Lower bounds for algebraic connectivity of
graphs in terms of matching number or edge
covering number*

Jing Xu?!, Yi-Zheng Fan!! Ying-Ying Tan?
1. School of Mathematical Sciences,
Anhui University, Hefei 230601, P. R. China
2. School of Mathematics and Physics,
Anhui Jianzhu University, Hefei 280601, P. R. China
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1 Introduction

Let G be a connected simple graph of order n with vertex set V = V(G) =
{v1,v2,...,vs} and edge set E = E(G). The adjacency matriz of the
graph G is defined to be the matrix A = A(G) = [ay;], where a;; = 1
if v; is adjacent to v;, and a;; = 0 otherwise. The matrix L(G) =
D(G) — A(G) is called the Laplacian matriz of the graph G, where D(G) =
diag{dg(v1),dg(v2), - ,dc(va)} is a diagonal matrix, and dg(v) denotes
the degree of a vertex v in the graph G. It is easy to see that L(G) is a
real and positive semidefinite, so that its eigenvalues can be arranged as
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follows:
0 = pn(G) < pn-1(G) < --- < u(G),

where pn(G) = 0 as each row sum of L is zero, with the all-one vector 1
as an corresponding eigenvector. It is well known that the multiplicity of
eigenvalue 0 is equal to the number of components of G. The eigenvalue
Un-1(G), also denoted by a(G), is called the algebraic connectivity of G by
Fiedler [10]; and the eigenvectors corresponding to a(G) are usually called
the Fiedler vectors of G.

The algebraic connectivity has received much attention; see (1, 2, 5, 13,
14, 16, 19, 20, 21, 22, 23]. For example, upper bounding or maximizing
the algebraic connectivity has been discussed by Lu et. al [18] in terms
of the domination number, Lal et. al [17] subject to the number of pen-
dant vertices, Zhu [24] by means of matching number. Lower bounding or
minimizing the algebraic connectivity has also been discussed by Fallat et.
al (5, 6] subject to diameter or girth, Biyikoglu and Leydold (3, 4] subjec-
t to degree sequence or size, and Fan and Tan [8] subject to domination
number.

Recently Fan and Tan (8] obtain a perturbation result for the algebraic
connectivity of a graph when a branch of the graph is relocated from one
vertex to another vertex. The result motivates us to do a lot of work on
minimizing the algebraic connectivity subject to graph parameters, which
provides some lower bounds for the algebraic connectivity. In this paper,
we characterize the unique graph whose algebraic connectivity is minimum
among all connected graphs with given order and fixed matching number
or edge covering number, and present two lower bounds for the algebraic
connectivity in terms of the matching number or edge covering number.

At the end of this section, we introduce some notions. Recall that a
matching of a graph G is an set of independent edges of G; and the matching
number of G is the maximal cardinalities of all the matchings of G, denoted
by B(G). Clearly, n > 28(G). In particular, G has perfect matchings if
n = 2B(G). An edge cover of a graph G without isolated vertices is a set
of edges of G that covers all vertices of G. The edge covering number of
a graph G is the minimum cardinality of all edge covers of G, denoted by
7(G). It is known that B(G) + ¥(G) = |V(G)| if G contains no isolated
vertices {12].

Denote by My, g (respectively, Cp, ) the set of connected graphs of order
n with matching number g (respectively, edge covering number ). Let P,
denote a path of order d, and Sj,, a star on m + 1 vertices. Denote by
T(k,l,d) a tree obtained from a path P; by attaching two stars Sy &, Sy
at its two end points respectively; see Fig. 1.1. In particular, if d = 1,
then T'(k,l,d) = Sy1x41; if k = 1 and | = 0, then T(k,l,d) := Pyy;.
For convenience, a graph is called minimizing in a certain class if a(G) is
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minimum among all graphs in the class.

k --- I
Va1 Va
Fig. 1.1 The tree T'(k,!,d)
Let z = (z1, 2, ...,2Zn) € R™ and G be a graph on vertices vy, v2,...,Vn.

The vector = can be considered as a function defined on V(G), which maps
each vertex v; of G to the value z;, i.e. z(v;) = z;. If z is an eigenvector of
L(G), then it defines on G naturally, i.e. z(v) is the entry of = correspond-
ing to v. One can find that the quadratic form z7L(G)z can be written

- TLG)z = Y, [a(u)-=z@)* (1.1)

uw€eE(G)

The eigenvector equation L(G)z = Az can be interpreted as

[de(v) — AJz(v) = Z z(u), for each v € V(G), (1.2)
u€Ng(v)

where Ng(v) denotes the neighborhood of v in G. In addition, for an
arbitrary unit vector z € R" orthogonal to 1,

a(G) < zTL(G)z, (1.3)

with equality if and only if z is a Fiedler vector of G.

2 Preliminaries
First we introduce the property of Fiedler vectors of a tree.

LEMMA 2.1 [11] Let T be a tree with a Fiedler vector z. Then exactly one
of the two cases occurs:

Case A. All values of = are nonzero. Then T contains ezactly one edge
pq such that £(p) > 0 and z(q) < 0. The values in vertices along any path
in T' which starts in p and does not contain q strictly increase, the values in
vertices along any path starting in q and not containing p strictly decrease.

Case B. The set Ny = {v : z(v) = 0} is non-empty. Then the graph
induced by Np is connected and there is ezactly one vertex z € Ngy having
at least one neighbor not belonging to No. The values along any path in T
starting in z are strictly increasing, or strictly decreasing, or zero.

363



If the Case B in Lemma 2.1 occurs, the vertex z is called the charac-
teristic vertez, and T is called a Type [ tree; otherwise, T is called a Type
II tree in which case the edge pq is called the characteristic edge. The
characteristic vertex or characteristic edge of a tree is independent of the
choice of Fiedler vectors; see [19].

Next we introduce the perturbation result of the algebraic connectivity
of a graph. Let G1, G2 be two vertex-disjoint graphs, and let v € V(G,),
u € V(G32). The coalescence of Gy and G, with respect to v and u, denoted
by G1(v) ¢ G2(u), is obtained from G; and G, by identifying v with u
and forming a new vertex p, which is also denoted as G1(p) o Ga(p). If a
connected graph G can be expressed as G = G1(p) o Ga(p), where G, and
G are nontrivial subgraphs of G both containing p, then G; or G is called
a branch of G rooted at p. Let G = G1(v2)0Ga(u) and G* = G, (v1)0Ga(u),
where v; and v, are two distinct vertices of G; and u is a vertex of Gs.
We say that G* is obtained from G by relocating G, from vy to vy; see Fig.

2.1.
O i il O
Ca = Cuo™

Fig. 2.1. Relocating G> from vs to v;.

LEMMA 2.2 (8] Let G, be a connected graph containing at least two vertices
vy, V2, and let G be a nontrivial connected graph containing a vertez u. Let
G = G1(v2)0G2(u) and G* = G1(v1)0G2(u). If there exist a Fiedler vector
z of G such that (v1) > z(v2) > 0 and all vertices in G, are nonnegatively
valuated by z, then

o(G%) < a(G),

with equality if and only if 2(v,) = z(v) =0, ZweNaz wZ(w) =0, and z
is also a Fiedler vector of G*.

Now we investigate the property of the algebraic connectivity of the
graph T'(k,l,d) listed in Section 1. Denote T} := T(I'"T_d]a |252],d).

LeEMMA 2.3 [5] Among all trees of order n and diameter d + 1, the tree Ty
is the unique graph with minimum algebraic connectivity.

LEMMA 2.4 [8] (1) Ik > 2, a(T(k,1,d)) > a(T(k ~ 1,1,d + 1));
(2) if 1> 2, a(T(k, 1, d)) > o(T(k, L +1,d +1)).
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LEMMA 2.5 Let B(Ty) = B > 2, wheren >d+2 andn > 28+ 1. Then
2(8—1) <£d <28 —1. Furthermore,

o(Ty) 2 a(T2p-1),
with equality if and only if d =28 — 1.

Proof: Since B(Ty) = |42, then 8 < %2 < B+ 1, that is 2(8 —
1) < d < 28. Hence 28 -2 < d < 28— 1. It suffices to show that
a(Top—2) > a(T2p-1). By Lemma 2.4 and Lemma 2.3, we have

(T =a(r ([n— (223-2)] | [n-(zf—z)J ,2[3—2))

S (S R =)

> CY(Tzﬁ_ 1).

LEMMA 2.6 Let Top, —1,Top,—1 be two trees of order n with matching num-
ber B1,B2. If B1 < B2 and n > 2Bz + 1, then

(T2, 1) > (Top,-1)-
Proof: Let Tpg,—1 := T(k,{,28; — 1). By Lemma 2.4, we have

[T (k,1,26, — 1)] > o[T(k — 1,1,261)]
> a[T(k - 1,1 - 1,28 +1)]
= o|T(k—1,1-1,2(8; +1) — 1].

That is a(Top,-1) > a(To(s, +1)—1)- The result follows by induction on the
matching number. u

LEMMA 2.7 Let G € M, g. Then G contains a spanning tree also with
matching number 8 .

Proof: Let G € M, g and let M be a maximum matching of G. Denote
e(G) = |E(G)|. Clearly, e(G) > n — 1 as G is connected. The result is
certainly true if e(G) = n—1, in which case G is a tree. So we assume that
e(G)>n-1.

Delete an edge e; of some cycle of G, where e; ¢ M, producing a graph
G, such that 3(G1) = B(G). If e(G1) = n—1, then G; is a spanning tree of
G. If e(Gy) > n — 1, delete an edge ez of some cycle of G), where e2 ¢ M,
producing a graph G, such that 8(G2) = B(G1) = B(G). We continue
the above process until we arrive at an spanning tree Gy of G such that
B(Gx) = B(Gk-1) = --- = B(G1) = B(G), where k = e(G) —n + 1. [ |
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COROLLARY 2.8 Let G € My g. If G contains cycles, then G contains a
spanning unicyclic graphs with matching number S.

Proof: By Lemma 2.7, G contains a spanning tree T' with matching
number 3. The result follows by adding an edge e € E(G) \ E(T) to the
tree T'. |

3 Main results

We first restrict our discussion to trees with minimum algebraic connectiv-
ity.

THEOREM 3.1 Among all trees of order n with matching number 8, where
n > 2B + 1, the tree Tog_, is the unique graph with minimum algebraic
connectivity.

Proof: Here we adopt a similar technique used in the paper [8]. If
n = 2§ + 1, the result follows obviously since Tp5_; = P, is the unique
minimizing graph among all connected graphs of order n.

Now assume that n > 28 + 2. Let T be a minimizing tree of order
n with matching number 8. If T has exactly two pendant stars (i.e. the
star with maximum possible size centered at a quasi-pendant vertex), then
T = T(k,l,d) for some k,l,d, where d > 2. By Lemma 2.3, k = ["—;4],
l=|25¢| and T = T,; by Lemma 2.5, d = 28 — 1. The result follows.

Next suppose that T := T has more than two pendant stars, which has
Po pendent vertices and go quasi-pendent vertices. Let = be a Fiedler vector
of To. First assume T is of Type I. Let No = {v € V(Tp) : z(v) = 0}.
If [No| > 2, then there exists at least one zero pendant star S attached
at some vertex say u, and at least one positive quasi-pendant vertex w.
Relocating the zero star S at u to w, we will arrive at a new tree T
such that a(Ty) < (Tp) by Lemma 2.2. Note that B(T1) < B(To) (in
fact, B(T1) < B(Tp)); otherwise we will get a contradiction to the fact
that Tp is minimizing. If |Np| = 1, there exist at least two pendant stars
51,52 both being positive or negative valuated by z, attached at u;,us
respectively. Without loss of generality, assume S;, S, are both positive
and z(u;1) 2 z(ug) > 0. Relocating Sy from ug to uy, we arrive at a new
tree T such that o(T}) < a(Tp) by Lemma 2.2 and 8(Th) < B(To).

If Tp is of Type II, then there exist at least two pendant stars S;, Sa both
being positive or negative valuated by z, attached at u;,u; respectively.
By the similar way with the case |[Ng| = 1 above, we also arrive at a new
tree Ty such that a(T) < a(To) and B(T)) < B(To)-

Repeat the above procession on T if T} has more than two pendant stars
and continue a similar discussion to the resulting tree. Note that from the
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k-th step to the (k + 1)-th step, either pr41 = pr and gx41 = g — 1, or
Pr+1 = Pk + 1 and gk41 = gk. So the above procession will be terminated
at the n-th step in which the tree T,, has exactly two pendant stars, i.e.
T, = T(k,1,d) for some k,l,d, where d > 2. Hence

a(T) = o(To) > a(T1) > -+ > a(Tn), B(T) = B(To) > B(T}) > -+ > B(Tn).

Therefore, noting that Tps—; has matching number 8, by Lemma 2.3 and
Lemma 2.5,

a(Tzp-1) = o(T) > o(Ty) 2 Ty) 2 a(Top(T.)-1)-

However, since B(T,) < B(T) = B, by Lemma 2.6, we have a(T25-1) <
o(Top(T,)-1), & contradiction. So this case cannot happen and the result
follows. u

THEOREM 3.2 Let G € My g. Then G is minimizing in My g if and only
if G =Top-3.

Proof: If B8 = 1, the result holds as T} = S) ,—1 is the unique graph of
matching number 1 for n > 2 and n # 3. When n = 3, there are exactly
two graphs: Sj2 and the triangle C3, both having matching number 1.
Since a(S1,2) < a(C3), the result also holds in this case.

Assume that 8 > 2. If n = 28, the result surely holds as Pag is the
unique minimizing graph. So suppose that n > 28 + 1 in the following.
Let G be a minimizing graph in M, g. Then G contains a spanning tree
T with matching number 8 by Lemma 2.7. Furthermore, by Theorem 3.1,

o(G) 2 o(T) 2 aTp-1). (3.1)

Hence o(G) = o(T) = a(T25-1), which implies that T' = Tzs_; also by
Theorem 3.1.

We claim that G = Tpg_1; otherwise E(G)\E(T2g-1) # 0. Let z be a
unit Fiedler vector of G. Then

A(G) = ) [z(w) - z(v)?

uwveEE(G)
= > [w-zeP+ Y. (=) -z
uv€E(Typ-1) weEE(G\E(T25-1)

> Y [z —2@)?

wve€E(T28-1)
> oT2p-1)-

Since a(G) = a(T2g-1), then z is also a Fiedler vector of T25-;, and
z(u) = z(v) for each edge uv € E(G)\E(T25-1). By Lemma 2.1, whenever
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T5-1 is of Type I or Type II, u, v should be both the pendent vertices lying
in a same pendent star. However, in this case 3(Ty5-1 + uv) > 8 = B(G)
for any uv € E(G)\E(T2p-1); a contradiction.
The sufficiency result follows from the discussion of (3.1). |
As a byproduct, we get the following result on edge covering number.

COROLLARY 3.3 Let G € Cn 4. Then G is minimizing in Cp o if and only
if G = To(n_v)-1-

Proof: The result follows by Theorem 3.2 and the fact that B(G) +
¥(G) =n. |

LEMMA 3.4 [15] Suppose thatd >3, k>1,l>1andn:=k+1+d—1.
Then

2 _ _ -1
Tk 1, d —1)) > nd 2n+d*-4d-5 .
4 8
COROLLARY 3.5 Let G € M, g. Then

8
402 +4B(n+2)—2n+5

Proof: By Theorem 3.2, a(G) > a(T—1). If 8 = 1, surely

8 8
> = .
—482+48(n+2)—2n+5 2 +9

a(G) 2

a(TQB_l) = a(Tl) =1

If 8 > 2 and n = 28, noting that in this case Thg_; = P,,

8 8
—-482+4B(n+2)-2n+5 n2+2n+5

a(P,) =2 (1 — cos %) >

If 3> 2and n > 28+ 1, the result follows by taking d = 28 in Lemma
3.4. [ |
Similarly we have the following corollary.

COROLLARY 3.6 Let G € Cp,. Then

8

> .
(G) 2 ~4v2 + 4y(n—2) +6n+5
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