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1 Introduction and summary

Stirling numbers have applications in many areas of mathematics, proba-
bility, statistics, operations research, engineering, chemistry, physics, com-
puter science, biology, ecology and education. Some examples of applica-
tions include: moments of the Poisson distribution, moments of fixed points
of random permutations, rhyming schemes and the cereal box problem.

In this note, we derive some new expressions related to Stirling numbers.
The results are organized as follows.

In Section 2, we give new expressions for

n—1
Ac(n) =)k
k=1
for n =2,3,.... Section 3 gives expressions for

Di(ry= ) di-ixforO<k<r (1.1)

0<iy <ol <1
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and for the Stirling numbers of the first kind, s(r, k), (sometimes denoted
as S¥), defined by

r

()r = Z s(r, k) z* (1.2)

k=0
forr=0,1,..., where

(z)r = z(z—-1)---(z-r+1)
= [(z+1)/T(z+1-71)

r—1
= > (~1)*Di(r)z"*, (1.3)
k=0
and we set Do(r) = 1. This gives
s(ry,r — k) = (=1)* Dy (7).

Stirling numbers of the second kind S(n, k), sometimes denoted as S¥, are
defined by

n
" =Y S(n,m)(z)m (1.4)
m=0
forn=0,1,....

The third equality in (1.3) is not difficult to see. Note that z(z —
1).--(z = r + 1) can be expanded as z" + wy2™"! 4+ --. + w,_1z. The
coefficient wy is precisely the sum of all k products (product of & distinct
terms) out of {—1,-2,...,—(r — 1)}. So, it follows from the definition,
(1.1), that wy = (—1)*Dy(r).

Section 4 gives an expression for

Ci(r) = Z 11+ 1k

0<i << <r
for k < r. We prove the remarkable result (and a generalization of it) that
Ci(r) = Di(-r),

where Dy (x) is the extension of Di(r) to £ in R. Some related functions
are also considered.
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2 Sums of powers
Theorem 2.1 gives expressions for
n-1
A(n)=)_ k"
k=1
forr=0,1,...and n=2,3,....
Theorem 2.1 We have

Ar(n) = {Brna(m) = Braa} /i +1) = 3 i SRt (21)
k=0

forr=1,2,..., where B.(n) and B, = B,(0) are the rth Bernoulli polyno-
mial and rth Bernoulli number.

Proof: The first equality in (2.1) is equation (23.1.4) in Abramowitz and
Stegun (1964, page 804). The second equality follows from the first formula
in the ‘Relation to falling factorial’ section of http://en.wikipedia.org / wiki
/ Bernoulli_polynomials. []

3 Stirling numbers and sums of products

The Stirling numbers of the first and second kind, defined by (1.2) and (1.4)
above, have generating functions

(==}

Y s(n,m)z™/m! = {In(1 + z)}™ /m! for |z| <1,

n=m
[>=]

> S(n,m)z" /n! = [exp(z) — 1™ /ml,

n=m
oo

Z S(n,m)z™ ™ = [ |(1 —iz)™? for |x| < m~L.
i=1

n=m

See Abramowitz and Stegun (1964) for closed forms, tables, recurrence
formulas and related formulas. Comtet (1974, page 135) notes that

|s(n, m)| = Bn,m (0!,11,21,...),
S(n,m) = Bp,m(1,1,1,...),
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where By, (21, T2,...) is the partial exponential Bell polynomial defined
by

oo m oo
( z"mn/n!) /m! = Z z"Bpm (21,22,...) /0!,

n=1 n=m
and tabled on page 307 there. Comtet (1974, page 144) shows that the
infinite matrix {s(n,k),n > 0,k > 0} is the inverse of the infinite matrix
{S(n,k),n > 0,k > 0}. Comtet (1974) also gives their role in Taylor
series for g(exp(t) — 1) and f(In(1 + u)) for general functions g, f. He gives
asymptotic expansions for them for n large on page 293 and tables them
on page 310 for n < 15 giving references for larger n.

The sum of products Di(r) may be computed using the recurrence
relation given by Theorem 3.1.

Theorem 3.1 We have the recurrence relation
r—1

Di(r) =Y iDy_1(i)

i=1

Dy(r) = (;)

Proof: By definition, Di(r) is the sum of all k products of the form i - - - i
for1 <4 <--- <4 €£r—1. Now consider only those k products with
ix =i for 1 <i<r—1. The sum of all such k products is iDx_;(z). So,
the result follows. O

Riordan (1958, page 82, problem 7) gives a formula for S(n,n — k) in
terms of what he calls the associated Stirling numbers of the second kind.

with the initial value

For the connection between Stirling numbers and Stirling polynomials
see, for example, Erdélyi et al. (1955, page 257). For a table of the Stir-
ling numbers and their expression as a multiple of a generalized Bernoulli
number, see David and Barton (1962, pages 287 and 294).

We end this section with another recurrence relation for the partial sums
Dy, given by Theorem 3.2.

Theorem 3.2 We have the recurrence relation
r=1
(2" = 1) Dr(3) + Y _(=1Y""j5-nDr_n(j — n) =0, (3.1)
n=1

where a;r = (=1)™(2j =7 = 1)222"" /0l at n=j — .
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Proof: The result comes from the identity (see Comtet (1974))

j
2(k); =) asr(2K)r

r=1

for j = 1,2,.... Taking the coefficient of (2k)7~" forr = 1,2,...,5— 1 gives
(31). O :

4 Related results

Here, we give expressions for

Ce(r)= D b1k (4.1)

0<i1 S Sin<r

This was computed iteratively from

an=("3"):
Cr(r) =) rCroa(r)
t=1

using a MACSYMA program. This gave the remarkable formula
Ci(r) = Di(-1). (4.2)

The relation (4.2) is a particular case of (4.3) in Theorem 4.1.

Theorem 4.1 We have

Cap,..(r) = (m1)*H1HEHIEg, ,  (-1), (4.3)
where

Cap,..(T) = Z iajb Tty

0<igj<<r

dop,.(ry= Y it

0<i<j< <

Proof: The proof of (4.3) follows from Theorem 4.2. O
A generalization of (4.3) is given by Theorem 4.2.
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Theorem 4.2 Suppose p,q,... are polynomials (or more generally func-
tions with power series expansions) such that p(—r) = (—1)%p(r), q¢(-r) =
(=1)%g(r), ... for some integers a,b,... so that

dpg.. ()= D Pa(i)as(s)---

0<i<j< <7

and

Cpq....(T) = Z Pa(i)as(j) - -

0<i<i<<r

also are polynomials in r (or more generally have power series expansions
inr). Then

Cpg,..(T) = (-1)a+1+b+1+mdp,q....(—'")-

Proof: Let Z ={...,-2,-1,0,1,2,...} and Z* = {0,1,2,...}. For i in
Z* let a; ; be any real number. For k in Z* and r in Z, define Ci(r) and
Dy(r) as follows:

1, ifk=0,
Di(r)=¢ 0, ifk>0and r=0,
ok r—1Dk—1(r — 1) + Di(r — 1), otherwise
and
1, ifk=0,
Ce(r)=<¢ 0, ifk>0and r=0,
0k, rCr—1(r — 1) + Ci(r — 1), otherwise.

Then one can prove by induction that for r > 0,

Dk(T) = Z Q.4 Qg (44)

0<i) <o <1

and

Ci(r) = Z O,y * Ok - (4.5)

0<iy < <ip &1



Consider for instance (4.4). Induction is trivial for the cases k =0orr =0.
So, if £ > 0 and r > 0 assume (4.4) holds. Then

Diqa(r) = > Qlyiy * Ok Okt Lk
0<i) < o i <1 <T
= sum of all products with 441 =7r—1
+sum of all products with i <7 —1
= S ok Ok
0<iy < <ig<r—1
+ Z Qyiy **  Okyig Akt ik

0<i) < g i1 <r—1

= Qk+1,r-1 E Q,iy Ok,
0<i1 < <L Kr=1

+ Z al,il LR * 7R 7Y ak+l,ik+1
0<i) <+ < <tp g1 <r—1

= ags1,r-1Dk(r — 1) + Diyr(r — 1).
Also

Di(r+1) = Z Qip o Qg
0<iy < <k <r+1
= sum of all products with iz =r

+sum of all products with i, <7

= E Qi * o Ok,r

0<i1 <<l <1

+ Z alvil v ‘akrik

0<i) <ol <7

= Ok, E Q4 " Qk,ip_y
0<i1 <+ <ig—1 <7

+ z : alyil T akyik

0< < <L <T

= ak,rDi-1(r) + D(r).

So, (4.4) follows by induction. The proof of (4.5) is similar.
Now suppose there are integers mj, ma, ... such that

@i —j = (=1)™a;
for > 1 and j in Z. Define
Ci(r) = (1) Es= ™+ D Dy ().
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Then by applying the above recurrence formula for D we find that C’
satisfies the above recurrence formula for C and so Cj(r) = Ci(r). The
proof is complete. O

An alternative expression for Ci(r) of (4.1), and so by (4.2) for D(r)
is to use the expression given by Theorem 4.3.

Theorem 4.3 For any fized numbers x1,...,z,, we have
k
Cin=Ck(21,-- )= Y &%=y Brs(a)/r!
1<51 < <jks<n r=1

for k > 1, where a; = S;/j, a = (a1,a2,...), and §k,,(a) is the partial
ordinary Bell polynomial tabled on page 309 of Comtet (1974), where

n

S;=) =l

k=1

are the power sums.

Proof: We have
n o0 .
—Zln(l —xI2) = Za._.,-zJ =T
k=1 j=1

say. So,

n

[ o]
[Ta-z2) = 177 (4.6)
k=1 r=0
By definition,
w -
T" = Bi,(a)sr.
j=r

Taking the coefficient of z* in (4.6), since the left hand side of (4.6) is equal
to

o0
14 Z szk,na
k=1

we obtain the required expression for Ck,,. O
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