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Abstract
For integer n > 2, let a1,a2,as,...,a, be an increasing sequence
of nonnegative integers, and define the n-star St(a1,az,...,an) as the

disjoint union of the n star graphs K(1,a1), K(1,a2),...,K(1,axs).
In this paper we have partially settled the conjecture by Lee and
Kong [4] that says for any odd n > 3, the n-star St(a;,az2,...,an) is
super edge magic. We solve the two cases

1. The n-star St(a1,az,...,an) is super edge magic where a; =
14 (i — 1)d for all integers 1 < 2 < n and d is any positive
integer.

2. An n-star St(a1,a2,...,an) is not super edge magic when a1 =
0.

Keywords: Graphs, Edge magic, Super edge magic labeling.
1991 AMS subject classification codes:05C78.

1 Introduction

In 1967, Rosa [5] introduced graph labelings, the effects of which can be
found in [2]. In 1970, the concept of edge magic total labeling was intro-
duced by Kotzig and Rosa [3]. Motivated by the concept of edge magic
total labelings, in 1998 Enomoto et al. [1] defined the concept of super
edge magic labelings.
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In this paper we consider finite simple (p,q)-graphs G(V,E) with p
vertices and g edges. A graph G is called edge magic total if there is a
bijection f : VU E — {1,2,...,p + g} such that f(u) + f(v) + f(e) =
¢y, is constant for each e = (u,v) € E [3]. A edge magic total graph is
called super edge magic if f(V) = {1,2,...,p} and f(E) = {p+ 1,p+
2,...,p+q} [1). For any n > 2, let a;,as,a3,...,a, be an increasing
sequence of nonnegative integers and define the n-star St(ai, az,a3,...,an)
as the disjoint union of the star graph K(1,a:), K(1,a2),...,K(1,a,). The
graph St(ey,az,as,...,a,) is shown in Figure 1.
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Figure 1

S. M. Lee and M. C. Kong [4] conjectured that for any odd n > 3 the n-star
St(a;,az,a3,...,a,) is super edge magic. In this paper the conjecture is
partially solved. We solve the two cases

1. The n-star St(ay,az,...,an) is super edge magic where a; = 1 + (i —
1)d for all integers 1 < i < n and d is any positive integer.

2. An n-star St(ay,@s,...,a,) is not super edge magic when a; = 0.

2 Main Result

Result 2.1. For any odd integer n > 3, if a1,a2,03...,a, is an increasing
sequence of positive integers where a; =1+ (i — 1)d for integers 1 <i<n

and any positive integer d, then the n-star St(ay,az,a3,...,a,) is super
edge magic.
Proof. Let n > 3 be an odd integer and let ay,ay,...,a, be an increasing

sequences of positive integers, where a; = 1 + (i — 1)d for integers 1 <
i < n and any positive integer d. Denote the central vertices of the n-star
G = St(a1,a2,as,...,a,) by c1,¢2,c3,...,cn, the pendant vertices by Tij
and incident edges by e; ; = (¢, i ;) for integers 1 <i<nand1 < j <
1+(n—1)d. Define a bijection f : V(G) — {1,2,3,...,(2n+ -'i(-"z;l-)-d)} and
FiE(G) — {2n+ 22 0d 41,904 200449 9n 4 200Gy 3 (3n+
n(n —1)d)} as follows.
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For the central vertices, we have

[ 3ntl=2i } (d—1)(n—2) if < is odd,
1<i<n-2,n>3
=342 4 (d - 1)(n - 2) if ¢ is even,
flei) = ¢ 1<i<n-2,n>5
52 4 (d-1)(n—2) ifi=n—-1
| &2 4+ (d-1)(n-2) if i =n.

For the pendant vertices, we have

d+4 ifn=3
flz11)=¢ =d+2+(n-1)(d+1) ifn>5n=4k+1,k2>1
—d+14+(n-1)(d+1) ifn>5n=4k+3,k2>1
(—d+1+(n—-1)(d+32) ifn>5,i=2
—d+2+(n-1)d+H+EN  ifa>5i=2k+1,k21,
3<i<n-2
@)= —d+3+(n-1)d+3) -G ifn>7i=dkk21,
4<i<n-2
—d+i+(n-)d+H -G ifn>9i=4k+2,k2>1,
\ 6<i<n—2
( —d+(t—‘1)z’7§-(n—1)(d+2) ifn>5,
-i-,7'+‘£'—_—22Hﬂl 1<i<n-—2,iiseven,

1+(G—1)(t-1)<j
<1+(G-1)t1<t<d
—(t+(-1)(d—1t) ifn>5,
+(n—1)(d+2) +j+L=AED g 5 <n—2iisodd,
1+(G-1)(t~-1)<j
<1+(-1)t1<t<d

flzi) =4
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[ f1<j<1+(n-2)d,n=3

J f1<j<2B 4+ (n-2)(d-1),
n>5

Up=3 _(n-2)d-1) 224 (n-2)(d-1)<j
<843 4 (n—2)(d—1),n > 5,
n=4dk+3,k>1

2j—-2-(n-2)(d-1) if¥&B 4+ (n-2)d-1)<j

f(@a-15) = 4 <1+ (n-2)d,n>5,

f(Zn,5) =

n=4k+3,k>1

L=p=3 _(n-2)d-1) 22 +(n—-2)d-1)<j
Ss—"f—‘+(n—2)(d—1),n25,
n=4k+5k>1

2j—1-(n-2)(d-1) if3l+(n-2)d-1)<j
<1+ (n-2d,n>5,
n=4k+5k>1

\

n?+n+2j + (n—-2)(n

- = Dia-1) 1< 141

For the edges, we have

fler1) = 9

flein) =<

(N2 +3n—-5+(n2—n—-1)(d-1) ifn=3
nP4n+1+(n?—2n+2)d-1) fn>5n=4k+1,k>1
L nP+n+2+(n2-2n+2)(d-1) ifn>5n=4k+3,k>1
(2024043 | (d—1)(n? —2n+2)  ifn>5i=2
0404246 4 (d - 1)(n2—2m+2) ifn>5i=2k+1k>1,

3<i<n-2
ntndboi L (J_1)n2 —2m+2) fn>7i=4kk>1,

4<i<n—2
430436 4 (J_1)(n2~2n+2) ifn>9,i=4dk+2,k> 1,

6<i<n-2
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fleis) =9

flen-1,5) =%

\

(n? +5n+2)d —4(n+1)(d—

n2+2+z+t+(z—-1)(d-—t)
+(d—1)(n? - 2n +1)

_.7 _ d!t—2!!t— }
2
n?+5—1it

+Hd-1)(n2-2n+2)—j
_d(i=2)(i-1
2

(n+1)2—j+ (d—1)(n? —n)
(n+1)2—j+(d—1)(n® —n)

2 45nt84] 4 (4 —1)(n? - 2)

n?4+2n+4+3~2j+(d—1)(n%-

2n2+5121+5—4z' +(d—-1)(n2 —2)

n?+2n+2—-2j+(d—1)(n?-2)

2)

1)—-2j

fn>51<i<n-2

1 is odd,
A+@GE-1)(t-1) <y
S(A+(@E-1p)1<t<d
fn>51<i<n-2,

1 is even,
1+¢@-1)¢t-1)<j
<1+@GE-1t,1<t<d

ifl1<j<1+4(n-2),
n=3

if1<j <2
+(n-2)(d-1),n25

if22 4+ (n-2)(d—1)
<]<—+—

+(n — 2)(d-—1)n>5
n=4k+3,k2>1

if 33 4 (n—2)(d - 1)
<j<14(n-2)d,n >S5,
n=4k+3,k>1

if22 +(n-2)(d-1)
<]<—f—
+(n-2)(d—-1),n >5,
n=4k+5k2>1

if 38l 4 (n - 2)(d - 1)
<j<1l4+(n-2)d,n25,
n=4k+5k>1

flenj) =

For this labeling f, the constant cy

2

If n = 3, then f(c1) + f(z1,1) + fler1) =
44+4n24+3n—-5+(n2-n-1)(d-1) =cs.

If n > 5 and n = 1(mod 4), then f(c;) + f(z1,1) + flery) = 3L
+(d-1)(n—2)—d+2+(n—1)(d+1)+n* +n+1+(n?—2n+2)(d—1) = cf.

If n > 5 and n = 3(mod 4), then f(cl) +f(a:1 1) + flern) = 372
+(d—1)(n—2)—d+1+(n—1)(d+1)+n?+n+2+(n?—2n+2)(d—1) = ¢f.
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= I ddn-l 4 (d - 1)(n? - 2).
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Ifn > 5 and i = 2, then f(c;) + flzi1) + flein) = B + (d - 1)
(=2 —d+1+(n—1)(d+§) + 2522 4 (@ 1)(n? - 2n +2) = .

Ifn > 5andi=1(mod 2),3 <i < n-2, then f(¢;)+ f(zi1) + flein) =

. . 2 .

B 4 d-n-2)—d+2+ (n—1)(d+3) + F 4 g2
+(d-1)(n%?-2n+2) =cy.

Ifn > 7andi=0(mod 4),4 <i < n—2,then f(c;)+ f(zi1)+ fein) =
3n—gi2i +(@d-1)(n-2)—d+ _23_ +(n-1) (d+ %) _ % + 2n2j;72:;|:5—i
+(d=1)(n? — 2n +2) = ¢;.

Ifn > 9 and i = 2(mod 4),6 < i < n—2, then f(c;)+ F(zi,1) + flei) =
3n—23;|:2i +{d-1n—-2) —d+ % +(n-1) (d+ %) _ % + 2n’;|:32nj:3-i
+(d—-1)(n%? -2n+2) =¢y.

Ifn > 5andi = 1(mod2),1 < i < n—2,14+(i—1)(t-1) < j < 1+(i-1)t,
1 <t < d, then f(e;) + f(zi;) + fles;) = BE=Z 4 (d—1)(n—2) — ¢
—(i=1)(d=t)+(n—1)(d+2)+5+2=2C=D L n2 Lo it et (i-1)(d—t)
+(n?—2n+1)(d—1)—j— L=AED o

Ifn 2 5andi=0(mod2),1 <i<n-2,14(i-1)(t-1) < j < 1+(i—1)t,
1 <t < d, then f(c:)+f(zi,)+f(es,5) = =4 1 (d-1)(n—2)—d-+(t—1)i+
(n—1)(d+2)+5+L=2CE=D 40245 it 4 (d—1)(n2—2n+2)—j— 26=0=D _
cs.

Ifn=3and 1< j < 1+(n—-2)d, then f(cn—1)+ f(ZTa-1;)+flen-1,;) =
MR L (@ -1)(n-2)+j+(n+ 1) —j+([@d-1)(n? —n) =c;.

Ifn>5and1<j <22+ (n—2)(d—1), then f(cn—1) + f(Tno1) +
Flen-1,5) = X242 4 (A1) (n—-2)+j+(n+1)2 = j+(d—1)(n%—n) = c;.

Ifn > 5and n = 3(mod 4), 22 +(n-2)(d-1) < j < 343 4 (n-2)(d-1),
then f(cn—1) + f(@n—1,5) + f(en-1,;) = L2 4 (d—1)(n—2) + 2i=p=2 _
(d—1)(n — 2) + 224504843 | (4 1)(n? — 2) = ¢;.

Ifn>5and n=3(mod 4),3883 4 (n - 2)(d—1) < j <1+ (n—2)d,

then f(C-n_1) + f(xn_l,,-) + f(en—l,j) = ﬂn_—zl)+_2 +(d— 1)(n -D+2j-2
—(d-1)(n—-2)+n?+2n+3-2j+(d-1)(n® - 2) = cy.

Ifn > 5 and n = 1(mod 4), 23 +(n—2)(d-1) < j < Bl +(n-2)(d-1),
then f(cn—1)+ f(@n—1,5)+ f(en-1,5) = L2F2 4 (d—1)(n—2) + 4=p=2 _
(d—1)(n — 2) 4 2n24B0E5=4) | (4 1)(n2 — 9) = ¢;.
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Ifn>5and n=1(mod 4), 3 + (n - 2)(d—1) < j < 1+ (n - 2)d,
then f(cn— 1)+f(z,._. )+ flen— ,,)-J"—'liﬂd D(n-2)+2i—1
—d-1)(n—-2)+n?+2n+2-2j+(d— 1)(n -2)=cy.

If1 <j <1+ (n-1)d, then f(c,) + f(:cn,_,) + flen,;) = 3"'3
+(d_1)(n_2)+n +g+2g + (n-2)2(n—l) (d 1)+(n +5n+2)d—42(n-§;)jd—l) 23 —

cf.
Hence f is a super edge magic labeling. O

Illustration. St(1,2,3,4,5,6,7,8,9) is super edge magic.

14 11
13
83
91 87 82 88 84
[
17 20 25 22 26 27

19 28 29 30 23 31 32 33 10 35 36 37 38
7 9 97, 9
7 73 7

40 41 42 43
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12

6

55
S 6)60/59 s\ 5N 6
46 47 48 49 50 51 52 53 54
The f defined in the proof of Result 2.1 provides a labeling for St(1,2,3,4,5,6,7,8,9)
with ¢y = 121.
Figure 2

Result 2.2. For any odd integer n > 3, if aj,a2,a3...,a, is an increasing
sequence of nmonnegative integers, then the n-star St(ai,az,a3,...,a,) s
not super edge magic when a; = 0.

Proof. Let G be the n-star St(ay,a2,a3,...,a,). When a; = 0, the graph
G has an isolated vertex. By the definition of super edge magic the vertex
label of an isolated vertex is not equal to the sum of the vertex labels and
edge label of any edge in G. Hence G is not super edge magic. a
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