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Abstract

Let I'(V, E) be a graph of order n, S C V and let B(S) be the set
of vertices in V' \ S that have a neighbor in a set S. The differential
of a set S is defined as 8(S) = |B(S)| —] S| and the differential of
the graph T is defined as 8(I') = maz{8(S) : S € V}. In this
paper we obtain several tight bounds for the differential in Cartesian
product graphs. In particular, we relate the differential in Cartesian
product graphs with some known parameters of I'1 x I'z, namely,
its domination number, its maximum and minimum degree and its
order. Furthermore, we compute explicitly the differential of some
class of product graphs.
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1 Introduction

The mathematical properties of the differential in graphs are studied in [].
In particular, several bounds on the differential of a graph were given.
The differential in certain classes of graphs is studied in [] and some
bounds on he differential in graphs are shown in [}]. The parameter 3(S)
is also considered in [/] and the differential of an independent set has been
considered in [*]. The case of the B-differential of a graph, defined as
¥(G) = maz{|B(S)|: S C V} was investigated in [ ].

We begin by stating some notation and terminology. I' = (V, E) de-
notes a simple graph of order n = |V| and size m = |E|. The degree of a
vertex v € V will be denoted by §(v). We denote by § and A the minimum
and maximum degree of the graph, respectively. The subgraph induced by
a set S C V will be denoted by (S). For a non-empty subset S C V, and
any vertex v € V, we denote by Ng(v) the set of neighbors that v has in
S : Ns(v) :== {u € S: u ~ v} and ds(v) = |Ng(v)|. The complement of
the set S in V is denoted by S, so that Ng(v) is the set of neighbors v has
in S =V\S. Let ['(V, E) be a graph of order n and let B(S) be the set
of vertices in S that have a neighbor in a set S. The differential of a set
S is defined as 8(S) = |B(S)| —| S| and the differential of the graph I' is
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defined as O(I') = maz{0(S): S c V}.

In this paper we obtain several tight bounds for the differential in Carte-
sian product graphs. In particular, we relate the differential in Cartesian
product graphs with some known parameters of I'; x I';, namely, its domi-
nation number, its maximum and minimum degree and its order.

2 Relations between the Differential and the
Domination Number of I'; x I'y

Notice that if I" is a connected graph, then 0 < (') < n — 2. It is not
difficult to calculate the exact values of the differential in the following
families of graphs.

_ [ 2125 if n odd
O(Py x Po) = { 2271 +1 if n even
3k ifn=3k
O(PsxP)={ 3k+1 ifn=3k+1
3(k+1) ifn=3k+2

Aset SCVofagraphI'is a & — set of ' if 8(S) = 8(T'), and S is a
minimum 8 — set if

S| = min{|X|: X C V and 8(X) = 8(T")}

In {!] appears the following result. For completeness we include a proof
of this result.

Lemma 1. IfS is a minimum 0 — set of I', then the set {S, B(S),C(S)}
with C(S) =V \ (B(S)U S) is a partition of V such that:
(a) for allv € §,6p(s)(v) =2,
(b) forallv e B(S),JC(S)('U) <2,
(c) for allv € C(S),8¢(s)(v) < 1.
Proof. (a) Assume, to the contrary, that there is a vertex v € S such
that 6p(s)(v) < 1. Since dp(sy(v) < 1, then for §' = S\ {v} we have
0(S’) 2 8(8) with |S’| < |S|, which is a contradiction.

(b) Assume, to the contrary, that there is a vertex v € B(S) such
that dc(s)(v) = 3. Taking S’ = SU {v} we obtain that 8(8') > 8(S),
which is a contradiction.

(c) Using the same arguments as in Case (b), we conclude that for
allve C(S),&C(s)('v) <1.

]
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Proposition 2. Let I'; be a graph with minimum degree ; fori=1,2. If
S; is a minimum 8 — set of I'; with partition {S;, B(S;),C(Si)} such that
C(S:) # 0 for some i € {1,2}, then

6(I‘1 X Pz) Z 8(1‘1) + 6(I‘2) + 51|52| + 62|SI|-

Proof. Suppose that v € C(S;) and v ¢ Sp. If A = {u} x S, then A
dominates all vertices of ({u} x B(S2)) U (N(u) x S2). If B = §; x {v},
then B dominates all vertices of (B(S1) x {v}) U (S1 x N(v)). Notice that
the sets {u} x B(S;), N(u) x S, B(S1) X {v} and S; x N(v) are pairwise
disjoint. Therefore, we have

A(Ty x Ta) 2 [{u} x B(S2)| + |N(u) X Sg| + |B(S1) x {v} + |51 x N(v)|
~|A| | B| = |B(S2)| + [N ()||S2] + |B(S1)| + [S1[IN(v)| —| Sz2| —| 51
= O(T'1) + 0(T2) + |N(u)||S2] + [N (v)]|51]
> 8(T) + 8(T2) + 81| 52| + 62|51 | -

The above bound is attained, for instance, if I'y = C4 and 'y = Cs
we have 3(1-‘1) =1, 8(F2) = 1, }Sll = 1, |Sz| = 1, 51 = 2, 52 = 2 and
6(1"1 X P‘z) = 6.

A set S C V of a graph I is a dominating set if every vertex not in S is
adjacent to a vertex in S. The domination number of I, denoted by y(T),
is the minimum cardinality of a dominating set. The reader is referred to
([*1, 1], [ ]] for more details on domination in graphs.

In ['] the following result is proved, it relates the domination number
and the differential of a graph.

Theorem 3. For any graph ' of order n without isolated vertices,
n—29() <O(T) S n—(I) -1
Corollary 4. IfT; is a graph of order n; fori=1,2, then
ning —2y(T x Tp) K (T xT2) <K myng —4(T'y x ) —1

Theorem 5. If I'; is a graph of order n; and mazximum degree A; for
i=1,2, then

n17(F2) + n2y(T1) — 3y(T1)y(T2) £ 8(Ty xI'2) £
min{y(T'1)nz,v(T2)n1}(A; + Ay — 1)

Proof. If S is a minimum 8-set of I'; x ', then 8(I"; x I'z) = |B(S)| — |S|.
Note that the maximum degree of Iy x 'z is A; + A,. Moreover,
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IB(S)| < Y d(s)(v) < (A1 + A2)|S]
vesS

Using now that 9(I'; x I'y) = |B(S)| —| S|, we can conclude that
o'y xT2) < |S|(Ay + A2 —1).

If S is a minimum &-set of a graph I, then |S] < 4(T'). Using now the
inequality v(I'y x I'2) < min{y(T'1)na,7(T'2)n1}, see [1], the upper bound
follows.

For all S; C V; and S5 C V,, we have

a(Sl X Sg) |B(Sl X Sz)l —! Sl X Szl
|S21|B(S1)| + |S1]|1B(S2)| —| S1|S2]
1S2/(1B(S1)] —| S1]) + |51]|B(S2)]|
[S2|(IB(S1)| | $1l) + |S1[(I1B(S2)| —| Sal) + [81]1S2]

By taking S; as the minimum dominating set of I'; we obtain

(1 xT3) > 0(81 x S3) = |S2|(|B(S1)| —| S1) + |1511(|B(S2)| —| Sa|)
+S1fIS2f = v(T2)(n1 — 29(T"1)) + Y(T1)(n2 — 2v(T2)) + v(T1)¥(T2)
=n17('2) + n2y(T1) — 3y(T1)v(T2) .

In [ '] appears the following result. For completeness we include a proof
of this result.

Lemma 6. If S is a minimum 8-set of T', then
(a) 2|S| <| B(S)I,

(b) 151 <L 3J,

(c) 1B(S)| < 20(T).

Proof. (a) Let vy be a vertex in S. By Lemma 1, we have that if v; € S,
then dp(s)(v1) > 2. Let uy,ug,...,u; denote the set of vertices of B(S)
adjacent to vy. If us,...,u;, are adjacent to other vertices of S, then
§' = 8§\ {v1} is a O-set of T such that |S’| < |S|, which is a contradiction.
Hence there are at least two vertices in B(S) adjacent to v; that are not
adjacent to any vertex of S. Thus, we have that |B(S)| > 2|S|.

(b) If {S, B(S),C(S)} with C(S) = V'\ (B(S)US) is a partition of
V, then n = |B(S)| + |S| + |C(S)|. Since 2|S| < |B(S)] and |C(S)| > 0,
the result follows.
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(¢) Since 9(T') = |B(S)| — |S| we have that o(T') + |S| = |B(S)|.
Using that 2|S| <| B(S)|, the result follows.
O

A graph T is said to be a dominant differential graph if it contains a
minimum &-set which is also a dominating set.

Theorem 7. LetT'; be a graph of order n; fori=1,2.
(a) IfT'; x Ty is a dominant differential graph, then 8('y x I'z) > 252

(b) IfT; is not a dominant differential graph, then 8(T'y xT'2) > n28(l'1)+
aI2).

Proof. (a) If I'; x I'; is a dominant differential graph, then there exists
S C V such that njng = |S| + |B(S)|. By Lemma 6 we can assume that
|S] < 8('1 x T'3) and |B(S)| < 28(T'y x I'2). Thus nyny < 30(I'; x I'z).

(b) Let S; be a d-set of I'; whose associated partition is {S1, B(S1), C(51)}.
If 'y is not a dominant differential graph, then |C(S;)| = 1. We also notice
that if S, is a minimum J-set of I’y and S = §; x V(') UC(S)) x Sz, then

9(8) = n20(T'1) + |C(51)|0(T'2) 2 n28(T'1) + 8(I'2)
a

The bound (a) is achieved, for instance, in the graph P, x P3. The
bound (b) is achieved in the graph P3 x Py.

The k-domination number of a graph I, vx(T'), is the minimum cardi-
nality of a set X C V such that any vertex in V' \ X is adjacent to at least
k vertices of X.

Theorem 8. IfT'; x 'y is a graph with minimum degree § > k, then
B(Ty x T'g) > e=1faxTa)

Proof. Let S be a minimum 8-set of (I'y x I'y) and set {S, B(S),C(S)} be
a partition of V(I'; x I';); by Lemma 1, we have that for all v € C(S),
(Sc(s)(’u) < 1. Thus, for all v € C(S), Jg(s)us(‘v) > 6(’0) -1. Ty xTy
is a graph with minimum degree § > k, then for all v € C(S), we have
dp(syus(v) = k — 1. Hence, the set B(S)US is a (k — 1)-dominating set of
'y xT'z and |B(S)U S| 2 Ye-1(T'1 x T2).

Since 8(T'; x I'p) = |B(S)| —| S| = |B(S)| + |S| — 2|S| we have that
8(T'1 x I'z) +2|S| = |B(S)| —| 8| = |B(S)| + S|

By Lemma 6, we have that if S is a minimum 8-set of I'; x I'y; then
2|S| <| B(S)| and |B(S)| < 20(T'1 x I'z). We have 8(I'y x I'z) > |S|.

Therefore,
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30(I'y xI'g) > |B(S)| +|S] > Ye-1(T1 x Ta).
O
The bound is reached, for instance, in the graph I" = C3 x P, for k = 3.

3 Relations between the Differential and the
Order of T'; x Iy

Theorem 9. IfT'; is a graph of order n; fori = 1,2, then
O('y x T'g) 2 maz{na0(T'1), n18(I2)}.
Proof. On the one hand, if S is a 9-set of V(I';), then

8(T'1 x T2) 2 8(S1 x V(T2)) = |B(S; x V(I'2))| —| Sy x V(T2)|
= |B(81) x V(T3)| - na|S1} = na| B(81)| — na|S1| = n2d(T1).

Following this line of reasoning on the other hand, if S, is a 8-set of
V(T'2), we have that 8Ty x I'z) > n;8(T'2) . Therefore, the result follows.

The above bound is sharp as we can see in the following example:
I'=P3x P, withn=3korn=3k+1.

Corollary 10. IfT; is a graph of order n; fori=1,...,k, then

k
8Ly x -+ xTk) 2maz{( [[ ny)oT:):i=1,...,k}
J=1,j#i
Theorem 11. IfT; is a graph of order n; fori=1,2, then

nl(ng — 2) if np<ng

moz{ 15, FI} <oMuxTyy < { D ¥ om <

Proof. Recall that we have seen in the proof of Theorem 5 that for all
S51CViand S; C Vs,
0(S1 x S2) = |S|(IB(S1)] = $1) + |S1|(IB(S2)| —| S2l) + 151]Sa].

If S is a dominating set of T, then 8(S) = n —2|S]. By taking S, as a
dominating set of I'; such that |S;| = v(T';), we obtain

O(I'1xT'2) 2 8(81 x S2) = |S2|(ny —27(T1)) +7(T1)(n2 — 2| S2|) +¥(T'1)|S1 |
= |S2l(n1 — ¥(T'1)) +v(T1)(n2 — 2|S2)

It is known that if I is a graph of order n, then ¥(T') < | 2]. Note that if

S is a dominating set of I'; such that |S| = | 3], then v(T';)(n2—2|S;[) > 0
and 8(I'y x ['2) > |5 ](n1 — ¥(T'1)). Therefore,
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0Ty x T'z) 2 maz{% %], 3% ]}

It is easy to see that O(I"y x I'7) € 8(Kp, x Kp,). Let {u1,uz,...,un,}
be the vertices of the graph K, and let {v;,v2,...,vn,} be the vertices of
the graph K,,,, and suppose that n; < nj.

The degree of (uy,v) in Kp, X Ky, is 6(uy,v1) = ng —1+4+n; — 1.
Taking (uz,v2), we have that the number of vertices adjacent to (uz,v2)
in V(Kp, x Ku,) \ N[(u1,v1)] is ng — 2 +n; — 2. Following this line of
reasoning on the vertices (ui, v;) of Kn, X Kp, for 3 <1 < nj, we have that

the maximum differential is obtained when S = {(u1,21),..., (Un;,Vn,)}-
Thus,
88 = (n2—1+n1—1+n2—-2+n1—2+~--+n2—-n1)—'n1
n1
= Z(nl +n2—2i)—n1—n1(n1+n2 -ny — 22%
i=1

= ni(n +n2) —n —m(m +1) =nnz — 20y = nl(nZ -2).

If ny = ny then the maximum differential is obtained when
§= {(ula Ul)r ceey (um—ly"-’nl—l)}r

8(S)=(n—1+n —1+n —2+m -2+ - +n1—m)—(n1—1)

ny1—1 ny-1

2(2"1 2) — (m —1) = (n = 1)(2n1) = (= 1) =2 Y _

= my(m1 — 1) = (1 — 1) = (m1 = Ljmy = (my — D)2, =
a

The lower bound is sharp for the graphs I' = Py x Py and I' = C3 x Ps.
The following result is a consequence of the above proof.

Corollary 12.

_ [ nmne—-2) if ny<ny
B(Knl X Kﬂz) - { (nl - 1)2 if nl - n2

Theorem 13. IfT'g is a graph with minimum degree do such that
(L) > n — 2y(Tg), then for any graph T’ with minimum degree &

8(To x T) 2 8(To) + O(T) + do + 6

Proof. Notice that 8(I'g) = n — 2v(T'o) if and only if, any minimum O-set
is also a dominating set of I'g. Hence, if (') > n — 2y(I'p), then there
exists a minimum &-set which is not a dominating set. By Proposition 2,
the result follows.

]
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Corollary 14. If (I'y x I's) < 9(T'y) + 8(T'2) + 61 + 82, then 8(Ty) =
n —2v(T'1) and 8(T'3) = n — 2v(T2).

Theorem 15. Let S; be a minimum 8-set of the graph T'; de orden n; for
i=1,2. If §1 x Sy is a minimum 8-set of the graph T’y x Ty, then

(a) S; is a dominating set of 'y,
(b) S; is a dominating set of Ty,
(c) |Si| =5 fori=1,2,
(d) 8(Ty x I'p) = map2,
Proof. If §; x S is a minimum 8-set of I'; x I'y, then we have
O(T'1 x Ig) = 8(S1 x 82) = |B(51)||S2| + |S11|1B(S2)| —| 51[|Sa-

Since |5;| < 9(I'1), by Lemma 6, we conclude that 8(T'; x I'z) < (|Sz| +
|B(S2)[)8(T'1). Using now that [B(S2)| < ng —|Sz|, we obtain 8(I'; x I'z) <
n28(I'y). Following the same line of reasoning, we get the upper bound
O(T'; x I'y) < n;8(I'z). By Theorem 9, we have

ma:z:{nla(l"g),nza(l"l)} < 0(I‘1 X Pz) < min{nla(l"g), nga(I‘l)}.

Consequently, all the previous inequalities are equalities. Thus, |S;| = 8(T;)
and |B(S;)| = n; — |Si|. Note that |B(S;)| = n; — |S;| if and only if S; is a
dominating set. By Lemma 6 and |S;| = 8(T';), we have that |S;| = % for
i = 1,2. Using the previous results we can conclude that 8(T'; xI'z) = iz,

O
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