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ABSTRACT

In the current work, the author present a symbolic algorithm for finding the
determinant of any general nonsingular cyclic heptadiagonal matrices and the
inverse of anti-Cyclic heptadiagonal matrices. The algorithms are mainly based
on the work presented in [A. A. KARAWIA, A New algorithm for inverting
general cyclic heptadiagonal matrices recursively,|arXiv:1011.2306v1][cs.SC]].
The symbolic algorithms are suited for implementation using Computer
Algebra Systems (CAS) such as MATLAB, MAPLE and MATHEMATICA.
An illustrative cxample is given.

Key Words: Cyclic heptadiagonal matrices; Anti-cyclic heptadiagonal
matrices; LU  factorization; Determinants; Inverse matrix; Linear systems;
Computer Algebra System(CAS).

1. INTRODUCTION

I'hc n = n gencral cyclic and anti-cyclic heptadiagonal matrices are takes
the form:
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The inverses of cyclic heptadiagonal matrices are usually required in
science and cngineering applications, for more details (see special cases, [1-9]).
‘The motivation of the current paper is to establish efficient algorithms for
computing determinant and inverting cyclic heptadiagonal and anti-cyclic
heptadiagonal matrices of the form (1.1) and (1.2).

The paper is organized as follows. In Section 2, new symbolic
computational algorithms, that will not break, is constructed. In Section 3, an
illustrative example is given. Conclusions of the work are given in Section 4.
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2. Main results

In this scction we shall focus on the construction of new symbolic
computational algorithms for computing the determinant and the inverse of
gencral cyclic heptadiagonal matrices. The solution of cyclic heptadiagonal
linear systems of the form (1.2) will be taken into account.

Throughout this section, the parameter t is just a symbolic name and detH is
the determinant of the heptadiagonal matrix of the form (1.1). We state the
following result without proof (see [10,11]).

Theorem 2.1. Suppose that:

u,=1. u =d=d, 2.1
o, a, A c 0 0 0
b, d, a, A, 0, 0
B, b ad, a A, 0
b0, B, b d, a, 0
u, 0 ol
0 d, &, A, C.,
b, d., a, A,
0 Bi-l bi-l dl—l al—l
0 0 D, B, b d;
i 2,3,..0 2 (2:2)
a, a A C, 0 0 B,
b, d, a, A, c, 0
B, b, a, a, A, 0
D»l BI b-l dJ 34 0
0
u,, - n (2.3)
0 drl-4 an-a An—d cn-4
0 bn-:i dll-] aﬂ-J AII—J
0 Bn-Z bﬂ—z dll-2 an-}
AII [} 0 Dn-l Bﬂ-l bﬂ—l dn—l

and
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a, a A c, 0 0 B, b,
b, d, a A G, 8,
Bj. b‘ d} 83 A.\ 0
Dl B-l bJ d4 4, 0
0
v, = detH - o |@4).
0 d,, 3., A C,,
0 bn-z dﬂ—Z all-Z AII—Z
A ot 0 B,,_, bn—l dn-l a,,
d, A, 0 0 Dn B, b, a,
Then. we have the two-term recurrence
U =ogll, . P=12.,0 @5)
wherc
a, iff =1
d, 1.9, ifi=2
d,-ez ~1g, ifi=3
d, B¢ -6z -tg,, ifi=4En-2
o 3 a;_, 2 2.6)
ad,. iwjk/ ifi=n-1
j=l
n-1
a, -‘Zyl,h/ if /i =n,
N /=I
Apr ifi=1
al
R ifi=2
a,
LKz vk.gy) ifi=3
a,
ko K Croovbyy2 v hia0,) if i = 4(5)n-5 Q.7
al
(0,0 k,iCos i.’fﬂ:vf.a_-ﬁ.w ifi=n-4
a,
(’qn—.l k;n~p§::-4~ _ kn-izn-s _ I(n-Jgn-a) ifi=n-3
a,
(b,,_. - kn»*[",e:i - /{n-azn-J - /rn-.%gn-l) lf/ =f- 2’
a,.;
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[y

L ifi =1
al
2 A9, ifi=2
a,
(hz v hhg,) ifi=3
a,
R T IS /81 ) if 7 =4(5)n—4 (2.8)
ai
(l‘)ult,‘,n-!_-.c /I,,_,Z /7,,_,,9,,_4) ifi=n-3
[2PE
(B ) h/' scu s _hn-Jzn-4 —h,,_,g,,_,) ifi=n-2
Qs
b, ~Shw)
— ifi=n-1,
a,,_|
b, ifi=1
B, - fiv, ifi=
e, - fiu, ifi=3
D e e, - fiu, ifi=4(5)n-4 (29)
Cu-,’i D::-Jvn-(, /an-e _en-Svn-S _fu-3vu-4 lfl =
An-," ' Dn-:‘.vu-s /au—s - enozvu—t‘ _fu-zvn-J ifl = n_2
a -v,-k,. ifi=n-1,
i=1
B, iff =1
f.w, ifi=2
fw, ew, if i =3
D,W. la; - ew f,W, . if i =4(5)n-5
c,, D, w,, e,, Hopo=F, W, ifi=n-4
A, . D, w,, /a -e, W, —f,.w,, ifi=n-3
a,, 0D, .w = W, =T, W, ifi=n-2,
(2.10)
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b, if/=2
Q
f b, &g ifi=3
af!
bi ) Dizi—x/ai~3_eigi~z lf/=4(5)ﬂ—2,
L Q.
5, ifi =3
J @,
é; D,
3, '0;'*‘ g,_;
i=3 ifi=4(5)n-2,
{ &;_,
a, if /=1
g, a, fr,z if /=2
a -z, ,—ecC,, if /=3(4)n-3,
5 A, if /=1
"T\A -fC, if / =23)n-4.

At this point it is convenient to formulate our first result. It is a symbolic
algorithm for computing the determinant of a cyclic heptadiagonal matrix H of

the form (1.1)

Algorithm 2.1. T'o compute det H for the cyclic heptadiagonal matrix H in

(1.1), we may proceed as follows:

Step 1: Set o;,=d;. If a,;=0 then a,=t end if. Set u;=d,, g,=a,, 2;=A,, ky=A,.1/ ,,
v,=b,, w,=B1, h;=a,/ a;, w;=B,, f;=by/ a;, e3=Bs/ a,, a;=d,-f, *g,. If
a,=0 then a,= t end if. Set Ky=-k;*gy/ 0y, Uz= 0lpeuy,v,=B,-f,*vy, wyp=-
f,*wy, hy=(As-hy*g1)/ @y, g2=a-F,* 2y, fi=(bs-es*g1)/ay, az=d;-e3*2,-f3*g,.
If a3=0 then az= t end if. Set us= as.uy, k3=-{ky*z;+k,*g,)/a3, ha=-

(hyzy+h,8;)/ 03, va=-e3* v -f3*vy, Wa=-fawp-esw,.
Step 2: Compute and simplify:
For i from 4 to n-2 do
e=(B-D.* g3/ &;3)/ oy
fi=(bi- D* 7.3/ oi3-€8i2)/ @iy
Z 7=Al 7"fl 7*Ci-3
go=ai-fi *z0-ei0"Cis
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a;=(di- D;* Ci.a/ &i.3-e8i.2-figi)
If a;=0 then o;=t end if
U= QU

End do

Step 3: Compute and simplify:

For i from 4 to n-5 do
Ki=-(ki.3*Ciatkia *Zio+kia *Bia)/
wi=(D* W, 3/ qg+e*wigHfi*wiy)

End do

Step 4: Compute and simplify:

For i from 4 to n-4 do
hi=-(hi3*C, 3+hi*zio+hi *gia)/ @
Vi=-{Di*V; 3/ Qiate*viaHi*viy)
End do

Step 5: Compute simplify:

Kn4=(Dq.1-Kn.s* gn~5'kn-6*zn-G'kn-7*cn-7)/ Una
kn 3=( anl‘kn 4 *gnvd'kn-s * zn-S'kncG* Cn-S)/ Un-3
Kn 2=(bn.1-Kn.3*80-37Kna * Zn-4Kns* Crs )/ Q,.2
Wiy vll:Cn» 4"Dn~ 4 * Wi 7/an-7'en-4W n-6~Tn-4Wn-5
Wi 35An 3-Dn.3* W6/ Qn.6-€n-3Wn.5Fr-3Wn.g
Wi7=81.-Dn2* Wo.5/0n.5-€naWn.a-fraWn.s
hn3=(Da-has® gn-4'hn-5 * zn-S'hn-S* Cn-G)/ O3
ha2=({ Bn’hnvs*gn-a’hn-A‘znA'hn-s*cn-S)/ n.2
Vn 3=Cn-3'D n 3* Vn»G/ Qn-6-€n-3Vn-5-Tn-3Vn-4

Va? =An -7'Dn ? *Vn-S/an‘S'en-ZVn-d' n-2Vn-3

n-2
Vp1=8p 1~ Z k/l/l
/l

n=2
(1,,..1=dn.y- Z kIW/

j=1
If a,.,=0 then a,.,=t end if
Up 1= gl

n=->2
ho 1=(ba D, AW )/ @y
ft

-1
(1,.=d,, Z“ h/V/
/=

If a,=0 then a,=tend if
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Up= Qpeln g

Step 6: Compute det H =u, | 0.

Now we formulate a second result. Following [10], we can using CHINV
algorithm to compute the inverse of a general cyclic heptadiagonal matrix of the
form (i.1) when it exists. The following theorem given the inverse of cyclic
anti-heptadiagonal matrix H*™

Theorem 2.2. Let P be an n X n matrix as the following form

‘Then the inverse of cyclic anti-heptadiagonal matrix H*™ is given b
y p g g y

H;um" — PH-I

3. An Illustrative Example

[0

In this scction we give an example for the sake of illustration.

(2.15)

Example 3.1. Consider the 10 X 10 cyclic heptadiagonal linear system

1 11
| l 1
2 -1
2 2 3
0 | 1
0 0 1
0o 0 0
o 0 0
3 0o 0
2 4 0

0 0 o0
-1 0 O
2 3 0
s -6 0
1 1 1
-1 -1 -1
2 2 2
2 =2 1
0 3 1
o 0 2
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Calculate:

i)- The determinant of the coefficient matrix.

ii)- The inverse of the coefficient matrix (cyclic heptadiagonal matrix).
ili)- The inverse of anti- cyclic heptadiagonal.

iv)- The solution of cyclic heptadiagonal linear system (3.1).

Solution:
i)- Using algorithm 2.1:

u- [1,2,-6,-31,-95, 257, 252-2 t, -597+20 t, -76 t+1643 , 1812 t-32715]
det H = u,q |,_,=1812*t-32715|,_,= -32715

ii)- Applying the CHINV algorithm{10]:

12464 2921 1898 2857 23399 _ 24419 _ 2069 6676 13714 6316

T3 TS0 32mS 32715 3ZIS 6543 32715 371S 32715
Al s 118 3006 8801 41 2366 _ 6391 4571
33715 10905 32715 32715 32715 6543 3Zii5 32715 32915

AT 4693 M4 M1 sM2 3292 280 758 2192 1658
1090 10805 ¢35 10905 10905 10905 2181 10505 1005 10905
w3 57 146 1393 5698 853 1577 1838 1982
1090 10305 10905 10805 218t 10505 10805 10905
1593 12259 9484 433 2621 _ 63M _ 1676

TS 32715 S 6543 32715 32715 320S

357 Rty 339 1023 513 56 297 413 47

firav = |

§ —_ - —_— —_— - - —
3638 038 3635 3635 3635 727 3635 3635 3635

S05 34 _ 604 13232 _ 14012 385 497 _ 1658 3718
10905 3635 10905 10905 10905 218l 1095 10905 10905
49641382 713 3539 _ 1306 922 1904 5891 _i%a
D7 ces Tl0e05 3635 10905 10905 10905 2181 10905 10305 10905
!

o3z 1073% 344 1206 14092 27832 2725 8078 11282 _ 5153
P35 mE 10803 3Ms M5 32005 643 3mis s 3ans
T_ES 817 M 44 597 1868 938 4658 193 1643

P ms T mmE s 3T s RS 643 IS szns a2

ili)- By using Theorem 2.2 and result ii:
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W57 1868 93 468 iS1 1643
5 Ims s 643 32ms 3o 3ns
ulo M09 29833 M5 078 11282 _ 5153
NN WM NS 6A3 szms M 3ms
T3S 106 2 1904 si9l 1%
10905 1005 10965 2131 10905 10905 10908
S 132 M0z 385 497 6% 38
1090 T0%S 10905 2181 10905 10905 10905
W0 s %6 @ a3 4m
% 65 %3 T 363 63 363
193 1259 B4 433 2621 3 16%
W76 S 37Ns 63 3zs  jms  3as
193 s69 853 USTI 1838 192

10805 1095 2131 10905 1095 10905

R . M2 3292 280 758 M est

YT 10505 10505 281 10805 10%05 10908
Come s 3006 801 41 2366 631 4571

G ENTTT WIS ANS 643 3s3ms s
O D w419 08 8676 1374 636 |
: RO NSNS 63 3ms s s

i

iv)- By using the result of ii:

X HinoxR.[1,2,3,4,5,6,7,8,9,10]", R=[2,15,33,0,43,-24,47,70,78,94]".

4. Conclusions

In this work new recursive computational algorithms have been developed
for computing the determinant and inverse of general cyclic heptadiagonal
matrices and for solving linear systems of cyclic heptadiagonal type. The
algorithms are reliable, computationally efficient and will not fail. The
algorithms are natural generalizations of some algorithms in current use.

References

[1] A.A. Karawia, A computational algorithm for solving periodic
pentadiagonal linear systems, Appl. Math. Comput. 174 (2006) 613-618.

|2] M. Batista. A mcthod for solving cyclic block penta-diagonal systems of
lincar cquations, arXiv:0806.3639VS [math-ph].

170



|3] .M. Navon, A periodic pentadiagonal systems solver, Commun. Appl.
Numer. Mcthods 3 (1987) 63-69.

|4] X.-G. Lv, J. Le, A note on solving nearly pentadiagonal linear systems,
Appl. Math. Comput. 204 (2008) 707-712.

{51 S.N. Neossi Nguetchue, S. Abelman, A computational algorithm for solving
nearly penta-diagonal linear systems, Appl. Math. Comput. 203 (2008) 629-634.
[6] T. Sogabe, New algorithms for solving periodic tridiagonal and periodic
pentadiagonal linear systems, Appl. Math. Comput. 202 (2008) 850-856.

17} X.i-Le Zhao, Ting-Zhu Huang, On the inverse of a general pentadiagonal
matrix, Appl. Math. Comput. 202 (2008) 639-646.

[8] A. Driss Aiat Hadj, M. Elouafi, A fast numerical algorithm for the inverse of
a tridiagonal and pentadiagonal matrix, Appl. Math. Comput. 202 (2008) 441-
445.

191 M. El-Mikkawy, El-Desouky Rahmo, Symbolic algorithm for inverting
cyclic pentadiagonal matrices recursively - Derivation and implementation,
Computers and Mathematics with Applications 59 (2010) 1386-1396.

1101 A. A. Karawia, A new algorithm for inverting general cyclic heptadiagonal
matrices recursively,farXiv:1011.2306v1 Jcs.SC]

[11] M. El-Mikkawy, E. Rahmo, A new recursive algorithm for inverting
general periodic pentadiagonal and anti-pentadiagonal matrices, Appl. Math.
Comput. 207 (2009) 164-170.

171



