SOME IDENTITIES OF BARNES-TYPE GENOCCHI
POLYNOMIALS

DONGKYU LIM

ABSTRACT. In this paper, we study some identities of Barnes-type
Genocchi polynomials. We derive those identities by using the fermionic
p—adic integral on Z,.

In [13], D.S. Kim and T.Kim established some identities of higher
order Bernoulli and Euler polynomials arising from Bernoulli and Eu-
ler basis respectively. Using the idea developed in [13], we study vari-
ous identities of special polynomials arising from Barnes-type Genoc-
chi basis.

1. INTRODUCTION

As is known, the Genocchi polynomials of order » are defined by the
generating function to be

) (%) et =Y GP@)s, (see [1-29]).
n=0 :

When z =0, G = g (0) are called the Genocchi number of order r.
For ay,as,--- ,a, # 0 € C,, the Barnes-type Genocchi polynomials are
defined by the generating function to be

@) H _x e"—iG (zlan,az, -+ ar)e
eait+1 _n=0 n 1,02, y Y 'ﬂ‘

i=1

When z = 0, Go(0|ai,az,- - ,a,) = Ga(a1,a2, - ,a,) are called Barnes
Genocchi numbers (see [10, 12, 16, 21]).

Let p be a fixed odd prime number. Throughout this paper, Z,, @, and
C, will denote the ring of p—adic integers, the field of p—adic numbers and
the completion of algebraic closure of Q. The normalized p—adic norm is
defined as |p|p, = 1/p. Let UD(Z,) be the space of uniformly differentiable
function on Z,. For f € UD(Z,), the bosonic p—adic integral on Z, is
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defined by

V-1

()= [ f@dun(e) = Jim S f@uola + V2,

3 N
1 PR
= A},_;&W ; f(z), (see([17, 19, 20]).

As is well known, the fermionic p—adic integral on Z, is defined by Kim
to be

4
4) -
D) = [, F@ds@) = Jim, S S +V2,)
pV-1
= Jim_ x; f(@)(=1)%, (see [18, 19, 20]).
From (4), we can derive
n—1
(5) Iy(fa) + ()" Moy (F) =2 (=)™ 1 f),
=0
where fn(z) = f(z + n), (n € N).
In particular, n = 1, we have
(6) I_1(f1) +I1(f) = 2f(0), (see [18, 19, 20]).

In section 2, we give a Witt’s formula for the Barnes-type Genocchi
polynomials by usig the fermionic p—adic integral on Z,. And we give some
identities of Barnes-type Genocchi polynomials. And then, we give some
identities of mixed-type Barnes-type Bernoulli and Barnes-type Genocchi
polynomials.

In (18], D.S. Kim and T. Kim established some identities of higher or-
der Bernoulli and Euler polynomials arising from Bernoulli and Euler basis
respectively. Using the idea developed in [13], many authors have con-
structed interesting identities by using various polynomials basis respec-
tively (see 5, 11, 13, 14, 15, 26]).

In section 3, by using the method of D.S. Kim and T. Kim (see [13]), we
study some new identities and properties of special polynomials which are
derived from the Barnes-type Genocchi basis.
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2. IDENTITIES OF BARNES-TYPE GENOCCHI POLYNOMIALS
Let aj,a3,--- ,ar # 0 € C,. Then, by (6), we get

/ / e(alzl+"'+a""'+:)td[.l._1($l) ves dp_l(x,-)
z, z,

™ _H(ea-¢+1> e
= ?;()Gn(ﬂal, ere ,a,.)-tr-;!.

From (7), we obtain the following result.

Theorem 1. For a;,az,--- ,a, #0€ Cp, andn € Z > 0, we have

Gn+r($|al,-. . ,ar) =/ .. / (alzl'*'" 'ar$r+$)ndﬂ—1(1'1)‘ "dﬂ-—l(xr):
Z, Z,

GoE
where (*47) = (2

The right hand side of Theorem 1 is the Witt’s formula for Barnes-type
Euler polynomial E,(z|a;,---,ar) (see [12, 20, 22]). Thus, we have the
following theorem.

Theorem 2. For n,r € N, we have
1

En(.'l:la]_, e ,ar) = WGH-H‘('TIa'h M yar)-
n :
moreover,
1
En(a'l’ co ,0.7-) = -7;+—r_'Gﬂ+f‘(alv et 1a'1‘)'
( n )’l’.

From, (2), we get the following:

(e o} tn

G.(z A1, " ,0p)=— = tr/ e / e(alx!+“'+°r:’-‘r+z)t
> Gatelar, o= [ [
n=0 td P

X dp—y(21) - -~ dpp- (2r)

(8) - (ic,,(al,... ,ar);—:) (j; f;;f:)

n=0

= Z(Z( )Gk(al, . ,ar)x”'k>i—':.

n=0

Thus we have the following result.
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Theorem 3. Forn € Z > 0, we have

Gn(zlay,--- ,ar) = Z (:) Gk(ar, - ,ar)z"*

k=0
i n
= Z (k) Gn—k(ah et sa'r')zk'
k=0
Note that
n
@or+romy= (" abaldat
L4 dlo=n 1, ) or
(9) . .
= L) I,
= Z (ll,-“,lr)(Hai )xll...a:,..
L+ tlp=n i=1

By (9) and Theorem 3, we obtain the following corollary.
Corollary 4. For n € N, we have
n ——
Galar, - yar) = 3 (l o )(Haﬁ')Gzl -Gy,
hotle=n VDI gy

where Gn = Gn(1) is the n—th Genocchi number.

From (4) and (5), we can derive the following equation:

t/ @ty (z) +t/ e“tdp_(z) = 2t.
z, z

P

Thus, we have

t [ o) = 2 =3 Ga()
z, et +1 oyur s " nl’

where Gy (z) is the n—th Genocchi polynomial.
From (5), we note that, for n € N,

(10)
n—1
t/ ea(::-i-n)td”_l(m)+(_1)n—1t/ e"”du_l(a:)=2t Z(_l)n—l—lealt.
» z, 1=0

Let us assume that n € N with n =1 (mod 2). Then, by (10), we get

2% e
t _ i\l alt
(11) c/z e du-l(x)_mg( 1)lentt,

P
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Now, we consider the multivariate p—adic fermionic integral on Z, re-
lated to the Barnes-type Genocchi numbers as follows:

(12)
S A elt1mittersltgy (21) - dp—y(r)
P P
n—1
- (H e"'"‘ e 1) Z sy (—)rHeglathbotarkt
=0 {-=0
= 2% SXIE % (° H+ +“"")nt
Z Z( )h (Hea.mﬂ) adlisecls

L=0 1,=0
oo n-—1 m
_ Z Z Z( 1)l1+ +"G (a1l1+ +ar rl an, - ,arn)nmt__',
m=0{;=0 {,=0 me
where n € N with n =1 (mod 2).
Thus, by (12), we get

[ [ m et o) (e) - duoaar)
z, z,
(13) = ,W ,Z Z( o R
)T ;=0 lp=0
X Gm+r(2‘ll_li'g—qi ain,- - ,arn)nm+r’

where m € Z > 0, n € N with n =1 (mod 2).
Therefore by Theorem 1 and (13), we obtain the following theorem.

Theorem 5. Form € Z >0, n € N withn =1 (mod 2), we have

Gm(al’ e 1a‘r)

= o« arly +--- +arl
R D DD DI ) Lamarte (_Hn—“f ain, - an)
ll=0 l,-=0
Moreover,
Gm(l’lal, Tt )ar)
n-1 n-1
aly +--- le+z
= 'nm Z oo E(_l)h*‘m-Her( 1 + :ar z + aimn,--- 1a'1'n)'
I,=0 1,=0

For d € N with d =1 (mod 2), we observe that

d-1
19 [ @) = S 0° [ fla+de)dus(e)
P a=0 P
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From (14), we can derive the following equation:

(15)
[ e | elmmEotasdtgy ) (r)..dpy(z,)
ZP zP
d—1 d—1
= Z el Z(—-l)l""'"“'tr/ . / eleih++arl +(arz14++arz, )d}t
11=0 =0 zP ZP

X dp_1(z1) - - - dp—1(zr)

) d—1 d-1 ail 4 dal
= Z dﬂ Z “e Z(_l)ll++'7~t7’/ .o ./ (Ld—_-_r + alxl
ZP zF

n=0 1,=0 1,=0

n tn
+-~-+arxr) dp-1(z1) - dp-1(zr) .
By (15), we get

[ ] ot + ozt (@) duosen)
Z, Z,

ok Gl ally +--+a.l
(16) = d‘n Z e Z (_l)ll+-.-+lr / e / (ll—d.—r._: + a1Z1
11=0 l.=0 z, z,

n
+oee ar:z:,.) d,u._l(:rl) cee dli—l(xr)'

Therefore, by (16), we obtain the following theorem.

Theorem 6. Ford € N withd =1 (mod 2), n > 0 we have

Gn(a'lt tte 7a'7‘)

ot St arly + -+ +apl
=d" E . Z(_l)lt+-..+ern (_d—rilal,. A ,ar)'
1,=0 l,=0

Moreover,

G'n(xlala ot 1a'1‘)

d-1 d-1
. z+aly+---+al,
=d" Z . Z(_1)11+-' +ern<
{;=0 l,.=0 d

a1,~~,ar).
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For aj,az,--- ,a, € C,\{0}, the Barnes-type multiple Bernoulli polyno-
mials are known as follows:

// el@mmttarzetaltgy () dpg(z,)
zp zp
t

t
(17) = (ealt_l)x.”x (eart__l)ezt

oo tn
= ZBn(zlal,- .- ,a,.)-_’:'-.

n=0

When z = 0, Bp(ay, - ,ar) = Bn(0lay,---,a,) is called the n—th
Barnes-type Bernoulli number.
Thus, we have

(18)
/ / v | (a1zy 4ot arzy +Hbiyy - beys)"dp1(v1): - -dp—1(ys)
ZP zp zP

X dpio(z1) - - - dpo(zr)
G + .-+ arx b,"'ybs
=/ / n+’(a1xl n+s - 7" - )d#o(wl)“'dﬂo(l‘r)
z, Jz, (
1 n

)l

n
= WZ (I)Gn+s—l(bl,"' ’b’)/z,, "‘/zp(alxl +"'+arxr)l

* =0
x dpo(zy) - - - dpo(zr)

1 n
> (1;)Gn+3_,(b1, -+, bs)Bi(ay, -, ar).

N (n:-’)S! {=0

Now, we define mixed-type Barnes’ Genocchi and Bernoulli numbers as
follows:

GBn(bla" . 1b8;a17' ot ’ar)

(19) =/ / / (11 4 - +arze + biyy + -+ + boys)”
Z, zZ, Z,
X du_1(y1) -+ - dp—1(ys)duo(z1) - - - duo(z,),

where ay,--- ,ar, b1, -+ ,bs #0.
By (18) and (19), we get

1 2. (n
GBn(bl,' [ bs; ay, ‘,ar) = W Z (l)Gn-l-s—l(bla’ " bs)Bl(ala' % ar)~
s =0
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3. SOME IDENTITIES ARISING FROM BARNES-TYPE GENOCCHI BASIS

Let P, = {p(z) € Q[z]|degp(z) < n} be the (n + 1)—dimensional vector
space over Q. Probably, {1,z,---,z"} is the most natural basis for P,,.
But {Gr(z|a1,--- ,ar),Gry1(zlay, - ,ar), -+, Gnir(z|ay, -+ ,a.)} is also
a good basis for the space P, for our purpose of arithmetical applications
of Barnes-type Genocchi polynomials.

Let us take p(z) € P,. Then p(z) can be expressed as a Q—linear com-
bination of G (z|ay, - - - ,ar), Gry1(zlay, - ,ar), -+ ,Gnir(zlar, -+ ,a.) as
follows:

n4r
(20) p(z) = Zkak(zlal, <, Gp)

k=r
Now, let us consider two linear operators Ay and D by
Ayp(z) = p(z +y) + p(=),

21
= Dp(z) = ~pl)

and they satisfy DAy = AyD.
Then, by (20) and (21), we set

n+r
(22)  A,p(z) =) bk(Grl(z +ailar, -+ ,a:) + Gi(zlay, - ,a,)).

k=r

From (1), we note that

o0 tn
Y {Galz +ailay, -+ ,ar) + Gn(zlay, - 10r)}—
=0 '
(23) " .

r
2t 2t

- (z+a1)t Tt

Ee"i‘-{-le +Hea‘_t+1e .

i=1

By (2), (3) and (23), we get
(24) A, Gu(zlay, + ,ar) = 2nGn(z|az, - ,ay).
Thus, by (20), we get

n+r

A, p(z) = Z 2l Gi(zlag, - - ,ar),
l=r
and
. . n+r
Do, B, p(z) = Z 22l - 1)biGr—1 (zlas, - -, ar).
l=r
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Continuing this process, we have
n+r
A, B p@y=> 271 -1 (-7 +2)bd, Cirii(zlar)
l=r
n+r
=Y 27 (D)biz' T,

=r

(25)

where we use the falling fractorial notation, ({), =l({—1)---(I =7 +1).
Let us apply the operator D? on (25). Then

n+r
DiA, - B, p)=>_ 2"b(l), DIz'"
l=r
(26) -
= 2 by (Y)rysat I
I=r
Let us take x = 0 on (26). Then we get
(27) DIA,, - A, p(0) = 27brys(r + j)L.
Thus
1 - -
(28) bryj = WD’ A,, -+ Bq,p(0)

Therefore, by (20) and (28), we procure the following theorem.
Theorem 7. For n,r € N and p(z) € P,,, then we have

ki 1 - -
p(z) = 2) mp’Aa, <+ DB, p(0)Gryj(zlay, - ,ar).
J=

Let us take p(z) = z™ € P,. Then we have
Aalm" =(z+a)"+z"
and
Zla,[lalx" =(z+a1+a))"+ (x+a)"+ (z+a2)" +2™.
Continuing this process, we have
(29) _
B, Dy 2" = (x+ar+ - o) +H(xtar+ - +ap_1)" + - (2 4ar)" 2"
Let us apply the operator D? on (29). Then
(30)
DjAa'_~ D, T =(n)i{{zr+ar+--+ ar)"_j +(c+ar+---+ ar_l)"‘j

+.-+(z+a) T + 277}
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Let us take £ = 0 on (30). Then we get
oy DBen Burpl0)
=n){ler+--+a)" I+ (a1 4+ +ar)" I+ + (@)}
Thus, (31) and by Theorem 7, we have
= n—j n—j

32) Z2r,.+ ),{(a1+ o))" (a4t arn) T+
+ (a,)"" ’}G,.+_,-(:z:|a1, oty 0r).
Therefore, by (32), we obtain the following theorem.

Theorem 8. For n,r € N, then we have

" = Z 27(5_)*33)'{ a1+ +a) T+ (a1 Farm)" T+

+ (ar)n J]’Gr+.1'("3|‘7'1"" y@r).
If we take a; = a3 = -+ = a, = 1, then we have the following known

result representing p(x) = =™ by using higher order Genocchi basis (see [5,
11]).

Corollary 9. For n,r € N, then we have

3=0
1T 1 ™\ /n
7 n—3jr)
d Jz=:° = (r+9)! (%) (J) Gry5(2)-

Let p(z) = E,(z|a1,- - ,a,) € P,, then by (21),we have
AalEn(zla'h v ’ar) = E,-,(:E + alla‘ls v 9ar) + En(xlaly ce sar)
= 2En(m|a2, e ,a,.)

and o
AazAalE,,(:dal,- < ,ap) = 22En(:c|a3, S Q)
Continuing this process, we have

(33) Aa, e Aa,En(mlal,- -+ ,ap) =272
Let us apply the operator D7 on (33). Then
(34) DjAar e Aa:Eﬂ'(a':la‘lv th ’ar) = Zr(n)jxn—



Let us take z = 0 on (34) and by (28), we get

275!
(35) i = -2-7
Thus, from (35) and Theorem 7,
n+r
(36) En(zlay, - ,a;) = Y _ Gj(zlay, - ,a,).
j=r

Therefore, by (36), we obtain the following theorem.

Theorem 10. For n,r € N, then we have
n+r

En(zlay, - ar) = Y Gj(zlay, - ,a.).
j=1‘

Thus, by the Theorem 2 and Theorem 10, we get the following identity.
n4r—1

Z Gj(zlay,-+- ,a;) =0.

j=r

Let us take p(z) = B,(z|a1,- - ,ar), then by (21),
Aaan(x|a1, e ’a"‘) = Bn(x + alla'll e 1a’r) + Bn(xlala e aaf‘)
= Bn($|a2, Tt ’ai‘) + 2Bn(x]alv ot aar)
and
AagAal Bn(xla‘l, te !ar) = Bn(zla':i, M ,ar) + 2Bn(a:ia2, LR ,ar)
+ 2B, (z|az, -+ ,a,) + 223,,(1:[(11, ~er L ap).

Continuing this process, we have

- - r r
) B Boyple) = 324 (eBoc(alons,anra, ).

k=0
Let us apply the operator D7 on (37). Then
(38)
- -~ T rerfT
DBy, Boyp(®) = 327 () W = )y B el - a0)
k=0
Let us take z = 0 on (38). Then we get
(39)
DjAa,. T Aalp(o) = Z 2k (;) (n)x(n — k); Bn—k—j(ak+1, - @r)-
k=0

Therefore, by (39) and Theorem 7, we obtain the following theorem.
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Theorem 11. For n,r € N, then we have
B (zlalt te ’ar)

n+tr

-22,3,2 24 (1) k(1 = )y By G, 0r)G s+ )

n4r r nl
- Zzzk( ) (n — = T Ry Pr-kilakan o ar)Gylalag, - ar).

j=r k=0
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