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ABSTRACT. In this paper, we give some new identities of symmetry
for g-Bernoulli polynomials under the symmetric group of degree n
arising from p-adic g-integrals on Zp.

1. INTRODUCTION

Let p be a fixed prime number. Throughout this paper Z,, @, and C,
will denote the ring of p-adic integers, the field of p-adic rational num-
bers and the completion of the algebraic closure of Q,. The p-adic norm

is normalized as |p|, = 1. Let ¢ be an indeterminate in C, such that

P
l-ql,<p ~#T. The g-analogue of the number z is defined as 2], = ;
Note that limg,; (2], = z. Let UD(Z,) be the space of umformly dlffer-
entiable functions on Z,. For f € UD (Z,), the p-adic g-integral on Z, is
defined by Kim as

pN-1
) L= [ S@duE) = Jim e 3 1@ (e ).
q g=

From (1.1), we have
(1.2)

al, (f1) = I, (f) = (g = 1)  (0) + %f’ (0), where fy (z) = f(z+1).

As is well known, the Bernoulli numbers are defined by

1 ifn=1
Bo=1, (B+1)"-B,= ’
0 (B+1) " {0 ifn>1,
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with the usual convention about replacing B™ by B, (see [1-12]). The
Bernoulli polynomials are given by

n

a9 Bu@=3(7)Ba" (120, (e 12).

1=0
In (3], L. Carlitz considered the g-analogue of Bernoulli numbers as fol-
lows:

1 ifn=1
1.4 =1, 1" - = !
(1.4) ﬂO.q 1 Q(QBq +1) Bn.q {0 ifn>1,

with the usual convention about replacing B3 by Bn,q-
He also defined ¢-Bernoulli polynomials as follows:

n ne—
(1.5) Br,g (z) = Z <l)ql" =], lﬂz,q (see [1-3, 9]).
1=0
In [7], Kim proved the following integral representation related to Carlitz
g-Bernoulli polynomials:

(1.6) By () = /z o+l dig (), (n20).

From (1.2), we note that

g—1 ifn=0
a1 of prifd@- [ Edn@={1  i#n=1,
Z Zr 0 ifa>1
By (1.7), we get
1 ifn=1
BO,q—la Qﬂn.q(l)_ﬁn,q—{o fn>1

The purpose of this paper is to give identities of symmetry for Carlitz’s
g-Bernoulli polynomials under the symmetric group of degree n arising from
p-adic g-integrals on Z,.

2. SYMMETRIC IDENTIITES OF f8, 4 () UNDER S,

For n € N, let wy,ws,...,w, € N. Then, we have
(2.1)

[(I’IJM1 WJ)y+(nJ=l wj )z+w,. ZJ— (n:: ] w‘) ki ] '
/ € i#] q d#q“’l‘"l"”w"”l (y)
Z

P

= lim 1
- N-aoo [pN] wywywy
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[(n)_l w_,)y+(r[ wj)2:+w.. 2J=1 (n:—'_l w,)k] t

X Z e i# ] ,,
=0

g w3y,

wa—1pN -1

1
= lim N
N-oroo [wnp ]wlwg Wam1 S y=0

i#]

[(H;‘;’l w; ) mtwu )+ (1=, wi)z+wa TS (n:: w.) ] t
xe N
xqwxwzmw..-:(m+wny)_

Thus, by 2.1, we get
(2.2)

1 n-lwi=l wa 3550 (nf__ > 5
q i#]
[Hl =1 'LUl] III k=0

[(n;-_, i oy wimtn B (“'": ) ] ‘

ey Lot (3)
Jz

= lim -

N—oo [[T=, wip ]

n—1lwi—lwa—1p"-1 (l'[ xw_.,)(n't+w,.y)+2"7‘,;l (]’l:‘:l w.)k wy

31935

I=1 k;=0 m=0 y=0

(753 ws ) (mAway)+([1}=, ws)z+wa T35 ( "-i Wi) kj] t
a.

X e 1#)

We note that (2.2) is invariant under any permutation o € S,,. There-
fore, by (2.2), we obtain the following theorem.

Theorem 2.1. For wy,ws,...,w, € N, the following expressions

1 n—1weuy—1 Wa(n) z;‘;ll (n;‘;{ w‘,(.‘)) k;

q i#]
[ ?1wau) i=1 k=0

[(n}';xl wo(i) )Y H Ty Wit +woiny T75) (1'[}';.1' wc(i)) kj] t
y / . i#i .
z,
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X d#q‘”am“""’a(n-x) (v)
are the same for any o € Sy,.

We observe that

n—1 n n—-1 fn-1
(2.3) (H wj) v+ (H wj) :c+wnZ Hw.- k;
j=1 j=1 j=1

w w,
= ”w,- [y+wnx+—nk1+"'+ = kn-—l]
. wi Wn-1 qwl Wy 1
Jdq

.n—l ] n—1 w
= zwj y+wnz+zw—jkj
=1 ] q j=1

q‘"l"'"’n—-l
Thus, by (2.3), we get
(2.4)
[(n;;l‘ !Uj)‘y-'l-( J=l w; )1+w" 2_«,_1 (n:—-l wu) k; ] t
/ e i%j duq"’l"'"'ﬂ—l (y)
oo -n—l 1™ n—1 k m tm
=Y [Tw| [ |p+uwms+u.y 2 pgrones )
m=0 _j:l 14 Z, ji=1 e —
(9] n—1 1™ n—1 w 4m
=3 | TTws| Bmgmren [wnz+ 3 20k |
m=0 ..j=l j=1 7 .

dq
For m > 0, from (2.4), we have

o L [() o (1) oo )

i=1 t—

m

Xdpger-vncs (9)

m
n—1 n—1 w
n
= I I w; ﬂm,q"’""‘""—l WnT + E ?U—'.kj .
s . J
i=1 q i=1

Therefore, by Theorem 2.1 and (2.5), we obtain the following theorem.
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Theorem 2.2. Form >0, wy,...,w, € N, the following expressions

m-

n—lwd(l)_l 2 (H;‘ ]l. w,(,)) kijwo(n)

n—1
[Mwew| TI X ¢ i

j== = k=0
j=1 q 1 1]

n-1

X ﬂm gve) Wa(n=1) | Wa(n)T + Wo(n) E
j'_"'

u’«7(1)

are the same for any o € S,.

It is easy to show that
n—-1,
(2.6) Y+ WnT + Wn Z j—

i=1 J q"’l"""n—l

_ ['wn]q w;
- [H}';ll w,»]q le tI—I

i#j qn

P Dty (n;'_l w.) k;
i# [y + waZ]gwr vy -

+4q
From (2.6), we can derive the following equation:
n-—-1 k. m
(2.7) / Y+ wnT +wn Z —J d#qwr'-"’n-l (v)
g 3= Y| oy
q "n—-
m-—| m=1

n—-1 { n-1

m [wn]

xq i#j
X / v + wnz:];u,,...w,,-l dpgwr-way (Y)
’ me~l m—1
w n-1 | n—1
() moer] (S ()

twn 527 (n;‘:' w.) :
xq #) Bgeren-y (wa).

439



Thus, by (2.7), we get

m-1 -1 -1 n—1 n—-1_ .
n—1lw wa 2050 | TI32) wi | k;

ﬁwj H Z q i#]

j=1 i1=1 k;=0
2 q t

/
Z
-1

m n—1
m —
= Z ( ! ) H w; [wn];" lﬂl,qwl.“w"-l (waz)
=0 j=1 .

m
n—1

k.
Y+ wnx + wy, z ;v—:’- dp,qu.l...u.n_l (v)
i=1

P WYt Wy
q 1 n-1

m—1
n-lw,—-1 3771 (l’l?;ll w-‘)kjwn(Hl) n—1 fn-1
xJI > a # w; | ky
=1 k,=0 j=1 \ i=1
‘ 1#) gwn
-1
m n n—1 .
me—
=3 ( ! ) [Tws|  (waly™ Bugeren-s (waz)
=0 =1
J q
me‘qwn (wl, w2, e ,wn_l | l) 3
where
Tm,q (wl:u’?, ceeyWnoy l l)
m~|
nolws—1 (41) T35 TIPS wi |k [n=1 [n—1
= q i#3 > w; | k;
s=1 k,=0 j=1 i=1
: i) q

As this expression is invariant under any permutation in S,, we have the
following theorem.

Theorem 2.3. Form >0, n,wy,...,w, € N, the following expressions

-1

m n—1
Z m H Wo(5) [wo-(n)]m_l ﬁl,qwd(l)"'"’a(n—l) (w,(,,)m)
1=0 ! =1 g
= J:
q

X Tm‘qw"(") (w6(1)7 e 7w0'(ﬂ—l) | l)

are all the same foro € S,,.
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