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ABSTRACT. In this paper, we compute various finite sums that alternate ac-

cording to (—1) :) involving the generalized Fibonacci and Lucas numbers for
k = 3,4,5 and even k of the form 2™ withm > 1.

1. INTRODUCTION
Define the second order linear sequences {Uy,} and {V,,} for n > 2 by
Un=pUp-y +Up=2, Up=0,U,=1,
Va=pVac1+Vae, W=2 Vi=p
When p = 1, then U, = F,, (nth Fibonacci number) and V;, = L, (nth Lucas
number). Also when p = 2, then U, = P, (nth Pell number) and V,, = Q, (nth

Pell-Lucas number).
Also the Binet formulas of the sequences {U,} and {V,,} are

a®— g

— AT n
Py and V, =a" + 8",

Un-_'

where o, 8 = (p £ VA)/2.

Many author computed sums and alternating sums involving generalized Fi-
bonacci and Lucas numbers as well as their certain products. For example, Mel-
ham (7] computed various finite non-alternating sums, alternating sums and sums
that alternate according to (—1)(3) for certain generalized Fibonacci and Lucas se-
quences. In his result, the sums that alternate according to (—1)("') are interesting
because this sign function was firstly used in such sums. Here we recall one example

for the readers:
4j+3

ntl 1
E (—1)( ) py = §F4j+4L4j+3-
n=0

The authors [3] presented generalized results on non-alternating sums, alternat-

ing sums and sums that alternate according to (—1)("') by considering the results
of (7). We may also refer [2, 4, 5, 6, 8, 9] for some other known results.

In this paper, by considering early used sign function (-—1)(;) , we will derive

new sums that alternate according to (—l)(;) ) (—1)(:), (—1)(;) and (-1)("'.") for
the generalized Fibonacci sequence {U,} and Lucas sequence {V,,}.
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2. SUMS OF THE GENERALIZED FIBONACCI AND LUCAS NUMBERS

We are interested to evaluate

ixkr (_1)(;)

k=0

in closed form where r and n are integers, and X, either U,, or V.
Now we will give our first result:

Theorem 1. For any integer r,

S )@y, o Yar= U Vs~ U:)
kZ:o( 1) 3 Ukr 2[1_ is even] — (_l)r Vr
Unr = Unpa)r + Uar + (-1)" Uy

-2
2_V4r ’

where [ | is the Iverson’s notation defined as in [1).

Proof. Consider

i(-l)‘” U

(n=3)/4
= ZUkr -2 Z Ulak+3yr
k=0 k=0
1 n (n-3)/4 n—3)/4
= Z (akr _ ﬁkr) 2 Z ol 4k+3)r + 2 Z ﬂ(4k+3)r
a-8 k=0 k=0
3 1 1 — alnt)r _ 1 - ﬂ(n+l)r B adr — i) + 2ﬂ3r _ ,3("+4)"
T a-8 1—a 1-8" 1—aftr 1- 8%
1 (_a(n+1)r + ﬁ("+1)' + a(n+l)rﬂ" _ arﬁ("+1)1‘ 4o — ﬂr)
T a-8 (1-ar)(1-5")

9 —an+r 4 gntd)r 4 (ntd)rgdr _ pdrgnta)r
IR (1= odr)(1 - 57)
3r _ B-'ir —a?r B‘l‘r +afr ,33')

T U—e -
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which, by a8 = —1, equals

1 _a(n+1)r +ﬂ(n+1)r + (aﬂ)r (anr _ 6nr) +a” - ﬂr

T a-p @B —( +F)+1
_ 2 —a("+4)7' + ﬁ("+4)" + (aﬂ)'h' (anr _ ﬂnr)
o — ﬁ (aﬂ)llr _ (a4r + B‘lv‘) +1

_ 2 a3r - BSr + (aﬂ)37‘ (ar - ﬂ")
a=B (af)* - (o + ") +1
-U(n-H)r + (_l)r Unr + Ur _ 2_U(n+4)r + Unr + U3r + ("l)r Ur

0 -Vi+1 2V
Unr — U(n+1)r + Ur Unr — U(ﬂ'H)" +Use +Ur o
S _9 i if r is even,
Pt s 2B pTee Tt B =T it risodd

as claimed.
O

For example, as consequences of our result, when U,, = F,, and V,, = L,,, we get
forr=1,2and 3
4n+3

k
Y (1)) Fe = FonyaFon,
k=0
4n43
3 -1)® By = — 5Fgn16 + Lgnys +9
k=0 15
and
4n+3
_ (g) - —25F 2n49 + 8L12n+3 -6
kzzo (=1)%/ F3 2 ’
respectively.
When U, = P, ,weget forr=1,
4n+3 .
Z (—-1)(“) Py = =PonyoPony,.
k=0
Theorem 2. For any integer r,
—~ _ Yar = (1) (Vinsnyr + Vo = 2)
2( D™ Vier 2(r is even] — (-1)"V,
_2Vnr - V(n-l-d)r + VE;,- - (_l)r Ve
2- V:lr !

where [ | is the Iverson’s notation defined as in [1).
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Proof. Consider

n . n (n-3)/4
Z (_1)(8) Vir = Z Vir — 2 Z V(4k+3),-
k=0 k=0 k=0
n ( ) (n-3)/4 (n=3)/4
kr kr 3r 4kr 3r 4kr
= Z o™+ ) - 2a Z o~ 28 Z 8
k=0 k=0 k=0
1—alr+r  1_ ﬂ(n+1)r a3 — alntd)r ﬂ3r _ ﬂ(n+4)r
B o 1-8 1—atr 1— 7

a(ﬂ.*.l),.ﬁr + arﬁ(n+1)r _ a(ﬂ+1)1‘ _ ﬂ(n+1)r —a"— ﬂr +2
(1-o7)(1-4)
aln+a)r ﬂcir +ofr ﬁ(n+4)r — afn+d)r _ ﬁ(ﬂ+4)r
(1-atr)(1-8%)
3" + ﬂ3r _ a3rﬂ47‘ _ a4rﬂ3f‘
U —an-pTy
which, by af = —1, equals
—almtr — BT 4 ()" (o + B7T) — (o7 + 87) +2
(aB) ~(a"+87) +1
_p(@B)" (a7 + ™) — alnt i — glntir
(@B)* — (ot + %) + 1
@+ B — (af)” (a” + )
(aﬂ)‘" _ (a4,. +ﬁ4r) +1
_‘/(n-f-l)r + (—l)r Var— V42 _ 2Vnr - ‘,(n-{-t])r + V3r - (—l)r V.
)" =V, +1 2- Vi '

which, by the cases of r gives

> )@ v,
=0
_V(n+l)r + Vor— Ve +2 _ ZVnr - V(n+4)r + Vs =V,

if r is even,

2—V,- 2—V4r
- Vn r+vr+V"2 Vnr_V r Vr 1’1‘
(ntl) e . -2 (ntayr  Tor + if 7 is odd,
Ve 2-Var

as claimed.

For example, when U, = F, and V;, = L,,, we get forr = 1,2 and 3
4an+3

Z Lk (—-l)(:) = F2n+2L2",

k=0
4n+3
S Lo (-1)®) = —Lsn+e "3F81|+5 +5
k=0
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and

4§3 Lot (_1)(;) _ ~9L12n4o —2%['12"4.3 + 20’
k=0
respectively.
When U, = P, and so V,, = Q,,, we get forr =1,
4n+3 x
Z (—1)(") Qk = —=Pon2Q2n11-
k=0

k
Now we give finite sums that alternate according to (—1)(‘) for generalized Fi-
bonacci and Lucas sequences.

Theorem 3. For evenr,
= _ (’;) Unr — U(n+1)r + U
Z ( 1) Ukr 53— V'r

_2UsVe
2- I’Sr

k=0

(Vr + Vo, — V(n+2)r - V(n+3)r) ’

I

= k Vor — V(n+1)r -Ve+2
Y 0@v, S,

_ 2V,
2- ‘/Br

k=0

(Ur + Uy, — U(n+2)r - U('n+3)")

end for odd r,

S )@y, = YrtUen U

k=0 Ve
24U, Uy,
- 2 V8: (U" + U, — U(n+2)r - U(n+3)r) s

i(-l)(:)v _ Voot Vins + Vo -2
= kr V;

2AU,-U4,-

oV Vor (V,- + Vo — Vin+2)r — ‘/(n+3)',) .

k
The next result present sums that alternate according to (—l)(") .
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Theorem 4. For even r

- U +U,  2U4V,
1(°)U,-—- (ntLr - e Vr"Vn r)»
,§,( )'e/ Uy 2V, 2—Vsr(2 (n+3)r)
( ) - - V(n+l)r Vi+2 2AU4r T .
kz_jo( 1)) Vier = . =1 (Uer = Unsoyr)

and for odd r,

n
_ (:) = Unr + U(n+1)r - Uf _ 2AU4,,U'_ _
’g( 1)) U, 7 =t (Wor = Uinaapr)
n
- (k) = Vor + V("""l)" +V,—2 _ 20U4, Uy P
g( 1) L Vkr V. 2 Vsr (Vzr V(,H.g),.) .

For example we get
8n47

Z( 1)(°) Fy = —-F4n+4L4n+2
k=0

and
8n+7
Y- 1)) 2, = -—F4n+4F4n+2
k=0 8

Finally we give a general result about the sums alternate according to (—-1)(:)
where the summation index k of the form 2™ with m > 1.

Theorem 5. For any integer r,

Unr - (_l)r (U(n+1)r - Ur)
2[r is even] — (-1)" V,

Yr_o (1)) Uy, =

2 2 3 .
~5 Vo, L=t (G Uie + Uamoreyr + Untr=iyr = Utniamipe)
m+ir

and

—(=1)" -2)
( i'e") — Vﬂr ( 1) (‘,("'H)' + Vr
Lo (-1)™ Vir 2[r is even] — (-1)" V.
2
-2 - V2"'+1r

Z?:l ((—l)jr—lvjr + Vigm—14h)r + Vins1-iyr — V(n+'2"'+.i)f) :
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As an example,

2™+ (n41)-1 .
AFpm-
Z (—1)(2”')Fk = _L_z—lFﬂ"‘(n+l)F2"‘(n+1)+l,
k=0 2m=—1
2m+H (ng1)—1 .
AFym-
z (—1)(2'") Lk = -‘—LT"z"—_I‘FZM(",‘_I)LQm(n_‘,l),‘,I.
k=0
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