TWO-DISTANCE-TRANSITIVE GRAPHS OF
VALENCY 7

WEI JIN AND LI TAN

ABSTRACT. A graph I issaid to be (G, 2)-distance-transitive
if, for ¢ = 1,2 and for any two vertex pairs (u1,v;) and
(u2,v2) with dr(u1,v1) = dr(ug,v2) =1, thereexists g € G
such that (uj,v1)? = (u2,v2). This paper classifies the
family of (G, 2)-distance-transitive graphs of valency 7.

1. INTRODUCTION

In this paper, all graphs are finite, simple, connected and
undirected. For a graph I, we use V(I') and Aut(I") to denote
its verter set and automorphism group, respectively. Let u,v €
V(I'). Then the distance between u, v in I is denoted by dr(u, v).
Let G < Aut(T"). A non-complete graph I is said to be (G, 2)-
distance-transitive, if for ¢ = 1,2 and for any two vertex pairs
(ul,vl) and (UQ,tig) with dr(ul,’Ul) = dl"(UQ,'U2) = 1, there exists
g € G such that (u;,v)? = (ug,v2). An arc is an ordered pair
of adjacent vertices. A vertex triple (u, v, w) with v adjacent to
both u and w is called a 2-arc if u # w. The graph I is said to
be (G, 2)-arc-transitive if G is transitive on both the set of arcs
and the set of 2-arcs.

The first remarkable result about (G, 2)-arc-transitive graphs
comes from Tutte {11, 12}, and this family of graphs has been
studied extensively, see [6, 9, 10]. By definition, every non-
complete (G, 2)-arc-transitive graph is (G, 2)-distance-transitive.
The converse is not necessarily true. If a (G, 2)-distance-transitive
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FIGURE 1. (2 x 8)—grid

graph has girth 3 (length of the shortest cycle is 3), then this
graph is not (G, 2)-arc-transitive. Thus, the family of non-
complete (G, 2)-arc-transitive graphs is properly contained in
the family of (G, 2)-distance-transitive graphs. The graph in
Figure 1 is I = (2 x 8) — grid which is (G, 2)-distance-transitive
but not (G, 2)-arc-transitive of valency 7 for G = Aut(T). At the
moment, (G, 2)-distance-transitive but not (G, 2)-arc-transitive
graphs of valency at most 6 are classified in [2, 8]. Hence 7 is
the next smallest valency for (G, 2)-distance-transitive graphs to
investigate. Our main theorem classifies such graphs.

The line graph L(T") of a graph I" has the set of edges of T" as
its vertex set, and two edges are adjacent in L(I") if and only if
they have a common vertex in I'. The line graph of a complete
bipartite graph K, , is called an (m x n)—grid.

Remark 1.1. Let I be a connected (G, 2)-distance-transitive
graph. If T has girth at least 5, then for any two vertices
u,v with dr(u,v) = 2, there exists a unique 2-arc between u
and v. Hence T is (G, 2)-distance-transitive implies that it is
(G, 2)-arc-transitive. If T' has girth 4, then ' can be (G,?2)-
distance-transitive but not (G, 2)-arc-transitive. There are in-
finitely many such graphs. For instance, let I be the complement
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of the (2 x p*)—grid where p is a prime, and let M = Z} : Zx_4,
G = Zyx M. Then T is (G, 2)-distance-transitive but not (G, 2)-
arc-transitive of valency p* — 1 and girth 4. There are also infin-
itely many (G, 2)-distance-transitive graphs of girth 4 that are
(G, 2)-arc-transitive, for example the complete bipartite graphs
Kmm. If T has girth 3, then since I' is non-complete, G, is not
2-transitive on I'(u), hence it is not (G, 2)-arc-transitive.

The complement graph T of a graph [, is the graph with vertex
V(I), and two vertices are adjacent in I if and only if they are
not adjacent in I'.

Theorem 1.2. Let T be a (G, 2)-distance-transitive graph of
valency 7. Letu,v € V(T) such that dr(u,v) = 2. Then either T’
is (G, 2)-arc-transitive or T has girth 4, and one of the following
holds:

(1) (T,G) = ((2 x 8)—grid, M : S3) where M is a 2-transitive
but not 3-transitive subgroup of Ss;

(2) IT(u)NI(w)| = 2, and Gh) ASL(1,7) is 2-homogeneous
but not 2-transitive on I'(u);

(3) IT(w)NT(w)| =3, and G, X Zy : (Z7 : Zy) or Zq : Ly.

We remark that there exist graphs I' in Theorem 1.2 (2) and
(3), see Examples 2.8 and 2.13.

2. PrROOF OF THEOREM 1.2

A graph T is said to be G-distance-transitive if G is transitive
on the ordered pairs of vertices at any given distance. The study
of finite G-distance-transitive graphs goes back to Higman’s pa-
per {5] in which “groups of maximal diameter” were introduced.
By definition, every non-complete G-distance-transitive graph is
(G, 2)-distance-transitive. The diameter diam(I") of a graph I'
is the maximum distance occurring over all pairs of vertices.

Remark 2.1. Let T be a (G, 2)-distance-transitive graph. Let
u,w be two vertices such that dr(u,w) = 2. Suppose that
|T3(uw) NT(w)| = 0. Then since I is (G, 2)-distance-transitive, I'
has diameter 2 and so it is G-distance-transitive.
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Suppose that |I's(u) N ['(w)| = 1. Let (uo,...,u;) be a path
with dp(uo,u;) = ¢ where ¢ = diam(I’). Then for each j <
dlam(l") - 2, |F3(’U,_,) N F(UJ‘+2)| = 1. Note that, Fj+3(’do) n
I'(ujsa) € Ts(u;) NT(us42), and so [Tiia(uo) N Clujee)| = 1,
hence I' is also G-distance-transitive.

When U C V(T'), [U] denotes the subgraph of I" induced by
U.

Lemma 2.2. LetT be a (G, 2)-distance-transitive but not (G, 2)-
arc-transitive graph of valency 7. Then I' has girth 4.

Proof. By Remark 1.1, I' has girth 3 or 4. Assume I" has girth 3.
Let (u,v,w) be a 2-arc such that dr(u, w) = 2. Since I'is (G, 2)-
distance-transitive, G, is transitive on I'(u), so [['(u)] is a vertex-
transitive graph. Let k be the valency of [I'(u)]. Since [I'(u)] is
connected and |I'(u)| = 7, it follows that k = 2, 3,4, 5,6. On the
other hand, [I'(u)] has % edges, and so k is even, k = 2,4, 6. Set
l"(u) = {'U1 =, Vg, V3, V4, Us, ’06,'07}. Ifk= 6, then [F(U)] = K7,
and so I' & Kg, contradicting the fact that ' is non-complete.

Suppose that k£ = 4. Then the complement graph of [['(u)] is a
vertex-transitive graph with valency 2 and order 7, so this com-
plement graph is C7. Thus [['(u)] & C7. Again since k = 4, it fol-
lows that |T'a(u) NT'(vy)| = 2. Hence there are 14 edges between
['(u) and T'y(u). Suppose I'(u) NT(vy) = {va,v3,v4,us} and set
Fa(w) NT(v1) = {wi, wa}. Then T'(vy) = {u,ve, v3,vq, wy, ws}.
Since [['(v1)] & C7, it follows that [I'(uw) NT'(ws)| > 4 and wy, we
are adjacent. As there are 14 edges between I'(u) and [y(u),
IT'(u) N T'(ws)| divides 14, |['(x) N T'(wy)| = 7, a contradiction.

Thus k£ = 2 and [['(u)] = C;. Let (v1,vs,v3, 4, vs, V6, v7) be
a T-cycle. Then [[y(u) NI'(v1)| = 4, and set Ty(u) NT(vy) =
{w1, wo, w3, ws}. Then I'(vy) = {u,vs, v7, w1, W, ws, ws}. Since
[['(v1)] = C7 and (v2,u,v7) is a 2-arc, it follows that v, is adja-
cent to one of {wy, ws, ws, ws}, say wy; vr is adjacent to one of
{wa, w3, ws}, say wy. Further, w, is adjacent to one of {ws, w3},
say wp. Hence w3 is adjacent to both ws and wy. In particular,
vy is not adjacent to any vertex of {ws,ws, w4}, and v7 is not
adjacent to any vertex of {w;, ws, ws}.
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Since |C2(u) N T(vg)| = 4, there exist ws, we, w7 in I'2(u) that
are adjacent to v, and so I'(ve) = {u,v;,vs, wr,ws, We, Wr}.
Noting that [['(v2)] & C; and (wi,v1,u,vs) is a 3-arc, so v
is adjacent to one of {ws,ws, w7}, say we; wi is adjacent to
one of {ws, ws}, say ws; and wg is adjacent to both ws and wy.
Thus, {v1,v2, we,ws} C (['(u) U Ta(u)) NT(w;). In particular,
2 < |P(u) NT(wy)| < 5 and |To(uw) NT(wy)] > 2. Since ' is
(G, 2)-distance-transitive and |T'2(u) N T'(v1)| = 4, there are 28
edges between I'(u) and T'y(u). Since |I'(u) NT'(w,)| divides 28,
IT(u) NT(w;)| =2 or 4.

Suppose that |['(u) N T'(wy)| = 4. Since there are 28 edges
between I'(u) and Ty(w), it follows that |T2(w)|- [T'(w) NT'(wy)| =
28, so |Tao(u)| = 7. As |Fe(u) NT(wy)] > 2, [Ta(u) NT(wy)| < 1.
Thus by Remark 2.1, T is G-distance-transitive. Inspecting the
graphs in [1, p. 222-223], such a I" does not exist.

Thus |T'(u) NT(w;)| = 2. Then |To(u)| = 14. Since |Tz(u) N
D(w)| > 2, it follows that |T3(u) N T(wi)| < 3. If |Ta(u) N
[(w;)| < 1, then by Remark 2.1, ' is G-distance-transitive.
Inspecting the graphs in [1, p. 222-223], such a I" does not exist.
Hence |T'3(u) NT'(wy)| =2 or 3.

Recall that T'(w;) = {v1,v2} U (T2(w) N T(wy)) U (Ta(w) N
[(w;)), T'(uw) N T(w;) = {v1,v2} and vy, v, are adjacent. Since
I is (G, 2)-distance-transitive and dr(w;,ws) = 2, it follows
that I'(w;) N T(wy) = {v1,z} and v;,z are adjacent for some
vertex z, that is, £ € I'(v;) N I'(w,) N I'(ws). Noting that
['(v1) = {u, v, v7, w1, wa, w3, ws} and y,y’ are nonadjacent when
{v,¥'} € {{u, w1}, {vr, w1}, {va, wa}, {w2, wa}, {wr,ws}}. It fol-
lows that ['(v;) NI'(w;) NT'(wg) = 0, so such a vertex x does not
exist, which is a contradiction. Therefore I" has girth 4. O

Lemma 2.3. ([2]) Let T & Ky withm > 2. Then T is (G, 2)-
distance-transitive if and only if it is (G, 2)-arc-transitive.

Lemma 2.4. Let T be a (G, 2)-distance-transitive but not (G, 2)-
arc-transitive graph of valency 7 and girth 4. Let dr(u, w) = 2.
Then 7 divides |Ta(u)|, and either I' & (2 x 8)—grid, or |T'(u) N
C(w)| =2 or3.
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Proof. Since T is (G, 2)-distance-transitive of prime valency 7
and girth 4, there are 7 x 6 = 42 edges between I'(u) and I'(u).
Let |[I'(u)NI'(w)| = r and |Ta(u)) =n. Then42 =nrandr < 7.

Suppose that r = 7. Then n = 6 and I'(u) = ['(w). Since I'
is (G, 2)-distance-transitive, it follows that G, is transitive on
[2(u), and so I'(u) = I'(z) for any 2z € I'y(u). Hence T' has
diameter 2 with 1 + 7 + n vertices. Let A = {u} UT'2(u). Then
any two vertices z,y € A are nonadjacent, and z is adjacent
to all vertices of V(I') \ A. Thus A is a block of Aut(T") of
cardinality 1 + n, and so ['(u) is another block of cardinality
7. Thus I' = Ky ;. However, by Lemma 2.3, K77 is (G, 2)-arc-
transitive, which is a contradiction. Thus, r < 7. Since 42 = nr,
it follows that 7|n and r|6.

Suppose that 7 = 6. Then n = 7. Set I'y(u) = {w; =
w, Wy, W3, Wy, Ws, We, Wr}, La(u) NT(vy) = {wy = w, ws, ws, ws,
ws,wg} and T'(u) N T(wy) = {v1,v2,vs,v4,s, v6}. If Taw) N
['(z) = Ty(u) NT(y) for any z,y € I'(u) N T'(w), then Ty(u) N
[(v7) = {wr} contradicting that |T2(u) N T'(v7)] = 6. Thus
there exist two vertices of I'(u) N I'(w,), say vy, vy, such that
F(’Ul) 7é F(’vg). Then (P('Ul) U F(’Uz)) N Fz(’u) = Fg(u) Thus
Co(u) NT(wy) = (Z) as I has girth 4. Hence |T3(u) NT(w;)| =1,
say '3(u) NT'(w;) = {e}. Then |I'(v;) NT(e)| = |T'(v;) NT(e)| =
6. Since |I'(v1) N Ta(u)| = |T(v;) N Ta(u)| = 6, it follows that
[2(u) NT(v1) = I(v;) NT(e) and Fy(u) NT(v;) = T(v;) NT(e).
Hence I's(u) = I'(e), and I's(u) = {e}. Thus, I = (2 x 8)—grid.

Finally, suppose r < 6. Since 7|6, r < 3. On the other hand,
since I' has girth 4, it follows that 7 > 2,502 < r < 3. O

Lemma 2.5. Let " = (2 x 8)—grid be (G, 2)-distance-transitive
but not (G, 2)-arc-transitive. Then G = M : Sy where M is a
2-transitive but not 3-transitive subgroup of Ss.

Proof. Let (u,v,w) be a 2-arc of I' = (2 x 8)—grid. Then
dr(u, w) = 2, |Te(u) NT(v)] = 6 and |I'(u) NI'(w)| = 6. Further
there are 42 edges between I'(u) and I'y(u).

Noting that T' is (Aut(I'), 2)-arc-transitive. Thus S, < G <
Aut(T") & Sg x Sp. Let the two biparts of I' be U and W. Let

216



u € U. Then I'y(u) = U\ {1}. Since I is (G, 2)-distance-
transitive, G, is transitive on I'y(u) = U \ {1}. Thus GY is
2-transitive on U. Similarly, GY, is 2-transitive on W. If G,, is
2-transitive on Iy(u) = U \ {1}, then G,, is 2-transitive on I'(u),
so I is (G, 2)-arc-transitive, which is a contradiction. Thus G§
is a 2-transitive but not 3-transitive subgroup of Ss. Since G is
transitive on V(T'), G = M : S; where M = G} O

Lemma 2.6. ([4, Theorem 9.4B|) Let G be a 2-homogeneous
permutation group which is not 2-transitive of degree n. Then
n = p® = 3 (mod 4) where p is a prime and e is odd, and further,
(1) |G| is odd and divisible by ﬂ”;;lz and
(2) ASL(1,p°) < G < ATL(L,p°).

Lemma 2.7. Let T be a (G, 2)-distance-transitive but not (G, 2)-
arc-transitive graph of valency 7. Let u,w € V(I') be such that
dr(u,w) = 2. IfT has girth 4 aend |T'(u) NT(w)| = 2, then
GLEMASL(1,7) is 2-homogeneous but not 2-transitive on T'(u).

Proof. Suppose that I" has girth 4 and |T(u) N['(w)| = 2. Then
each 2-arc of I lies in a unique 4-cycle. Thus, there is a 1-1
mapping between the unordered vertex pairs in I'(z) and vertices
in ['y(u). Since G, is transitive on I'y(u), it follows that G, is
transitive on the set of unordered vertex pairs in I'(u). Hence
Go™ i 2-homogeneous on I'(u). Further, since I is not (G, 2)-
arc-transitive, GL is not 2-transitive on I'(v). By Lemma 2.6,
Gh™ > ASL(1,7). O

The Hamming graph H(7,2) has vertex set Z}, and two ver-
tices are adjacent if and only if they have exactly one differ-
ent coordinate. This graph is (G, 2)-distance-transitive for G =
Aut(T), see [1, 7]. We give an example of graph in Lemma 2.7.

Example 2.8. Let I' = H(7,2). Then I" has valency 7 and
girth 4, and for each 2-arc (u,v,w) with dr(u,w) = 2, we have
IT(u)NI(w)| = 2. Let G = SptH < S51S; where H = ASL(1,7).
Then I is (G, 2)-distance-transitive but not (G, 2)-arc-transitive.
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We use Gl to denote the kernel of the G, action on I'(u),
and for an arc (u,v), Gl =6 ncll.
Lemma 2.9. ([13]) Let T be a G-locally primitive arc-transitive

graph. Let (u,v) be an arc. Then G is a p-group for some
prime p. Further, if G2 is affine and IT(w)| > 5, then Gi) =

The following lemma gives a well-known result of Burnside.

Lemma 2.10. ([4, Theorem 3.5B]) A primitive permutation
group G of prime degree p is either 2-transitive, or solvable and
G < AGL(1,p).

Lemma 2.11. Let T be a connected G-arc-transitive but not
(G, 2)-arc-transitive graph of prime valency p. Let (u,v) be an
arc. Then Gy, = Z,.(Z, : Z,), where t|r|p — 1.

Proof. Since T' is G-arc-transitive of prime valency p, G, is
primitive on ['(z). Then by Lemma 2.9, GII} = 1. Since T is
not (G, 2)-arc-transitive, by Lemma 2.10, GL® & Z, : Z, where
rlp—1, and GL& > Z,.

Again, since I' is G-arc-transitive, Gl =~ Gl Note Gl
G[ll/( (1] Glll) (GU]G[l])/Glll ~ (Glll)r‘(u) Since GM 4 G, o
it follows that (GI)T® qGLY = 7, say (GI)T® = 7, where
t|r, t # 1. Hence G (G“])F(“) = 7,.

Since Go™) = G,/GY, it follows that G, = Z,.(Z,: Z,). O

Lemma 2.12. LetT be a (G, 2)-distance-transitive but not (G, 2)-
arc-transitive graph of valency 7. Let u,w € V(T') be such that
dr(u,w) = 2. IfT has girth 4 and |T(u) N T(w)| = 3, then
G, = Zz.(Z7 : Zz) or Zy : Zs, and |1"3(u) N P('lU)l =3 or4.

Proof. Suppose that I" has girth 4 and |['(x) N T'(w)| = 3. Let
(u,v,w) be a 2-arc. Then dr(u,w) = 2 and |T2(u) N T'(v)| = 6.
Since I is (G, 2)-distance-transitive, there are 42 edges between
['(u) and Ty(w). Since [I'(v) N T'(w)| = 3 and |T'(u) N T(w)] -
|Ca(u)| = 42, it follows that |'y(u)| = 14. Again since I'is (G, 2)-
distance-transitive, G, is transitive on both I'(x) and I';(u), so
both |['(u)| and |T'2(u)| divide |G|, hence 14 divides |G|
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If |IT3(u)NC(w)| = 1, then I is distance-transitive, by inspect-
ing the graphs in [1, 223], such a graph does not exist. Hence
IT3(u) NT(w)| = 2,3 or 4.

Set T'(u) = {v1 = v,va,...,v7}. Let To(u) NI(v1) = {w1 =
w, Wo, W3, W, Ws, Ws}. Noting that for any two vertices z,y if
dr(z,y) = 2, then [['(z) NT'(y)| = 3. Thus [I'(v;) NT'(v;)| =3
whenever i # j. Suppose I'(u) NT'(w;) = {v1,ve,v3} and Ta(u)N
['(v1)NT(ve)={w1, ws}. Let I'a(uw)NI(ve)={wy, w2, wr, ws, W, wio}-

Noting that |(To(u) N T(vy)) U (Ta(u) N T(we)) N T(vs)| < 3.
Hence |(T2(u) N T(wvs)) \ (T'(v1) U T'(vq))| > 3. Thus |T'a(u) N
(T(v1) UT(v2) UT(v3))]| = 13 or 14.

Suppose [F3(u) NT(w;)| = 2. Then |F2(u) NT(w;)| = 2. Since
IT2(u)| = 14, it follows that w,; is adjacent to one vertex of
['(v,) UT(v2) U (v3), say z. Thus (wy,z,y) is a triangle where
y € {v1,v2,v3}, which is a contradiction. Thus |I's(u) NI'(w)| #
2, so |I's(u) NT'(w)| =3 or 4.

Finally, by Lemma 2.11, G, = Z;.(Z; : Z.), where t|r and
r=2o0r3 Ifr =23, then G, & Z3.(Z7 : Z3) or Zy : Zs,
contradicting the fact that 14 divides |G,|. Thus r = 2, so
Gu = ZQ.(Z7 : Zg) or Z7 . ZQ. O

We give an example of graph in Lemma 2.12.

Example 2.13. Let V = F4 be a 4-dimensional vector space
over field 5. Let U and W consist of 1-subspaces and 3-
subspaces of IF3, respectively. Let T' be a bipartite graph with
biparts U and W such that u € U and w € W are adjacent
if and only if u + w = F4. This is the point-plane incidence
graph of the projective plane PG(3,2). Further, I is 2-distance-
transitive satisfying conditions of Lemma 2.12, see [1, p.223], for
example.

Now we can prove our main theorem.
Proof of Theorem 1.2. By Lemma 2.2, I" has girth 4. Let
u,w be two vertices such that the distance between them is
2. It follows from Lemma 2.4 that either I' & (2 x 8)—grid, or
IT(u) NT(w)| =2 or 3. If ' = (2 x 8)—grid, then by Lemma
2.5, G = S3 x M where M is a 2-transitive but not 3-transitive

219



subgroup of Sg, so that (1) holds. If |I'(w) N ['(w)| = 2, then
by Lemma 2.7, GL™ =~ AS L(1,7) is 2-homogeneous but not 2-
transitive on I'(u), (2) holds. Finally, if |I'(u) NT'(w)| = 3, then
by Lemma 2.12, Gy = Z3.(Z7 : Z3) or Zy : Zs, (3) holds. O
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