—(n — 4),--- , —(3%tL —1);
let f(ugg_nﬂ) = 3 -3, flunpry,) = —(27 +1), fluap ,q) = B -2,
f(u++4) n=1 4 3), for the vertices ulg‘—‘+s’”—}-+s» <+, Up—4q, €ach

four divide 1ntoagroup, let f(u++5) = —+— 5, f(“++s) = ("—1 +2),
flungryg) = 3ntl _ 4, flungrig) = —(n_l + 5), the vertex labelings in
the other groups is defined that the vertex labelings in front of adjacent
group minus 2. For u,_3,un_2,U,-1, let their labelings are: "—‘— = (85 n=l_
2), 251 41, so there are: if 1 < i < 2L, 0 < f(w) < 23L, or equals n,

or —(n —3) < f(u;) < —(3L — 1); for the vertex u; (2 +1<i<n),
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except for the first group and un_3,un_2,%n—1,un, in the other groups,
the first vertex labeling difference 1 with the third vertex labeling, and
them difference 2 with the corresponding vertex labels adjacent to its front
group, so these labelings are different successively, the maximum value is
3—";"—1 — 4, the minimum value is "‘l +2; the second vertex labeling even,
the forth vertex labeling is odd (except for —(25! - 2)), the maximum
value is —("T"l + 2), the minimum value is —("T'l —1). With first group
and the last four vertex labelings, we can know that these vertex labelings
are different each other, and also different with the labelings of the vertex
u; (3 +1 < i < n) and vy, the labelings of un42,Unss, - - - ,Usn, v2 are
opposite number of the labelings of us,u3, -+ ,un,v1, so the vertex label-
ings satisfy demand from definition 2.1.

Now, we discuss the edge labelings, the labelings of the edges that

are related to the vertices uy,us, - yua-1 are in proper order: {n -
2,—(n - 1),n,n 4+ 1,—(n — 4),—(n — 5),--- , — 253, the labelings of the
edges that are related to the vertices un _;_,u _;__, .+ ,Un—1 are in proper
order: {n-3, ——3 -2,55 —qpu{zzt “—-6 ozl o=l
gyu{nsl — 7,251 62:——5 nol_g)—1 ——8} 10,251 —g, 21 _
12}u---U {5,6, 7 4}u{1,2,8,- (—— —1)}, we can get clearly , regardless

of the sign of these labelings, the labelings are 1,2, - ,n+1, together with
the labelings of the edges related to the vertices upy2,unya, -+ ,U2n,va,
B2 is super vertex—graceful at this time.

Subcase 1.2. 21 isodd, n = 5, we define f as follows: f : {u2, us, uq,us, v}
- {5,1,-2,4, 3}, n = 13, we define f as follows: f: {ug,us, - ,u1z,v1} —
{13,1,-10,2,-9,3,-5,8,—4,—6,7,—12,11}, we can know B2, B}, are su-
per vertex-graceful.

n > 13, the labelings rule of the vertices uj,us, ++ ,Un_g, Un,V; is the
same as the labelings rule of 2 — is even, f : {Un—s,Un—g, " ,Upn_1} —
{ofd, —npT ool _n3 —'2"-}, 81m11ar to subcase 1.1, we know that B2 is
super vertex-graceful at this time.

Case 2. n = 3(mod4). n = 3, we define f as follow: f : {uz,u3,v1} —
{3,1,2}, it is easy to see that B2 is super vertex-graceful.

Whenn > 3, let f : {ug,v1} — {n,n—1}, for the vertices ug, u4, - ,uns

if the vertex subscripts are odd, we label these vertices in proper or-
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der: 1,2,--- ,"—4’3—, the vertex subscripts are even, we label these ver-
tices in proper order: —(n — 2),—(n — 3),---, —3—"4‘—‘; for the vertices
Ungs,Ungs, "+, Un—1, the vertex subscripts are even, we label these ver-
tices in proper order: —1‘—}2, —"—;'ﬁ, ey ’—‘;—‘3, the vertex subscripts are odd,
we label these vertices in proper order: 323, &‘4;9., coo, EEL —2-1 Bythe
same argument in the case 1, we can know that these vertex labelings sat-
isfy the demand from definition 2.1.

Now we discuss the edge labelings of B2. the edge labelings that are
related to the vertices uj,ug,- -+ ,un,

v; are in proper order: {n,n+1,—(n—3), —(n—4),..- , -2, -1, 253 13
+++,2,—(n—2),n—1; similarly, we can get the same conclusion by following
the proof of the case 1.

Overall, B? is super vertex-graceful.

For B! (t(t > 0) is even), according to the front rule that we di-
vide B} into two part, one is B2, another is a star that the center ver-
tex is u; and the others are wvs,vq,---,vs; first, we modify: f(ug) =
mz-_-l-, f(tnyo) = -1‘—'12_—1; next, for the star, we define the vertex lahelings
are: :l:(JKl,‘,‘—1 -1), :i:(lllz'—1 —2),---,x(n+1). We can know that the star is
super vertex-graceful, hence, the generalized butterfly graph B, (¢(t > 0)
is even) is super vertex-graceful.

Theorem 3.2. When n = 0, 3(mod4), B is super vertex-graceful.

In the following proof, using the same method and Theorem 3.1, first,
we define the labelings of vertex u;; (1 < j <n — 1) on BY, the labelings
of vertex ug; (1 < j < n — 1) is opposite number of the labelings of vertex
uy; (1<j<n-—1), and f(ug) =0.

Lemma 3.3. When n = 0(mod4), B2 is super vertex-graceful.

Proof Case 1. % is even. First, we consider the vertex uy; (1 <j < %), if

Jj is odd, we define the vertex u;; (1 < j < %) in proper order: n—1, ~(n—

2),—(n—3),--- ,—?‘42, if j is even, we define the vertex u;; (1 < j < 3)

in proper order: 1,2,..-,%. For the vertex uj; (3 +1 < j < n—4),

each four divide into a group, let f : {U1(¥+1),’UI1(%+2), Ui(3+3), U1(F+4)
37" -2,—(%+2), 37" —1,—(%+1)}, the vertex labelings in the other group-
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s is defined that the vertex labelings in front of adjacent group minus 2,
f i {v1n-3,v1n—2,v1n-1} = {§, —(3+1), 3 —1}. Thus, we can get that the
labelings set of the vertex u;; (1 < j<n-1)is {n—1,1,—-(n~2),2, —(n—
3), o, =8, 2YU{3R -2, —(3+42), 30 -1, — (B +1)}U{3R -4, —(244), 32—
3,—(3+3}u-- {5 +2,-(5-2),3+3,— 5-3)u{3,—(3+1),53 -1},
we can get clearly , regardless of the sign of these labelings, they are dif-
ferent each other, and the maximum is n — 1, the minimum is 1, together
with the labelings of the vertex us; (1 < j < n — 1), these labelings satisfy
the demand from definition 2.1.

Next, we consider the edge labeling, for the edge ugu1;, UG- (2 <
J £ %), their labelings are in proper order: n — 1,n,—(n — 3),~(n —
4),--+, =%, g(urguig41)) = n — 2, for the edge ujjuijyry (3 +1 <
j £ n — 4, their labelings are in proper order: {3 —4,% -3, -2,% —
5}u{$-8%-7,3-6,32-9}U---U{4,5,6,3}, the labelings of edges
U1n-3UIn-2, Uin-2U1n-1, U1n—1Uo are 1,2, 3 — 1, together with the label-
ings of the edges uous;, ugjuzj4+1 (1 < j < n—2),usn_1up, these labelings
satisfy the demand from definition 2.1, so C,(,z) is super vertex-graceful at
this time.

Case 2. 2 isodd, n =4, let f: {uy1,u12,u13} — {3,1,-2}.

When n > 4, for the vertices u11,u12, - , u13, the rule of their labelings
are defined as its in the case 1, for the vertices UL +1)r Y1(F+2) s Uln—-2,
the rule of their labelings are defined as Uy($+1) Y1(B+2)s " » Uln—d, let
f(uin—1) = § — 1, we can get the same conclusion by following the proof
of the case 1.

Lemma 3.4. When n = 3(modd4), B is super vertex-graceful.

Proof We consider the vertex u;; (1<j < 1‘—;—1), if j is odd, we define the

vertex u1; (1 < j < %) in proper order: n—1, —(n—2), —(n-3),--- ,—3271,

if j is even, we define the vertex u;; (1 < j < %) in proper order:

1,2,---, 232, For the vertex uy; (2! < j <n—1),if j is odd, we define
the vertex u;; (1 £ j < %) in proper order: —%‘-,—l}‘-i,u- ,—1‘-;—3,
if j is even, we define the vertex u;; (1 < j < %) in proper order:
3‘—"{-1 -1, 3"4‘ l_9..., EZ,LI, —"T‘l. Thus, we get the labeling set of the ver-
texu; (1<j<n-1)is{n—1,1,-(n-2),2,-(n~3),--- , 233, -32=l1y
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{3l—q, -2l 3ncl_o _nds ... ndl _n-3 _n-l} together with the
labelings of the vertex uy; (1 < j < n — 1), these labelings satisfy the de-
mand from definition 2.1.

Next, we consider the edge labeling, for the edge uou1y,uy(j—1)u1; (2 <
j < n—1), the set of these edges labelings is {n — 1,n,—(n — 3),—(n —
4),---, -2}y u (-1} u {253, 25%,--+,2,—(n — 2), -5}, we can get
that they are different each other in regardless of the sign of these la-
belings, and the maximum is n, the minimum is 1, the labelings of the
edges ugua1, ug(j—1)u2; (2 < j < n — 1 are opposite number of the above
edge labelings, so the edge labelings satisfy the demand from definition 2.1.

Overall, When n = 0, 3(mod4), B is super vertex-graceful.

Theorem 3.3. Cét) is super vertex-graceful if and only if t = 1,2,3,5,7.
Proof Be base on the characteristic of C’ét) , if Cg) is super vertex-graceful,
then f(uo) = 0, otherwise it is easily obtained contradiction.

Suppose t is even, c§‘) is super vertex-graceful, then the vertex labelings
set of C:(,,t) is {0, £1,£2,-.. , £t}, the edge labelings set is {+1,+2,-- -, :I:%}
For w1, uk2, the sign of f(uk)) must be same as the sign of f(uxz), other-
wise, the labeling of uxjux2 satisfy: 1 < g(uriugs) < t, or —t < g(ugiuse) <
—1, thus, the g(uk1ux2) must be equal to the labeling of some edge uoumi,
or upurz, contradiction. Hence, there are % C3, the labelings of vertex
Uk, Ukz on them are 1,2,---,¢, and ¢t + 1 < g(ukjues) < %3, the sum of
these labelings is t + 1+t +2+ -+t + 4 =14+2+---+ £+ £t, by
definition 2.1, there should he

t t
142+ g+t =142++¢,

so we should find out t = 2.

Suppose t is odd, Cg) is super vertex-graceful, then the vertex labelings
set of Cgt) is {0, £1,£2,- - , £t}, the edge labelings set is {+1,+2,--,
+3-1}. the discussion is similar to the above discussion, there is a pair of
vertices ), ui2, their labelings contrary to each other (otherwise there is
no edge label 0), suppose f(u;1) = —f(ui2) = z, to the remaining vertices,
the signs of vertices ug;,ure labelings are same, so there are ‘—;—103, the
labelings of vertex wuy;,ux2 on them are 1,2,--- ,¢, and t +1 < g(ugiuke) <
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-3‘2;1,thesumofuk1uk2 labelings ist+1+t+2+---+t+‘—72-l=1+2+

-+ 4+ 851 4 Lt — L, by definition 2.1, there should be

t—-1

1424+ —

t ot
tot—g =142+ +t-z,

so we get = &*'é—"z, because of 1 < x < ¢, thus
8<8t+1—1t2< 8t

1<t<7,

hence, t = 1,3,5,7. Overall, Cét) is not super vertex-graceful expect for
t=1,2,3,5,7. Now, we define the super vertex-graceful labelings of C’é‘)
whent=1,2,3,5,7.

t=1,f: {uo,uu,ulg} — {0, 1, —1};

t=2,f: {uo,uu,ulg,um,uzz} - {0,1,2,-1, —2};

t=3,f: {uo,uu,ulg, U.21,u22,1.L31,u32} - {0,2, -2,3,1,-3, —1};

t= 5sf . {u07u117u127 U2y, U22,* ,u51,u52} —
{0,2, -2,5,1,4,3,-5,—-1, -4, —3};
t =17, f: {uo,un1,u12, 21, %22, -+ ,ur1,ur2} =

{0,1,-1,7,3,5,4,6,2,-7, -3, -5,—4, -6, —2}.

Summarizing the conclusions above and doing some validation, we pro-
pose the following two conjectures:
Conjecture 1. The bhutterfly graph B! (¢ is odd) is super vertex-graceful.
Conjecture 2. When n = 1,2(mod4), BY is not super vertex-graceful.
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