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Abstract. Let G be a unicyclic graph on n > 3 vertices. Let
A(G) be the adjacency matrix of G. The eigenvalues of A(G)
are denoted by A1(G) > A2(G) = -+ > A, (G), which are called
the eigenvalues of G. Let the unicyclic graphs G on n vertices be
ordered by their least eigenvalues A,,(G) in non-decreasing order.
For n > 14, the first six graphs in this order are determined.
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1 Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). Let
A(G) be the adjacency matrix of G, and I be the identity matrix. The
characteristic polynomial det(zI—A(G)) of A(G) is called the characteristic
polynomial of G, and is denoted by ¢(G, ). The eigenvalues of A(G) are
denoted by A\1(G) = A2(G) > - -- 2 A(G), which are called the eigenvalues
of G. In particular, we say \,(G) the least eigenvalue of G.

By Perron-Frobenius Theorem [4], for a connected graph G, correspond-
ing to A;(G), there is a unit eigenvector x = (21,2, ...,Z,)7 with positive
entries, known as the principal eigenvector of G, and A\ (G) > —A.(G)
with equality if and only if G is bipartite. By interlacing Theorem [4],
An(G) £ -1 if G has at least one edge.

The evaluation of graph spectral properties is an important topic in
graph spectral theory. In the past several decades, many results on the
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largest eigenvalue of graphs were determined, see, e.g., [1, 5, 8, 9, 10, 13,
14, 17). Recently, the least eigenvalue of graphs has received more and
more attentions. A lot of results on the least eigenvalue of graphs with
some restriction can be found in [2, 3, 7, 11, 12, 15, 16, 18].

In this paper, we focus on the unicyclic graphs (the graphs with a
unique cycle). Fan et al. [7] determined the unique graph with minimum
least eigenvalue among the set of unicyclic graphs. Liu et al. [11] char-
acterized the unique graph with minimum least eigenvalue among the set
of unicyclic graphs with given number of pendant vertices (vertices with
degree one). Zhai et al. [18] characterized the unique graph with minimum
least eigenvalue among the set of unicyclic graphs with given diameter.

In this paper, we determine the first six minimum least eigenvalues
among the set of n-vertex unicyclic graphs, where n > 14, and the corre-
sponding graphs whose least eigenvalues achieve these values.

2 Preliminaries

Let P, and S, be respectively the path and the star on n > 1 vertices. Let
C,, be the cycle on n > 3 vertices.
First we give some lemmas which will be used in our proof.

Lemma 2.1. [4] Let u be a vertez of a graph G, p(u) be the set of the
circuits containing u, and V(Z) be the set of vertices in the circuit Z.
Then

$(G,z) =z-¢(G-u,z)— Y  ¢G-u-v,z)-2 Y $G-V(2),z),
weE(G) Zep(u)
where (G —u—v,2) =1ifG= P, ¢(G-V(Z),z) =1 if G=C,.
In the following, we use Lemma 2.1 to calculate the characteristic poly-

nomial ¢(G, z) of a graph G by setting u to be a vertex of maximum degree

in G.

Lemma 2.2. (6, 10] Let G be a connected non-trivial graph, and H be a

proper spanning subgraph of G. Then ¢(H,z) > ¢(G,z) for z > A\ (G).
Let x be a unit eigenvector of G corresponding to A;(G) or A,(G). We

say x, the element of x corresponding to v € V(G).

Lemma 2.3. [1, 6, 14] Let G be a connected graph, rs € E(G) and rt ¢
E(G). Let G’ be the graph obtained from G by deleting the edge rs and
adding the edge rt. Let x (x', respectively) be the principal eigenvector of
G (G', respectively). If z; > x4, then A\ (G') > A1(G) and z; > z,.
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Lemma 2.4. [9] Let G be a unicyclic graph on n > 10 vertices. Then
/\I(G) < \/7—7,

By Perron-Frobenius Theorem [4], —A,(G) £ A1(G), and thus, A\,(G) >
—y/n. Then we have —\/n < A\ (G) < A3(P3) = —/2 if G is a unicyclic

graph on n > 10 vertices.

Lemma 2.5. Let Gy be a connected graph with at least three vertices and let
u and v be two distinct vertices of Go. Let Hy be a connected graph withw €
V(Hyp). Let G, (G,, respectively) be the graph obtained from Gy and Hy
by identifying u (v, respectively) with w. Let x be a unit eigenvector of G,
corresponding to A, (G.), and x’ be a unit eigenvector of G,, corresponding
to An(Gy). Suppose that |z, < |z,).

() [7] Then An(Gy) 2 M(Gy) with equality if and only if X is also a unit
eigenvector of G, corresponding to A, (Gy), T, =z, and ) z; =0,
where the summation takes on all the neighbors of w in Hy.

(1) If An(Gu) > An(Gy), then |zl | < |z

Proof. We need only to prove (ii). If |z,| > |z.|, then by (i), A (Gy) <
An(Gy), a contradiction. Then the result follows, 0

3 The first six minimum least eigenvalues of
unicyclic graphs

Let T, (a,b) be the n-vertex tree obtained by attaching a and b pendant
vertices to the two end vertices of an edge, respectively, where a+b = n—2,
a,b > 0. In particular, if a =0 or b =0, then T,,(a,b) = S,.

Let dg(v) be the degree of v in G for v € V(G).

Let C.,,(T1, T3, . ..,T) be the unicyclic graph with unique cycle C,, =
V1V2...Unv; such that the deletion of all edges on C,, results in m vertex—
disjoint trees T1,T3,..., T withv; e V(Ti) fori =1,2,...,m. If T; = S,
we require that the degree of v; is » + 1. If T; = T,.(a, b), we require that
the degree of v; is a + 3.

For convenience, let C3(T') = C3(T, S1, 81), C3(Th, T2) = C3(Th1, T2, S1),
Cy(T) = C4(T, 51,51, 1), and Ci(Th, T2) = C4(Ty, T, 51, S1).

Let U (n) be the set of n-vertex unicyclic graphs of form C3(S,, Sb, S:),
wherea+4+b+c=mn,q,bc>1.

Lemma 3.1. Let G € Uy(n), wheren > 14. IfG % C3(Sn—2), C3(Sn-3,S52),
then An(G) > A (Cy(Tn-3(n —6,1))).
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Proof. Let x be a unit eigenvector of C3(S,, S, S¢) corresponding to A, =
An(C3(Sa, Sb, Sc)). Let u; be a pendant neighbor of v; in C3(S,, Ss, S¢) if
the degree of v; is at least three, where i = 1,2,3. It is easily seen that
Ty, = f\—‘:- fori=1,2,3.

Suppose that z,, = 0 and z,, = z,,. Then z,, = z,, = 0. Since
AnZy, = (b — 1)@y, + Ty, + Toy, we have z,, =0, and thus z,, = 0, i.e.,
x = 0, a contradiction. Then either z,,, # 0 or z,, # z,,.

First suppose that a > b. If |z,,| < |zy,|, then by Lemma 2.5 (i) and

(ii),
A11.(C'3(St:n Sba Sc)) > /\n(C3(Sa—l’ Sb+1,S¢)) > > /\n(C3(Sb’ Sa, Sc)))

a contradiction. If |z,,| > |z,|, then by Lemma 2.5 (i) and note that either
Ty, 7# 0 O Ty, # Ty, We have A (C3(Sa, Sb, Se)) > An(C3(Sat1,S6—1,5¢))
for b > 2. If a = b, then whether |zy,| > |zy,| or |zy,| < |Zu,], by
Lemma 2.5 (i), A(C3(Ss,Sb,Sc)) > An(C3(Sa+1,Sb—-1,5c)). It follows
that An(C3(Sa, S, Sec)) > An(C3(Sa+1,55-1,5c)) for b > 2.

Let G € U,(n), and G ¥ C3(Sn-2), C3(Sn-3,52), where n > 14. If
¢ = 1, then by the arguments as above, A, (G) 2 An(C3(Sn—4,S3)). If
¢ > 2, then by the arguments as above, An(G) > An(C3(Sn-4,52,S2)) >
An(C3(Sn-ss S3))-

We are left to show that A\, (C3(Sn—4, S3)) > A (Ca(Tr-3(n — 6,1))).
By Lemma 2.1,

$(Ca(Tn-3(n = 6,1)),2) = 2" °f(z), #(C3(Sn-4,53),2) =z"*g(z),
where
f(z) = 2f —nzt + (3n — 12)2% — 2n + 12,
g(z) =2 —n2® — 22 4+ 3n - 13.

Obviously, Ap(Cy(Trn-3(n — 6,1))) and A,(C3(S,—-4,S3)) are respectively
the smallest roots of f(z) = 0 and g(z) = 0. It is easily checked that
f(z) = z%g(z) + h(z), where h(z) = 22% 4+ 22 — 2n + 12. For z < —1,
h'(z) = 2z(3z + 1) > 0, and thus h(z) < h(—1) = —2n + 11 < 0. This

implies that
f(r) =7r%g(r) + h(r) = h(r) < 0

forr = )\n(C:;(S — 4y Ss)), i.E., )\n(C’4(Tn_3(n - 6, 1))) < An(C3(Sn_4, 53)),
as desired. 0

Recall that C3(T,—2(a, b)) is the graph obtained by identifying a vertex
of a triangle with the vertex of degree a+1 of T,,_2(a, b). Let Uz(n) be the
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set of n-vertex unicyclic graphs of form C3(T,,_2(a, b)), where a+b=n—4,
a>0,b>1.

Lemma 3.2. Let G € Ug(n), where n 2> 14. If G % C3(Th—2(n - 5,1)),
then An(G) > An(Cy(Tn-3(n —6,1))).

Proof. Let G € Uz(n) and G % C3(Tn—2(n — 5,1)), where n > 14. Let x
be a unit eigenvector of G corresponding to A, = Ap(G).
If G 2 C3(T,—2(n — 6,2)),C3(T-2(0,n — 4)), then by Lemma 2.5 (i),

An(G) 2 min{An(C3(Tn-2(n — 6,2))), An(C3(Tn-2(0, n — 4))) }.
By Lemma 2.1,
$(C3(Tn-2(n — 6,2)),z) = z"~%(z + 1)f(2),
$(Cs(Tn-2(0,n — 4)),z) = =" *(z + 1)g(2),
where
f@y=2°-z*—(n—1)z*+ (n - 3)z® + (2n — 8)z — 2n + 12,
glx) =z -2~ (n-1)2% + (n - 3)z + 2n - 8.

Obviously, An(C3(Tn-2(n — 6,2))) and A, (C3(Tr—2(0,n — 4))) are respec-
tively the smallest roots of f(z) = 0 and g(z) = 0. It is easily checked that
z - g(z) = f(z) + 2n — 12, and thus

rog®)=fr)+2n-12=2n-12>0

for r = An(C3(Trn-2(n — 6,2))), implying that A\,(C3(Tn_2(0,n — 4))) <
A'n.(C'S(T‘n—Z(n - 6’ 2)))

We are left to show that A, (C3(Th-2(0,n — 4))) > Ap(Ca(Tn-3(n —
6, 1))) First we show that \; (Cs(Tn_z(O, n—4))) < A1(Ca(Tr-3(n—6, 1)))
By Lemma 2.1, ¢(Cy(Tn-3(n — 6,1)),z) = 2" %h(z), where

h(z) = 2® — nz* 4+ (3n — 12)2% — 2n + 12.

Obviously, A;(Cy(Tr-3(n — 6,1))) and A;(C3(Th-2(0,n — 4))) are respec-
tively the largest roots of h(z) = 0 and g(z) = 0. Note that h(z) =
z(z + 1)g(z) + p(z), where p(z) = 22% —2? — (2n - 8)r - 2n +12. It
is easily checked that p(—1) = 1 > 0, p(1) = —4n + 21 < 0, p(/n) =
—3n +8y/n +12 < 0, and thus p(z) < 0 for 1 < z < y/n. By Lemma 2.4,
A1(C3(Trn-2(0,n — 4))) < \/n, now we have

h(r) = r(r +1)g(r) + p(r) = p(r) < 0
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forr = A1 (C3(Tn-2(0,n—4)})), i.e., A1(C3(Tn-2(0,n—4))) < M(Ca(Tr-3(n—
6,1))). Note that Cy4(T,—3(n — 6,1)) is a bipartite graph, and thus by
Perron-Frobenius Theorem [4],

=An(C3(Tr-2(0,7 — 4))) < A1(C3(Tn-2(0,n — 4)))
< /\1(04(Tn_3(n - 6, 1))) = —An(ccl(Tn—S(n - 6’ 1)))’

i.e., An(C3(Taa2(0,n — 4))) > A(Ca(Tazs(n — 6,1))). ]

Let Uz(n) be the set of n-vertex unicyclic graphs of the form C}(S,, Ss),
wherea+b=n-2,a>2b> 1.

Lemma 3.3. Let G € Us(n), wheren > 14. IfG % Cy(Sn—3), C1(Sn—s, S2),
then A (G) > An(Ca(Taa(n - 6,1))).

Proof. Let G € Uz(n) and G 2 C4(Sn-3),C}(Sn—-4,S2), where n > 14.
Note that G is a bipartite graph, and thus A\, (G) = —A1(G). We need only
to show that A\(G) < A\ (Cy(Th-3(n - 6,1))).

Since b > 3, it follows from Lemma 2.3 that A;(G) < A1(C}(Sn—s, S3)).
We are left to show that A;(C}(Sn_5,53)) < A\ (C4(Tp-3(n — 6,1))).

By Lemma 2.1,

#(C3(Sn-s,53),z) = 2" 6[z% — nz? + (4n — 20)2% — 2n 4+ 12),
H(Ca(Tn-3(n — 6,1)),z) = 2" %[2® — nz? + (3n — 12)2? — 2n 4+ 12),
and thus,
#(C4(Sn—s,53), ) — ¢(Ca(Tn-3(n —6,1)),z) = 2" *(n—8) >0
for z > 1, i.e., Ai(C}(Sn-5,53)) < A1(Ca(Tn-3(n — 6,1))). O
Lemma 3.4. Forn > 14,

An(Ca(Tn-3(n — 6,1))) > M (C;i(Sn—4,52))
> )\n(Cs(Sn..a, S2)) > )\n(C:;(Tn_z('n -5,1))).

Proof. By Lemma 2.1,
¢(C3(Tﬂ—2(n - 5’ l))) x) = :Bn-a(:r2 - l)fl (:B),

#(Ca(Sn-3, 52),z) = "4 fa(2),
¢(Ci(sn—4’ S2)7 .’l}) = xn—6f3(x)7
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where
filz) =z* — (n—1)2® — 2z + n — 5,
foz) =zt —nz? - 22+ 2n -7,
fa(z) = 2% — nzt + (3n — 13)2% —n + 5.
Obviously, A, (C3(Tn-2(n—5,1))), An(C3(Sn-3, S2)); An(C}(Sn-4,52)) are
respectively the smallest roots of fi(z) =0, fo(z) =0, fa(z) =0.

Note that fi(z) = fo(z) + 22 — n + 2. It is easily checked that f2(0) =
Mm—7>0, f2(—v2) =2v2-3<0, fo(—v/n=-2)=2y/n—-2-3>0, and
thus —y/n — 2 < Ap(C3(Sn—3,S2)) < 0. Now we have

i) =fo(r)+r2=n+2=1r2—n+2<0

for = An(Cs(Sn_3, 52)), -6, An(Cs(Tacz(n = 5,1))) < An(Cs(Sn_s, S2))-
By direct calculation, A, (C3(Sn-3,52)) < An(C}(Sn-4,S2)) for 14 <
n < 19. Suppose that n > 20. Note that z2fy(z) = f3(z) + g(z), where
9(x) = —223 — (n — 6)z%2 + n — 5. Then for —\/n <z < —V/2,
g(z) = —-2z(3z+n-6)

> —2z[3(—v/7n) +n — 6]

= -2z(n-3y/n-6)
> —2x(20 — 3v/20 — 6) > 0,

implying that g(z) < g(—v/2) = —n + 7+ 4v/2 < 0. It follows that
r’fa(r) = fa(r) +g(r) = g(r) < 0

for r = /\n(C‘}(Sn_4, Sz)), i.e., )\n(C’a(S,._s, Sg)) < )\n(C‘% (Sn_4, Sg))

Now we show that A,(C}(Sn-4,52)) < An(Cs(T—3(n — 6,1))). Note
that the two graphs are both bipartite graphs. Then we need only to
show that A\1(C}(Sn-4,52)) > A(Cy4(Tr-3(n — 6,1))). Using Lemma 2.1
to G = C}(Sn—4, S2) by setting  to be the unique pendant neighbor of v,

$(C1(Sn-4,52), ) = 2+ $(C4(Sn-4),7) — $(Tn—2(n - 5,1), ),

and to G = C4(T,,—3(n—6, 1)) by setting u to be the unique pendant vertex
which is not incident with v,

$(Ca(Tn-3(n - 6,1)),z) = z- $(Ca(Sn-4), %) — ¢(Ca(Sn-s),z)-

It is easily seen that T,,_z(n — 5,1) is a proper spanning subgraph of
C4(Sn—s5), by Lemma 2.2, ¢(T—2(n — 5,1),z) > ¢(Cy(Sn-s),z) for z >
A1(C4(Sn—s)), and thus, ¢(C}(Sn-4,52),%) < $(Ca(Tn-3(n — 6,1)), z) for
z 2> A1 (Ca(Sn=s)), i.e., A\1(C}(Sn-1,S2)) > A1 (Ca(Tn-3(n — 6,1))). ]
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Lemma 3.5. [18] Let G be an n-vertex unicyclic graph with diameter four,
where n 2 10. If G % Cy(Th—3(n — 6,1)), then A (G) > A (Cy(Tr-3(n —
6,1))).

Lemma 3.6. [11] Let U, be the n-vertex (unicyclic) graph obtained by
attaching p paths of almost equal lengths to one verter of a quadrangle.
Then U, p for 1 < p < n — 4 is the unique graph with minimum least
eigenvalue among the set of unicyclic graphs with n vertices and p pendant
vertices.

The following result was shown in (7, 15]. For completeness, we give a
different proof here.

Lemma 3.7. [7, 15] Forn > 14, /\n(C4(Sn_3)) > /\n(C3(Sn_2)).
Proof. By Lemma 2.1,

#(C3(Sn-2),x) =z""*f(z), #(Cs(Sn-3),z) =z"4g(z),

where
f(z) =2 —nz?® -2z +n -3,
g(z) =z* —nz? 4+ 2n - 8.

Obviously, A\,(C3(Sn—2)) and An(C4(Sn—3)) are respectively the smallest
roots of f(z) = 0 and g(z) = 0. It is easily checked that f(z) = g(z) —
2z —n + 5. Note that -2z —n +5 < 0 for £ > —/n, and thus f(r) =
g(r) —2r —n+5 < 0 for r = A, (C4(Sn-3)), implying that A\,(C3(Sn-2)) <
An(Ca(Sn-3))- a

Note that there are exactly n — 4 pendant vertices in C3(T,,_2(n —
5, 1)), and C4(Sn_3) & Un,n—4, by Lemma 3.6, )\n(C:;(Tn._g(n - 5, 1))) >
An(C4(Sn-3)), together with Lemma 3.7, we have

Lemma 3.8. For n > 14, we have
An(Ca(Tn-z(n = 5,1))) > An(Ca(Sn—s)) > An(Ca(Sn-2))-
Combining Lemmas 3.4 and 3.8, we have
Lemma 3.9. Forn > 14,

An(Ca(Ta-3(n — 6,1))) > An(Ci(Sn-4,52))
> An(Ca(Sn-3,52)) > An(Ca(Tn-2(n —5,1)))
> An(C4(Sa-3)) > An(C3(Sn-2))-
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Theorem 3.1. The least eigenvalues of n-vertex unicyclic graphs with n >
14 may be ordered by the following inequalities, where G is an n-vertex
unicyclic graph different from any other graph in the inequalities:

A(G) > A(Ci(Th-3(n—-6,1))) > z\n(C’} (Sn-4,S52))
> An(C3(Sn-3,52)) > An(C3(Th-2(n — 5,1)))
> An(Ca(Sn-3)) > An(C3(Sn-2)),
and the least eigenvalues of the graphs C3(Sn—2), C4(Sn-3), Ca(Tn—2(n —

5,1)), C3(Sn-3,S2), C}(Sn-4,52), C4(Tn—3(n — 6,1)) are respectively the
smallest roots of the equations on z as follows:

B -z~ (n-1)z+n-3=0,
' —nr?+2n-8=0,
= (n-1)22-2r4+n-5=0,
' —nz? -2 42 -7=0,
28 —nz' + 3n-13)z  —n+5=0,
78 —nzt 4+ (3n - 12)z%2 - 2n + 12 =0.

Proof. Let G be an n-vertex unicyclic graph, and let p be the number of
pendant vertices of G. Obviously, 0 < p<n-3.
If p=0,ie., G =C,, then by interlacing Theorem [4],

/\n(G) >-=2>-213578 = )\5(04(32)) > An(C4(T _3(n -6, 1))),

and thus, Ap(G) > A (Cy(Th-3(n — 6,1))).

Suppose that 1 < p < n — 6. For Uy, p, we may choose a path on three
vertices, say uvw, outside the quadrangle of U, ,, where u is a pendant
vertex of Uy p, v is & vertex of degree two. Let G’ be the graph obtained
from U, , by deleting the edge uv and adding the edge uw. By Lemma 2.3,
A1(Un,p) < A1(G"). Since both Uy, , and G’ are bipartite graphs, An(Un p) >
An(G'). Note that there are p + 1 pendant vertices in G/, by Lemma 3.6,
An(G") 2 An(Un,p41). Clearly, U, n5 = Cy(T—3(n—6,1)). Now it follows
that

A(Unp) > An(Unpt1) > -+ > An(Uninzs) = An(Ca(Tn-3(n — 6,1))).

If p = n — 5, then by Lemma 3.6, Ao (G) > An(Ca(Tn-3(n — 6,1))) if
G % Cy(Ta—3(n — 6,1)).
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We have shown that A, (G) > An(Cy(Tn-3(n—6,1))) if G ¥ Cy(Tr—3(n—
6,1)) and 0 <p<n->5.

Suppose that p = n — 4,n — 3. Denote by r the cycle length of the
unique cycle of G. Then r = 3,4. If G ¢ U;(n) UUz(n) U Us(n), then the
diameter of G is four, by Lemma 3.5, A, (G) > A(Cy(Th—3(n — 6,1))). If
G € U (n)UUs(n)UUsz(n), and G % C3(Sn—2), C3(Sn-3,52), C3(Th—2(n—
5,1)), C4(Sn-3), C}(Sn—-4,S2), then by Lemmas 3.1, 3.2, 3.3, \,(G) >
An(C4(Tr—3(n —6,1))). Now the result follows from Lemma 3.9 easily. O
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