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Abstract

Hovey [11] called a graph G is A —cordial where A is an additive
Abelian group and f: V(G) — A is a labeling of the vertices of G with
elements of A such that when the edges of G eare labeled by the induced labeling
f: E(G) — A by f’(a:y) = f(.'l?) + f(y) then the number of vertices (resp.
edges) labeled with @ and the number of vertices (resp. edges) labeled with b differ
by at most one for all a,b €A. Whend = Zk, we call a graph Gis

k — cordial instead of Z , —cordial . In this paper, we give a sufficient condition

for the join of two K — cordial graphs to be Kk — cordial and we give also a
necessary condition for certain Eulerian graphs to be & — cordial when £ is even and
finally we complete the characterization of the 4 — cordiality of the complete

tripartite graph.
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1. Introduction

All graphs considered in this paper are finite, simple and undirected.
For most of the graph theory terminology and notation, we follow [6] and

especially of graph labeling [8].

Let G be a graph with vertex set V(G)and edge set E(G), and
let Abe an Abelian group (with addition). A vertex labeling

f:V(G) — A induces an edge labeling f*: E(G) — A , defined by
[(zy) = f(z)+ f(y), for all edges zy € E(G). For a € A, let
n (=]

said to be A —cordial labeling if

andm (f) = | f'_l(a), . A labeling fof a graph G is

n(f)=n(f)|<1 and

m (f)—m,(f) | <1 forall a,b € A. A graph G is called A — cordial if

it admits an A —cordial labeling. When A =17 x> We use the term
k — cordial labeling instead of Z x — cordial labeling, and we say that Gis
k —cordial if G is Z, — cordial.

The notion of A — cordial labeling was first introduced by Hovey [11)
who introduced a simultaneous generalization of harmonious [10] and cordial
(3] labelings and he observed that a (p,q) graph G is harmonious [10] if
and only if Gis ¢ —cordial. However, Youssef [14] observed that one
direction of this result is not strictly true. The result may be restated as
every harmonious (p,q) graph is ¢ —cordial and the converse is true if
g 2> p —1. Hovey also observed that a (p,q) graph G is elegant [3] if and
only if Gis p —cordial and finally a graph G is cordial [ 3] if and only if
Gis 2 —cordial. See [1-2, 4-5, 7, 9, 12] for other related topics.

In the previously cited paper by Hovey [11], he has obtained the

following results: caterpillars are k —cordial for all k; all trees are
k —cordial for kK =2,3,4 and5; odd cycles with pendant edges attached
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are k —cordial for all k& ; cycles are k-cordial for all odd k; for keven

C

.k .
amks; 15 K-cordial when( < j < Y +2 and when k< j<2k;

C(2m 4y s not k —cordial for even k; K is 3-cordial; and K ,is

k —cordial if and only if 7 =1 and he also advanced the following

conjectures: all trees are k — cordial for all k; all connected graphs are

3 — cordial; and C

2mk+j
even and 0 < j < 2k. The last conjecture was verified by Tao [13]. Youssef

is k-cordial if and only if j = k, where k and jare

[14] proved some necessary conditions for a graph to be k — cordial and gave

some new families of K —cordial graphs. The reference [8] surveys the

current state of knowledge for & — cordial labeling and many other labelings.
In this section we mention some results which are referred to throughout

the paper. In [11] Hovey showed that

Lemma 1. If fis a k& —cordial labeling of G so is af + b for any unit

aGZk andbEZk.

In [14] Youssef proved the following results
Lemma 2. If Gis a (p,g) k — cordial graph with p =0 ( mod k), then

G+ I?" is k — cordial for all positive integer 7 .

Theorem 1. K  is 4 — cordial if and only if mor n # 2 (mod 4).

g

In the next section of this paper we give a sufficient condition for the
join of two k — cordial graphs to be & —cordial and we give another
sufficient condition in case of 4 — cordial graphs . In Section 3, we give a
necessary condition for certain Eulerian graphs to be k — cordial for even
kand we give the complete characterization of the 4 — cordiality of

complete tripartite graphs.

2. Further results of k-cordial graphs

In this section, we prove that the join of two k& — cordial graphs is

k — cordial under certain conditions
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Theorem 2.1 Let G and H be (pl,ql) and (pz’qz) k — cordial graphs. If
(p, orp,=0(mod k)) and (g, or ¢,=0(mod k)), then G+ H is
k — cordial.

Proof Let g (resp. h) be a k — cordial labeling of G (resp. H ). Define the
labeling f:V(G+ H) — Z, ss fl fIV(H) = h. Since,

vy
porp, = O(modk), then n(g)= % o n(h)= % for
all0 < i <k —1. Similarly, Since, g org, = 0(modk), m (g) = 1—' or
m (h) = k 2 forall 0<j<k-1.
Now, [n,(f) = n.(f)| = [(n,(6) + n,(R)) = (n,(0) + m, (R))]
= |(r(9) = n,(e)) + (n,(B) — m, (B <11

Also,

[m. () = m. ()

= ((m, (9)+m(h)+ Zn(h)) (m;(g) + m (h) + =1 A Zn (h))
= (mi (9)— mj(g)) + (ml.(h) - mj(h)) + %0 < 1. This completes the
proof. []

Lemma 2 above is a straightforward corollary of Theorem 2.1. The

following is another straightforward corollary.

Corollary 1 If G is k —cordial, then G + I?" is k-cordial for every
n =0 (mod k).
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Theorem 2.2 Let G and Hbe (p,,q,) and (p,,q,) 4 —cordial graphs
with ¢ and g, = 0(mod 4) If p, or p,# 2 (mod 4), then G + H is
4 — cordial.

Proof Without any loss of generality, we take the case p, # 2 (mod 4). If
p,=0(mod 4), then G + His 4 —cordial by Theorem 2.1. Now, let
g (resp. h) be a 4 — cordial labeling of G (resp. H). We have two other

cases to consider:

Case 1: p, =1 (mod 4)

Since G is 4-cordial, then 7n,(g) =7(g) =n/(g) =n,(g) —1, where
{’i, 7 k,t} =Z , ond since H is 4-cordial, then by Lemma 1, there exist
a€Z, such that h+ais a 4—cordial labeling with
n(h+a)<n(h+a) for every SE€ {i, % Ic}. Hence, G+ His
4 —cordial with the labeling f: V(G + H) — Z, which is defined as
fl =g andfl =h+a.

V(G) V(H)
Case 2: p, = 3 (mod 4)

Similarly, since G is 4-cordial, then m,(g) = n.(9) = n,(9) = n,(9) +1,
where {z 4, k,t} =7
there exist b € Z 4 such that h+bis a 4 —cordial labeling with
n(h+b)>n (h+b) for every s €{i,j,k}. As in case 1, G+ His
4 — cordial. [J

4 8gain since His 4 —cordial, then by Lemma 1,

Note that, in the above theorem, if p, and p,=2 (mod 4), then

the graph G + H may be not 4 —cordial for example the graph
1?2 + I?Q = K22 is not 4 — cordial by Theorem 1.
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3. 4-cordiality of complete multipartite graphs

The following lemma shows that adding a number of isolated vertices
congruent to O (mod k) to one partition ( then to many partitions) of
complete multipartite & —cordial graph produces another complete

multipartite ¥ — cordial graph.

Lemma 31 If K isk —cordial so isK for all

LI RN "y +t.m.l,~ s,
t = 0(mod k).

Proof Label the ¢ vertices by 0,1,---,k—10,1---, k-1
37o30,1,-+-;k—1 .So every vertex of the partitions of My, My, M,

'

vertices join all the ¢ vertices which gives an equal number of edges labeled

0,1---,k-1.0

Lemma 32 Let k=4(2t—1) be an integer where t2>1. If
r=2(mod4) and m = 2(2t —1)(modk) forl <i<r, then the

graph K s notk — cordial.
[ A 13
Proof Let G=K, .. V@G= Ul{uJ 1<j<m},
p= IV(G)I = me’ g = IE(G)' = Z mm_ and suppose that G is
=1 1Si<i<r
k — cordial with labeling f, then Z fe)=
e E(G)

(Z deg(v)f(v))(modk) and as p,g=0(modk), (all  next

veV(G)
congruencies are taken (modk))
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k=1 " m, m,

= Z Zf(u”)+zm2f( Dt om) fu,)

q;
i=0 k =] =2 1=r j=1

"l "L

Q(k )= Zme(u“)-!-szf(uzJ

i=] =1 =2 j=1

r—1 m,

Q_m, )(Z—z - > 2 M),

t=r i=0 i=1 =1

ﬂll

SE=D=(m —m) 3 fw,)+ (m, - ,)X;f 4,,) + -

”l

(m, —m,_) > fu_, )+ p(k ~1)3 " m, Thus

=1 t=r
%(k —1) = 0(mod k), so ¢ = 0(mod 2k) a contradiction.[]

Note that if (G is Eulerian graph with number of edges
g = k ( mod 2k), then the graph may or may not be k — cordial when

kis even . For example C is not k — cordial when n = k(mod 2k) [11,14]

also C?  is not 4 —cordial for all 7 [14] but on the other hand the

dn+2
friendship graph C;‘n = K| + 4K, the graph consisting of 4 copies of the
cycle C 5 With one vertex in common, is 4 — cordial ( by labeling the vertex
of K by O, the first component of K, by 1,1, the second by 2,2, the
third by 1, 3 and the fourth by 0, 3). The following proposition determines

a necessary condition for certain Eulerian graphs to be k& — cordial for even

k.
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Proposition 3.3 Let k£ = 2°(2t — 1) be an integer where s, > 1 and G be
a graph of ¢ = 0 (mod k) edges such that 2°divides the degree of every
vertex of G . If ¢ = k(mod 2k), then G is not k — cordial.

Proof Let ¢ = k(mod 2k) and suppose that G is k —cordial with
labeling f, then Z [(e) =( Z deg(v)f(v))(modk) and hence

«€E(G) veV(G)

%z’s Z deg(v)f(v), and as 2’| Z deg(v)f(v), then

veV(G) veV(G)

1;— = 2'z(modk)  where Z deg(v)f(v)=2'z.  That s,

veV(G)

2'z = -;E(mod k) a contradiction since gcd(2’, k) does not divide -;f- .0a

The following corollary is straightforward.

Corollary 2 If k=42t -1), r = 3(mod 4) and
m, = 2(2t —1)(mod k), then the graph K is not k — cordial.

0y e,

Let K . be the complete tripartite graph with V(K )
{urgismjufe1<i<n}{w, 1<k <0} Uana
B(K,,)={uy,:1<i<m,1<j<n}ufuw 1<i<m,
1<k<pju {vjwk:ISjgn,lngp}.

Youssef [14] completed the characterization of the 4 — cordiality of

the complete bipartite graphs. However, the following theorem extends this

result to complete tripartite graphs. Using the symmetry of K , We may

nea,p
assume that m(mod4) < n(mod4) < p(mod4).
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Theorem 3.4 K is 4 —cordial if and only if (m,n,p)(mod4) #

mn,p

(0,2,2), (2,2,2).
Proof Necessity, if m,7n,p = 2(mod4), then Km,"lp is not 4 — cordial by
Corollary 2 . If m= 0(mod4) and n,p = 2(mod4), let ¢ = IE(K""W)I

and suppose that K is 4 —cordial with labeling f, then

mn,p

Z fr(e) = ( Z deg(v)f(v))(mod 4)

cEE(A’m,n.p) UGV(Km.n.y)
7

== (v +p)) W) Hm+ DY f) +(m+")2f(‘”>)

i=] 7=l

( mod 4)

m

—((n +p)Y_ flu)+m (Zf(v +Z f(wk))+p2f(v

i=1 J=1

+nz f(w,))(mod 4)

> ——<p2 f(v,) +nij f(w,))(mod 4)

s=1

=3 (1424 nTERtE if(u) -3 fw)

+ng: f(w,) (mod 4)

% m+n+ p)+(n - P)‘:f(wk)—pi(U)(mod@-

=1
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120 n

Then zf(u') = 1(mod2)and hence Zf('vl) +i: f(w,) =1(mod?2).

Without any loss of generality we may assume thati f (wk) = l(mod 2).
k=1

Now, let O1 (resp. O2 ,resp. 03) be the number of vertices whose
label is odd in the T -set (resp n -set, resp. p-set) and E, (resp. E,, resp.

E, ) be the number of vertices whose label is even in the m -set (resp 7 -

set, resp. Pp-set). Since Zf(u’) = 1(mod2), then O,is odd and hence

=]

E, is odd too. Also , as if(’u)k) = (mod?2), then O,is odd and hence
k=1

E, is odd too. So, we can deduce that both of 02 and E, are even. We

calculate m(f) + m,(f) and m, (f) + m,(f).

my(f) +m,(f)=0,(0, + 0,) + E\(E, + E,) + E,E, + 0,0,,

m,(f) + m,(f)=0,(E, + E,) + E,(0, + 0,) + O,E, + E,0,

Put £=0,+0, , y=E, +E; and subtract m(f) + m,(f) from
m,(f) + my(f), we get:

m(£) + my(f) = (mo(f) + my(£)=(0, - E,) (y — ) +E, - 0,)
(O,—E,). As £ +y=n+ p=0(mod4) and since both Tand ¥ are
odd, then y — £ = +2(mod 8) . Similarly both of O and E are odd and
0, + E =0(mod4), then O, — E = =+2(mod8). Note also, O, —
E,= +2(mod8) and E, — O, = O(mod 4).

Hence, m, H+ m,(f) = (m,(f) + mz(f)) = 4(mod 8) which a

contradiction, since ml.(f) = % for every 1 € Z .
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Sufficiency, if two of m,norp, say mandn, satisfy that
m+n = 0(mod4) and morn # 2(mod4), then K is 4-cordial by

Theorem 1 and hence K =K <+ I?p is 4-cordial by Lemma 1. This

mn,p mn

case showed that 4-cordial when

is
mn,p
(m,n, p)(mod 4) = (0,0,0), (0,0,1), (0,0,2), (0,0,3), (0,1,3), (1,1,3),
(1,2,3)and(1,3,3). If one of m,norp = 0(mod4), say m, and another
one # 2(mod4), sayp, then K =K + I?" is 4 — cordial by

mu,p m,n

Theorem 2.2. This case covers the more cases of (m,n,p)(mod4) =
(0,1,1), (0,1,2), (0,2,3) and(0, 3, 3). Finally, asK K K

e Baer B
K2,2.3’ szand K:;,a,s are 4 —cordial by the labeling fwhere

V(K

mn,p
:{0;1;2}, {0;1;2,3}, {0;1,2;2,3}, {0,1;0,3;1,2,3}, {0,1,0,2,3;1,2,3} ,an

d{0,1,2,0,1,3;0,2,3}, then K p 18 4 — cordial in the remaining cases

)) for each graph is given as the following respectively

by Lemma 3.1.0J
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