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Abstract

Let ¢ be a proper k-coloring of a connected graph G and IT =
(W1, V2,..., Vi) be an ordered partition of V(G) into the resulting
color classes. For a vertex v of G, the color code of v with respect to
I is defined to be the ordered k-tuple ¢, (v) := (d(v, V1),d(v, V2),...,
d(v,Vi)), where d(v, V;) = min{d(v,z) | z € Vi},1 < i < k. If dis-
tinct vertices have distinct color codes, then c is called a locating
coloring. The minimum number of colors needed in a locating color-
ing of G is the locating chromatic number of G, denoted by X, (G).
In this paper, we study the locating chromatic numbers of grids, the
cartesian product of paths and complete graphs, and the cartesian
product of two complete graphs.

Keywords: Cartesian product, Locating coloring, Locating chromatic number.

1 Introduction

Let G be a graph without loops and multiple edges with vertex set V(G) and edge
set E(G). A proper k-coloring of G, k € N, is a function ¢ defined from V(G)
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onto a set of colors [k] := {1,2,...,k} such that every two adjacent vertices have
different colors. In fact, for every i, 1 < 4 < k, the set ¢~!(4) is a nonempty inde-
pendent set of vertices which is called the color class i. The minimum cardinality
k for which G has a proper k-coloring is the chromatic number of G, denoted by
X(G). For a connected graph G, the distance d(u, v) between two vertices u and
v in G is the length of a shortest path between them, and for a subset S of V(G),
the distance between u and § is given by d(x, S) := min{d(u,z) | = € S}.

Definition. (3] Let ¢ be a proper k-coloring of a connected graph G and I =
(V1,V,..., Vi) be an ordered partition of V(G) into the resulting color classes.
For a vertex v of G, the color code of v with respect to II is defined to be the
ordered k-tuple

cn (v) := (d(v, V1),d(v, V2),...,d(v, V&)).

If distinct vertices of G have distinct color codes, then ¢ is called a locating col-
oring of G. The locating chromatic number, X . (G), is the minimum number of

colors in a locating coloring of G.

The concept of locating coloring was first introduced and studied by Char-
trand et al. in [3]. They established some bounds for the locating chromatic
number of a connected graph. They also proved that for a connected graph G
with n > 3 vertices, we have X, (G) = n if and only if G is a complete multipar-
tite graph. Hence, the locating chromatic number of the complete graph K, is
n. Also for paths and cycles of order n > 3 it is proved in [3] that X L(Pn) =3,

X, (Cn) = 3 when = is odd, and X, (Cn) = 4 when n is even. The locating
chromatic number of trees, Kneser graphs, and the amalgamation of stars are
studied in [3], [2], and [1], respectively. For more results in the subject and
related subjects, see [1] to [9].

Obviously, X(G) £ X, (G). Note that the i-th component of the color code
of each vertex in the color class V; is zero and its other components are non
zero. Hence, a proper coloring is a locating coloring whenever the color codes of
vertices in each color class are different. In a proper coloring of G, a vertex is
called colorful if all of the colors appear in its closed neighborhood, and the color
of a colorful vertex is called a full color. Note that in each proper m-coloring of
K, all of the vertices are colorful. We have the following observation.

Observation 1. Let G be a connected greph. (a) In a locating coloring of G,
there are no two colorful vertices that are assigned the same color. Therefore, if
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there is a locating k-coloring of G, then there are at most k colorful vertices. (b)
If G contains two disjoint cliques of order k, then X (G) 2 k+ 1.

Recall that the cartesian product of two graphs G and H, denoted by GOH,
is a graph with vertex set V(G) x V(H) in which two vertices (a,b) and (a’,b’) are
adjacent in it whenever a = o’ and bb' € E(H), or aa’ € E(G) and b =b'. Vertices
of the cartesian product GOOH can be represented by an |V(G)| by |V (H)| array,
such that the induced subgraph on the vertices of each row is isomorphic to H
and the induced subgraph on the vertices of each column is isomorphic to G. In
this paper, we study the locating chromatic number of the grid PmOPa, KmUP,
and K,,(OK,.

2 The locating chromatic numbers of F,0F,
and K,,0F,

In this section, we determine the exact value of the locating chromatic number
of the grid P,,OP, and K,,[3P,. First, we give an upper bound for the locating
chromatic number of the cartesian product of two arbitrary connected graphs.

Proposition. If G and H are two connected graphs, then
X, (GOH) £ X, (G) X, (H).

Proof. Let m:= X, (G) and A, A, ..., Am be the color classes of a locating
m-coloring of G. Also, let n := X, (H) and By, By, ..., Bn be the color classes
of a locating n-coloring of H. For each i € [m] and each j € [n], A: x Bj is an
independent set in GOJH. Hence, the partition {4; x B; | i € [m], j € [n]} of
vertices of GLJH can be considered as the color classes of a proper coloring of
GOH. To see that this is a locating coloring, let (a,b) and (a’,b’) be two distinct
vertices in the color class A: x B; and, without loss of generality, assume that
a # a'. Note that d(b, B;)} = d(b/, B;) = 0 while, by assumption, there exists
k € [m] \ {4} such that d(a, Ax) # d(a’, Ax). Hence

d({(a,b), Ax x B;}) = d(a, As)+d(b, B;)
= d{a,Ax)+0
# d(a',Ad)+0
= d((d,¥), Ak x B;).
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Thus, this coloring is a locating coloring. O
For G = H = K3, we have
X, (K20Kz) = X, (Ca)=4= X, (K2) X, (Ka).

Therefore, the above inequality is attainable. The following theorem shows that
the exact value of the locating chromatic number of an m by n grid P,0OP, is
4, while the given upper bound is 9.

Theorem 1. Ifn > m > 2, then X, (Pn0P,)=4.

Proof. In each proper 3-coloring of P[P, there exists an induced cycle C;
with 3 colors. Hence, there are two colorful vertices on this cycle with the same
color. Therefore, X, (Pm[IP.) > 4.

For each ¢ € [m] and j € [n), let v; ; be the vertex in the i-th row and j-th column
of the grid Pm[1P,, and let ¢ be a proper 2-coloring of the bipartite graph P[P,
with the color set {1,2}. Define the coloring ¢’ as ¢'(v1,1) = 3, ¢/(v1,n) = 4 and
¢'(v3,5) = c(vi,;) else where. For each i € [m] and j € [n], we have

d(vg,j,v;,l) =i+3j-2 d('ug,,',vl,,.) =n+i—j7-1.

Thus, distinct vertices have distinct color codes with respect to the coloring ¢’.
a

Let G := Km[P,. Vertices of G can be represented by an m by n array. Thus, G
consists of m rows and n columns, in which the induced subgraph on the vertices
of each column is isomorphic to K and the induced subgraph on the vertices
of each row is isomorphic to P.. Let v;; be the vertex of G in the i-th row and
Jj-th column. Hence, each coloring of G can be represented by an m x n matrix,
in which its (2, j)-entry is the color of v;, ;. For the locating chromatic number of
KnOP,, the following cases are easy to check (see Theorem 1 and [3]).

(a) XL(Kll:Ipl) =1, XL(Kﬂ:ng) =2, and XL(KIDP") =3,n>3.
(b) X, (K:0P:) = X, (ROP,)=4.
(c) X, (KmOP) = X, (Km)=m.

In the following theorem, the exact value of X, (Km[IP,) is computed in the

remaining general case.

224



Lemma 1. Letm > 3 and n > 2 be two positive integers. If there exists a locating
(m + 1)-coloring of G := KmOP,, then let C be its coloring matriz. Then every
two consecutive columns of C have different missing colors. Moreover, if m > 5,

then every two columns of C have different missing colors.

Proof. First, let m = 3. Suppose on the contrary, there exist two consecutive
columns C; and Cj41 of C with the same missing color, say “4”. Assume that
C; = [1 2 3]T. The coloring is proper and hence Cj41 is a derangement of Cj,
which implies Cj41 = [312T or Cj41 =23 1)7. Without loss of generality,
assume that Cj41 = [312]7. If j = 1 and Cj/ is the first column which the color
4 appears in it, say in row i, then two vertices v;,; and vi41,2 (¢ 4 1 considered
modulo m) have the same distance to the color class 4 and hence, have the same
color code, which is a contradiction. For j+ 1 = n, the argument is similar. Also,
when all of the columns containing the color 4 have index greeter than j + 1, or
all have index smaller than j, the argument is similar to above. Thus, assume
there exist two indices 51 and j2, j1 < 7 < 7+ 1 < j2, such that the color 4
appears in both of the columns Cj;, and Cj,, and does not appear in the columns
with indices 51 < k < j2. If j — j1 = j2 — (5 + 1), then exactly four vertices in the
j-th and (j + 1)-th columns of G have the same distance j — j1 + 1 to the color
class 4, and hence, at least two vertices of the same color have the same color
code. Thus, without loss of generality, we can assume that j — j; < j2 — (§ + 1),
and the color 4 appears in the first row of the column Cj,. Now two vertices vs ;
and vy,j+1 have the same distance j — j1 + 1 to the color class 4 and hence have
the same color codes, which is a contradiction. For m > 4, if two consecutive
columns have the same missing colors, then by an argument similar to the above,
one can find two vertices with the same color codes, which is impossible.

Now let m > 5 and suppose on the contrary that there exist two (non consecutive)
columns C; and C;s with the same missing color, say “1”. We know that there
are no two consecutive columns with the same missing colors and hence each of
these two columns contains at least one and at most two full colors. Therefore,
since m > 5, there are two vertices v and v' of the same color in the j-th and
j'-th columns of G, respectively, such that v and v’ are not adjacent to a vertex
colored 1. Thus, v and v’ have the same color codes, which is a contradiction. O

Theorem 2. Let m > 3 and n > 2 be two positive integers. Then

m+2 ifm<n-2,

X‘(K’"DP")={ m+1 ifm>n-1
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Proof. Let G:= Kn[P,. By Observation 1(b), we have X, (G) > m + 1.
Now we give a locating (m + 2)-coloring of G. Let the first column of the corre-
sponding coloring matrix be the column vector [(m+1) 123 ... (m—2) (m+2)]7,
and the remaining columns be alternately (123 ... m]T and [m 123 ... (m—1)]7.
Then, no two distinct vertices with the same color have the same distances to
both of the color classes m + 1 and m + 2. Hence, this is a locating coloring of
G. Therefore, X, (G)=m+1lor X, (G)=m+2.

First we show that if X, (G) = m+1, then m > n — 1. Therefore, if m < n—2,
then X, (G) =m+2.

Assume that X, (G) = m+1 and let C be the corresponding matrix of a locating
(m + 1)-coloring of G. Note that C has m rows and in each column exactly one
color is missing. By Lemma 1, no two consecutive columns of C have the same
missing color, and hence each column of C contains at least one full color. This
implies that G has at most m + 1 columns, i.e. n < m + 1 as desired.

To complete the proof, we assume m > n—1 and show that X L(G) =m+1. For
m € {3,4}, consider two colorings of K3[0P; and K4[OPs with the corresponding

matrices A; and Az, respectively, as follows.

A

il
W N
N =
[SCR - N
> -
h S
X
I
_ow NN =
N = W w;
BN Ot e
- s W ot
W N oY

Note that in these colorings distinct columns have distinct missing colors and
hence, two vertices with the same color have distinct color codes except when
both of them are colorful. There are exactly m +1 colorful vertices (with distinct
colors). Thus, these colorings are locating. Also note that removing columns
from the end will not create new full colors in the remaining matrices. Thus, for
me (3,4} andn < m+1, we have X, (KmOP,)=m+1.

Now let m > 5. By Lemma 1, in the corresponding matrix of each locating
(m + 1)-coloring of G, if it exists, there are no two distinct columns with the
same missing color. In an inductive way, we give a locating (m + 1)-coloring
of G. Equivalently, we fill the columns of an m by n matrix C with entries in
{m + 1] in such a way that each column contains exactly one full color, distinct
columns have distinct full colors, and the missing colors of no two columns are
the same. These coloring will be locating since there are no two colorful vertices

with the same color and, two non-colorful vertices with the same color are in dif-

226



ferent columns and are non-adjacent to different color classes. We construct this
coloring matrix for » = m + 1, then for smaller n one can remove extra columns
from the end.

Let Cy :==[123..mTand Cp := [(m+1) 123 ... (m—1)]7 be the first
and second columns of C, respectively. Now assume that p-th column of C is
Cp = [z1 22 23 ... Tm)T with the missing color Tm+1 and, without loss of gen-
erality, with the full color 1, where {z1,%2,23,...,Zm+1} = {1,2,3,...,m + 1}.
Next, we fill the column Cp4;. Since Cp should contain exactly one full color,
the color xm 41 should appear in the first row of Cpy1.

For each t > 1, let CF and CM be the singleton sets that contain the full
color and the missing color of the column C,, respectively. If z, is not the
missing color of one of the previous columns, and zm41 is not the full color of
one of the previous columns, then let Cp41 = [Tm+1 Tm T2 T3 ZTa ... Zm-1]7,
which means CY, = {z:1} and CFy; = {Zm+1}. Otherwise, z; € [J7_,C¥ or
Zm+1 € JI_, CF . If p+1 < n, then there are at least two colors not in | J{_, cFf
and there are at least two colors not in Uf=l CM . Therefore, there exists a color
xz; ¢ U:=1 CF, where z; # Tm+1. Also, there exists a color z; ¢ Uf=l CcM, where
z; ¢ {z1,z;}. Choose z; as the full color, and z; as the missing color of Cp.1.
Since m > 5, it is possible to fill the column Cpy41 in such a way that its first row
is Zm+1 and its i-th row is z;. Here after assume that p+ 1 = n, and hence there
is only one color not in | JP_, C{ and only one color not in | J}_, CM. Following

two cases may occur.

Case 1. [n]\ S CM = {z1} and [n] \ U} CF = {2:}, where z; # zm41.

In this case, we could change some of the previous columns to get the desired
coloring. Assume that C_, = {z,} and CM, = {x;}. Note that there are no
repeated full colors or repeated missing colors, but it may be that 2, = 2,41 or

Ti =Ij.

(8) If x5 # Zm41 and z; = z;, then let 3,21 and Zm41 be the missing colors of
Cn-2,Cn-1 and Ch, respectively. Also let z1,z; and z, be the full colors
of Ca—2,Cn-1 and C,, respectively. Now fill Cy,—2 such that z; in Cr_2
and z; in Cn—3 are in the same row, and then fill Cy—; such that z; = z;
in Cn—1 and z1 in Cp_2 are in the same row. Finally, fill Cy such that z;
in Cn and z; in Cn—1 are in the same row, and also z, in Cn and Zm41 in

Cn-1 are in the same row.
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(b) If z; = Zm+1 and z; # x;, then let ChLy = {z;},CM., = {21},CM = {z,)}
and C¥_, = {2:},CF_, = {zs},CF = {1}. Now fill C,—2 such that z; in
Cn—2 and z; in C,_3 are in the same row. Then fill Cn— such that z; in
Cn-1 and z; in C,,_2 are in the same row, and also z, in C,—; and z; in
Ci.—2 are in the same row. Finally, fill C, such that z; in C, and z, in

Chrh-1 are in the same row.

(c) If z, # :z:m+1 and z; # z;, then let CM, = {z;},CM |, = {xm41},CM =
{z1} and Cf_; = {z1},CE_, = {2,},CF = {z:}. Now fill Cn_3 such that
z; in Ca~2 and x; in Cy_3 are in the same row. Then fill C,—; such that
z; in Cn-y and z; in Ch—_2 are in the same row, and also z, in C,_; and
Zm+1 in Cn-2 are in the same row. Finally, fill C,, such that z,41 in Cn
and z, in Cy-y are in the same row, and also z; in C, and z; in Ch-1 are

in the same row.

(d) If z, = m41 and z; = 2;, then we should change the column C,_3. As-
sume that CS_; = {z:} and CM ; = {z+}. Note that z; ¢ {z1,%i,Tm+1}
and zx € {Z1,Z:i,Zm+1}, since there are no repeated full colors or re-
peated missing colors. For the desired coloring, let CM 3 = {zx},CM, =
{z:},CM, = {zm41},CY = {21} and CE_3 = {1},CF_, = {zmn1},
CE_, = {2:},CF = {z:}. Now fill Ca—3 such that z; in Cn—3 and zx in
Chn-4 are in the same row. Then fill C,_2 such that zx in Cr_2 and z; in
Cn-3 are in the same row, and also T4 in Cr—2 and z; in Cn_3 are in
the same row. Next, fill Cy,_; such that z; in C,—; and 41 in Cp—2 are
in the same row. Finally, fill C,, such that £,m+1 in Cn and z; in C,—, are
in the same row, and also 2; in C,, and z; in Cn-; are in the same row.

Case 2. [n]\ ;7' CM = {z:} and [n) \ U]} OF = {Tm41}, where z; # z,.

We should change C,,—; to get the desired coloring. Assume that Cf_, = {z,}
and CM, = {z;}. Note that z; ¢ {21,%:,Tm+1} and , ¢ {z1,Tm+1}, since
there are no repeated full colors or repeated missing colors. But it may be that

Ty = Zy.

(a) If 2; # z,, then let CM, = {2;},CM | = {2:},CY = {zm41} and CF_, =
{Zm41},CE_) = {z1},CF = {z,}. Now fill Ca_2 such that Zm+1 in Cn—g
and z; in Cn—3 are in the same row. Then fill C,_; such that z; in Cpn—;
and Tm41 in Cp_2 are in the same row, and also x; in Cn-1 and z; in Cn—-2
are in the same row. Finally, fill C,, such that z; in C, and z; in Cn—; are

in the same row, and z, in C, and m41 in Cr—1 are in the same row.



(b) If z; = ,, then let CM , = {z;},CM, = {zm+1},CM = {z,} and CI_, =
{z1},CF_ = {z.},CF = {*m+1}. Now fill Cn_2 such that z; in Cn—2 and
z; in Cp_3 are in the same row. Then fill C;,_; such that z; in C,-1 and
z1 in Cn_g are in the same row, and also z, in C,,—1 and Tm41 in Cpog
are in the same row. Finally, fill C, such that z,,4+1 in C, and z, in Cn—1

are in the same row.

Note that since m > 5, in all of the previous steps it is possible to fill each column

in the desired manner. ]

3 The locating chromatic number of K,,0K,

In this section, we study the cartesian product of complete graphs. Let G :=
KnOK,. Vertices of G can be considered as the entries of an m by n matrix,
such that the induced subgraph on the vertices of each column is isomorphic to
K. and the induced subgraph on each row is isomorphic to K. Let v;; be the
vertex of G in the i-th row and j-th column. Each coloring of G can also be

considered as an m by n matrix.

Lemma 2. Let m > 2 and n > 3 be two positive integers, where m < n. If there
exists a locating (n+1)-coloring of G := KmUOKny, then let C be its corresponding

coloring matriz. Then different rows of C have different missing colors.

Proof. Each row has one missing color. Since each color appears in at least one
row, the missing color of each row appears in some other rows. Hence, each row
contains some full colors.

Suppose on the contrary, and without loss of generality, that first and second
rows have the same missing color, say “n + 1”. For each i € [n], there are two
vertices in the first and second rows of G with color i. They have neighbors in all
of the color classes [n]\ {i}. Since the coloring is locating, the color n + 1 should
appear in exactly one of the columns corresponding to these two vertices. This
holds for each i € {n]. Hence, the color n + 1 should appear in exactly half of
the columns of C. This also implies that n is an even integer. Thus, in each row
with the missing color n + 1, half of the colors are full. Particularly, half of the
colors 1,2, ...,n are full in the first row, and the remaining are full in the second
row. Since repeated full colors are not allowed, the color n + 1 must appear in
the third row. The missing color of the third row appears in the first and second
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rows, in two different columns. Hence, the third row contains at least two full
colors. This implies that there are at least n + 2 full colors in n+ 1 color classes,
which is a contradiction. (u]

Note that X, (K201K2) = X, (C4) = 4. In general we have the following result.
Theorem 3. For two positive integers m > 2 and n > 3, where m < n, let
mo :=max{k | k€N, k(k-1)-1<n}.

(a) If m <mo—1, then X, (KmlUKs)=n+1,
(b) fmo+1<m< %, then X, (KmOKn)=n+2.

Proof. Let G := K,[JK,. By Observation 1(b), we have X, (G)2n+1
If m = 2, then the following matrix provides a locating (n + 1)-coloring of G with
the color set [n + 1].

1 2 3 .. n
n+l1l 1 2 ... n-1

Let m = 3. If n = 3, then it is not hard to see that there exists no locating
4-coloring of K3[K3. The following matrix A; gives a locating 5-coloring of
K30Ks. Hence X, (K3OKj) =5.

Ifn=4and X (KiUKq) = n+1 = 5, then by Lemma 2 different rows
have different missing colors. Hence, each row contains two full colors, which is
impossible since there are only five color classes. The following matrix Az gives
a locating 6-coloring of K3(OKj4, and hence X, (K30K,) = 6. If n = 5, then the
matrix A3 gives a locating 6-coloring of K3[JK5, and hence X L (KsOKs) = 6.

Al= 7A2= :A3=

[ - -
D o= N
>N W
(=T B ]
U o= N
=N W
Y W
W D =
> = ot
N W
LSL B - BN
[ NN ¥]

Finally, the following matrix gives a locating (n + 1)-coloring of n > 6, and hence
X,_ (K3DKn) =n+1

1 2 3 n—2 n-1 n
n+l 1 2 ... n—-3 n-2 n-1
2 3 4 n—-1 n n+1

230



Here after let m > 4. First assume there exists a locating (n + 1)-coloring ¢
of G with the corresponding coloring matrix C. By Lemma 2, missing colors of
different rows are different, and the missing color of each row appears in all of the
other m — 1 rows. Hence, each row of C contains exactly m — 1 full colors, and
there are exactly m(m — 1) full colors in C. Since there are n + 1 color classes,
we should have m(m — 1) < n + 1. Therefore, if m > mo, then X, (G) 2 n+2.
Now we provide a locating (n + 2)-coloring of G, when mo+1 < m < 2. Let
¢: V(G) — [n + 2] be a function, where c(v;,;) = (i — 1)n+j (mod (n + 2)).
Since m < 3, by a simple calculation, it can be seen that c is a proper coloring.
For each i, 1 € i < m, the i-th row of the corresponding coloring matrix has two
missing colors in + 1 and in + 2, modulo n + 2. Moreover, since m < %, two
colors in + 1 and in + 2 can not appear in the same column. This means that
there exists no full color. In other words, each vertex has at least one component
that is 2 in its color code. Since each color is missed in exactly one row, every
two vertices with the same color are in different rows and have different color
codes. Consequently, c is a locating (n + 2)-coloring. Hence, X, (G) =n+2,
when mo < m < %.

To complete the proof, we show that X, (G) = n+ 1, when m < mo. In
an inductive way, we provide a locating (n + 1)-coloring of KmOK,. For this
purpose, we construct an m by n (coloring) matrix on the set [n + 1] with the

following properties.
(a) The entries of each row, and each column are different.
(b) Different rows have different missing colors.
(c) There exist no repeated full colors.

(d) All of the missing colors are also full.

Note that the property (a) indicates that the given coloring is proper. Also, the
properties (b) and (c) guarantee that the coloring is a locating coloring, since
two non-colorful vertices with the same color are in different rows and are non-
adjacent to different color classes. The property (d) is needed for the proof by
ind‘\;lqtion. If m = 4, then mo > 5 and n > 19. Consider the following coloring
matrix.

1 2 3 4 5 i n->5 n-4 n-3 n-2 n-—1 n
n+1 1 2 3 4 -1 n-6 n-$ n—-—4 n-3 n-=2 n-—1

n n+1 1 2 3 T -2 n-7 n-—6 n-=5 n—-4 n-—3 n~2

4 5 e 7 8 i+3 ... n-2 n-1 n 2 3 n+1l

In this coloring, the missing colors are n+1,n,n— 1,1, and the full colors are
1,2,n;n+1,n~4,n—1;n—6,n—3,n—2;4,5,6. Thus, there are no repeated
full colors, whenever n > 13, and properties (a) to (d) hold.
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Now suppose that the i-th row, 4 < i < m — 1, is completed such that the
properties (a) to (d) hold for the constructed i x n matrix. Next, we complete
the (i 4+ 1)-th row. Without loss of generality and by permuting the rows or
symbols if it is necessary, assume that the missing colors in the first ¢ rows are
1,2,...,7. Each of the first ¢ rows contains i — 1 full colors, since its missing color
appears in other rows. Thus, there are i(i — 1) full colors and i missing colors.
Choose a full color 7, j > i. We want to fill the (i 4+ 1)-th row with colors in the
set [+ 1]\ {7} in such a way that the constructed (i 4+ 1) x n matrix satisfies
the properties (a) to (d).

By completing the (i + 1)-th row, 2i new colorful vertices appear, i of them will
be in the first ¢ rows (one vertex in each row) by inserting the colors 1,2, ...,7 in
the (i 4+ 1)-th row, and i of them will be in the (i 4- 1)-th row corresponding to
the columns in which j occurs in the previous rows.

Let 1 < k < 4. The color k should be inserted in a suitable column in the (i+1)-th
row, in such a way that it creates a new full color in the k-th row. Since the colors
1,2,...,% are full, to preserve the property (c), these colors shouldn’t be inserted in
the columns of the (¢+1)-th row in which j occurs in the previous rows. There are
n—i columns not containing j. On the other hand, i(:—1) full colors of the first i
rows appear in the k-th row and inserting & in their columns causes repeated full
colors. Also, one of these full colors is j and each column containing k contains at
least one full color. Thus, there are at least (n—i)—i(i—1)+1 = n—42+1 possible
columns in the (i + 1)-th row for inserting the color k. Assume that the color 1 is
inserted in a suitable column. After inserting 1, one new full color is created in
the first row and one of the feasible columns of the (i 4+ 1)-th row is occupied by
1. Hence, for inserting 2 there are at least (n ~ i+ 1) — 2 possible columns, and
finally for inserting i there are at least (n — 42 + 1) — 2(¢ — 1) possible columns.
Note that (n—i? +1) = 2(i — 1) > 1, since i < m < mo and mo(mo—1)—1 < n.
Thus, inserting the colors 1,2,...,7 is possible as desired.

Inserting each color in the columns in which j occurs in the previous rows, will
make that color full. There are ¢ columns containing the color j. Since

(n+1)—d(E—-1)—1 n+1-~3

> mo(mo—1) -4

> mo(mo—1) — (mo —2)°
= 3(mo—2)+2

> 3i+2,



there are at least 3i + 2 non full colors. Therefore, it is possible to insert ¢ non
full colors in the (i + 1)-th row, and in the columns in which j occurs in the first
i rows, preserving the property (a).

Now it remains to insert the remaining n — 2i colors, say ¢, c2, ..., €n—2i, in the
remaining n — 2i columns, say C1, Cs, ..., Cn-2i, preserving the property (a). Let
H := (X,Y) be the bipartite graph with partite sets X := {C1,C3,...,Cn-2i}
and Y := {e1,¢2, ...,cn—2:} such that C,c, € E(H), whenever the color ¢, is not
occurred in the column C,. Each color ¢ is in 7 rows and each column C; contains
i colors. Thus, each vertex in H has degree at least n —3i. Let  C § C X. Since
S#0, |N(S)| > n-3i If IN(S)| < |S5], then n— 3¢ < |S|. Thus, N(S) #Y and
JX\ S| <i—1. Let y € Y \ N(S) and hence,

n—3<|INWI<IX\S|<i~1.
Thus, n < 4i — 1 and
mo(mo—l)—lS4i—-1$4(mo-—l)—l.

This implies that mo < 4 which is a contradiction, since 4 < m < mo. There-
fore, the Hall’s condition holds (Theorem 3.1.11 [10]) and hence H has a perfect
matching. Consequently, we obtain a desired coloring by filling the remaining

entries according to this assignment. m]

4 Some open problems

Note that every proper coloring of KK, is equivalent to an m by n Latin
rectangle. Moreover, a locating coloring of KK, is equivalent to an m by n
Latin rectangle in which, for every two cells containing the same symbol, there
is a symbol that appears only in the row or column of one of them.

In what follows we present some open problems related to the obtained results.

Note that for each given number n, mo = max{k | k € N, k(k—1) -1 < n}is
a number close to /7. If m =mg >4 and (mo(mo—1)— 1)+ (mo—2) <n <
(mo + 1)mo — 1, then for each i with i < mo, we have

(n—24+1)-2(:-1)>1, (n+1)—i(i—1)—i>2mo -3,

and n £ 4i — 1. Thus, by following the proof of the Theorem 3, we can obtain a
locating (n+ 1)-coloring of Km,[JK, and hence, X, (Kmo[Kn) = n+1. There-
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fore, if m = mg, then the remaining cases for n to investigate X L (KmoUK,)
are
mo(mo — 1) — 1 < n < (mo(mo — 1) — 1) + (mo — 3).

Verifying small cases, encourage us to give the following conjecture.

Conjecture 1. X, (Kmo,[K») =n+1, wheren > 3 and mo = max{k | k €
N, k(k-1)-1<n}.

By a long detailed argument, we can prove that X, (KmOKn) = n+ 2 for
2 <m < [2£3]. For the remaining cases we provide the following conjecture.

Conjecture 2. If [2£2] < m < n, then X, (KmOKa)=n+3.

The similarity of the structures of KnC, and K,,[JP, is a motivation for the

following conjecture.
Conjecture 3. If m and n are sufficiently large, then
X, (Kn0Cp) = X, (KmDOPn).

It seems that graphs with bigger diameter have smaller locating chromatic num-
ber. Hence, the obtained results suggest the following conjecture.

Conjecture 4. For every two connected graphs G and H,

X, (GOH) < max{ X,(G), X, (H)}+3.
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