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Abstract

In this paper we will find a combinatorial formula that relates the power
of a k-Fibonacci number, F,‘," a» to the number Fi ... From this formula
and if p is odd, we will find a new formula that allows to express the k-
Fibonacci number F (3r41)n 88 a combination of odd powers of Fi,n. If p
is even, the formula is similar but for the even k~Lucas numbers L 2rn-
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1 Introduction

Many generalizations of the Fibonacci sequence have been introduced and studied.
Here we use the k-Fibonacci numbers defined as follows [2, 3]:

Definition 1 For any integer number k > 1, the k—Fibonacci sequence, say
{Fk-"}neN is defined recurrently by:

Fro=0, F, s =1, and Fypn41 = kFyp + Fign-q forn > 1.

For k = 1, the classical Fibonacci sequence is obtained {0,1,1,2,3,5,...} and
for k =2, we obtain the Pascal sequence {0,1,2,5,12,29,70,...}.
For the properties of the k—-Fibonacci sequences, see [2, 3.

o The characteristic solutions of the initial recurrence relation are oy =

uha 2k +4 and o3 = -———k- 2k +4. Among its properties, these roots

verify o1+ 02 =k; g1 02 =—1, oy — 09 = \/kﬁ + 4.

k=1— 0y = ®: The Golden Ratio [7]
k=2— 0, =2+ 2: The Silver Ratio
k=3 — o) = 3t¥13. The Bronze Ratio.
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o The Binet formula: Vn > 0: Fipn = Zl
Moreover: o} + 0% = Fen—1 + Fint1 (4]

In [4] it is proved (Theorem §) the following sum for a € N':

Fk,a(n+l) - ( 1) Fk an k
ZFk e3 = Lka

In particular, if a is odd, a = 2r + 1, then

= Fi 2r41)(n+1) + Fr2r+1)n = Fi2r41
Y Frrtn; = (1)

= Li,2r+1

Theorem 1 Sum of the alternated consecutive k-Fibonacci numbers
The sum of the sequence {Fin, —Fk a+h) Fi,2a+h) —Fk3ath, ...} is given by

= j (—1)n+aFk.an+h + ("l)an.an+h+a - (—l)th,a-h + Fk,h

-=1)7 . =
Zo( 1) Fk,a]+h Lk,a +(_1)a+ 1

Proof. Wewill prove this thearem follouy.pg a suy.dvr process that in [4].
S (~1)Fiapen =y (-1 ——2

j=0 =0 oy — 02
1 < Cai .
= —1Yigoith _ (_1})igoi+h
e 2 (WP~ (1)
_ 1 |E)ret™tr(=of) — ot (~1)"03"*M(-03) o}
01 — 02 —of—1 -0$ -1

oy — 0y of +1 o5 +1
1 1

(o102)¢ +0¢+05+1 01— 02 ’
[(—1)"0{'”""'(—1)“ + (-1)rgenthte L ghge 4 o
— (=1)"a5™(-1)" - (-1)"03™ " — o{o} — 03]
(—1)n+aFk.an+h + (_l)an,an+h+¢ - (0'11-"2)"(¢7iz h_ O'S_h) + Fk,h

Fra-1+ Fiap1+(—1)2+1
(=1)"*%Fy anth + (=1)*Fk anthta = (=1)*Fi,a—h + F,n

Lk,a + (_l)a +1

We have used the properties 01 09 = —1 and 07 + 05 = Fin1+ Fin1 = Lin
As particular case, forh=0anda=2r+1 it is

= — [‘—n"a;"‘*" ot +ob  (=1)og™*t - of + of

e . —1)*F, - (-1)"F - F
Z(—l)JFk,(2r+l)j - ( ) k,(2r+1)(n+1) ( ) k,(2r+1)n k,2r+1 (2)

= Liori1
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k-Lucas numbers [1] are defined in the same form but with the initial con-
ditions Lo = 2 and L, = k. In this case, the Binet formula takes the form
Lin =07+ 0% and 50 Ly n = Fin1 + Fing1

Theorem 2 Sum of even k-Lucas numbers

Forr2>1,
L -L
Z Lk 2rj = k, 2r(Ln+l) 2k 2rn +1 (3)
k,2r =

j=0

Proof.
n . 2rn 2r _ 2rn

; 2 o 1 o a -1
ZLk orj = Z (af"’ +<72") = 10¥r1__ Tt 2 2 —1
=0 j=0

o%rn _ a.f"(""‘l) - 022’1‘ +1+ a.2rn _ a.g"(“"‘l) _ a.fr +1
(0102)%" — %" — 03" +1
o.?"(“"'l) +a.§7‘("+1) (0.2rn +o.2rn) +( +02r) 9
2 +g2m — 2
Li2r(nt1) = Li2rn + Lk,2r -2
Lyor—2

Theorem 8 Sum of alternated even k—Lucas numbers
Forr>1:
L 2r(n+1) + Li,2rn

J = (—1)"
,-_Zo(-l) Liar; = (-1) Leart? +1 (4)
Proof.
n n
Y (-1 Liarj = Y (1) (Ufrj + Ugrj)
=0 =0
(_l)n 2rn(_a2r) -1 ( l)n 2rn(_a2r) -1
—gir -1 -g3" -1

(=102 + (=)0 2™ 4 o2 4 1 4 (—1)02™ + (=1)Po2T ") L o2r 41
(0102)21' + 02r 2r + 1
(-1 (o™ 4 D) 4 (~1)" (7 + 0B + (o3 +0F) + 2
e )
(_l)nLk,2r(n+1) + (‘l)nLk,Zrn + Lk,2r +2
Lk.2r +2

because 03 03" = (0102)%" = (-1)¥ =1
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2 On the odd powers of the k—Fibonacci num-
bers

In this section we will study the powers Fy, 2"“. We will prove a formula that
relates these powers to the k—-Fibonacci numbers of odd index. This section ends
with a formula for the sum of these numbers.

Theorem 4 Odd power of a k—Fibonacci number
An odd power of a k-Fibonacci number is related to the k- Fibonacci numbers
of odd index by mean of the following formula:

- n 2r+1
FiH = W;( 1){ +l)’( j )Fk (@r+1-2j)ny 720 (5)

ot — o2\ !
Proof. From the Binet formula, F,?';H = (—1—1) .
’ o1 — 03

Now we will expand this formula taking into account o1 — o2 = Vk2 + 4, 0100 =
~1 and that this ezpansion has 2r + 2 terms:

2r4l 1 = 2r+ 1\, nvorti—jrn
B = e 0 (7)) ey

1 1
(k2 +4)" VT +4
kwm—@fmﬁm@HGT3WWﬂmtm]

(on)2r+l (an)2r+1
(1’c2 +4) [ vEZ+4
_ (2r+1)(an)2r 1(0’10'2)“ _ (2r+l)(a£')2r_1(0'162)“
vkZ +4
(2r+1)(an)2r-3(010.2)2n (3:1-} (0.51)21'—3(0.102)27;
vkZ+4 o
1

2r+1
= wEra [F k,(2r+1)n ~ ( )( 1)*F,2r-1)n

2r+1 2r+1
+( 9 )Fk,(2r—3)n - ( )( 1)"Fi (2r-5)n + ]
1 u 2r+1
- —_——— —1)(n+1)i
(k? + 4)r J_Zo( 1) ( 7 )Fk (2r+1-25)n

We have used the property of symmetry (1) = (,2..) 5, p- 174].
From the Formula (5), we can express Fi (2r41)n a5 a combination of powers
of F. n and see below. Forr=1,2,3:
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F3

k,n

F.

7
Fk,n

1
k2 +4
1
(k2 +4)°

[Fk,3n = 3(=1)"Fpn)

(F,5n — 5(=1)"Fr3n + 10F% 5]

= 1(=1)"Fy5n + 21F}. 3, — 35(—1)"F,n)

1
G

From these formulas we obtain

Fi.3n
Fr5n
Fk,7n
Fk,gn

(K +4)F2 , +3(-1)"Fin

(K + 42 F¢  + 5(-1)"(K* + 4)F; , + 5F,n

(k% +4)3F]  + 7(=1)*(K® + 4)°F , + 14(K®* + Q) F2 . + T(-1)"Fie1n
(k% + 4)*F2  + 9(-1)"(K* + 4)°F , + 27(K* + 4)°F¢ ,
+30(—1)" (k% + 4)F2 . + 9Fk

With the coefficients of these expressions we generate the Table 1, where the
r

column I is the sum by rows and the last column is Z(—l)""car,c:

=0

Table 1: Coefficients of Fi (2,41)n

rNe|0 1 2 3 4 5 6 7 T|x
0 |1 T 1
1 |1 3 4| 2
2 |1 5 5 nj1
3 |1 7 14 7 29 | -1
4 |1 9 27 30 9 76 | -2
5 |1 11 4 77 855 11 199 | -1
6 |1 13 65 156 182 91 13 521 | 1
7 {1 15 60 275 450 378 140 15 | 1364 | 2

This table corresponds to the odd coefficients of the Lucas Polynomials (OEIS,

A034807).

It is easy to build this table if we follow the following instructions: if a,
is the entry of the r-th row (for r = 0,1,2,...) and the c-th column (for
c=0,1,2,...,7r), then

1. aro=1 for allr

2. a1y = 3
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3. Qr,c = 2ar—l.c—l +ar_1,c = Cr-2,c-2

For instance: ag4 = 2053 + asq4 —ag42 =277+ 55 — 27 =182

All the diagonal sequences of this table I as well as the first four columns are
listed in OEIS.

The sequence of the penultimate column T : {1,4,11,29, 76,199, 521,1364, ...}
is the bisection of the classical Lucas sequence, Lop,1. These numbers verify the
recurrence relation b,y = 3b, — by_y for n > 1 with the initial conditions
bo=1, by =4.

The sequence of the last column ¥’ : {1,2,1,-1,-2,-1,1,2,...} corresponds
to the sum d. = ). _o(=1)"*°a, .. Each term can be calculate by the formula

dr = i(_—l)lﬁ%(_—l): It is the sequence A057079 in OFEIS.

We can find these numbers by appling the formula

2r+1 -
r+1(2r lc) for r > 1. Consequently,

Vr, a0 =1 and arc =

c —
. 2r 41 2
r r—c -
Fearetn = (2 + QT FEH 43 (=)o ——( "YW + 7RG (e)
e=1
For the classical Fibonacci numbers (k= 1), it is:
Fan = SF34+3(-1)"Fn
Fen = 25F8 4+25(-1)"F3 +5F,
Frn = 125F7 +175(=1)"F3 + T0F3 + 7(-1)"Fy
Fop = 625F2 4 1125(=1)"F1 4 675F2 + 150(~1)"F3 + 9F,

2.1 Sum of the odd consecutive powers of the k—Fibonacci

numbers
From the Equation (5), it is Fka’n = kzlm[l“k,a,, — (=1)"3F ] and so
n l n n
ZF,?'J. il ZF"'aj - Z(—l)j3Fk.j:| and applying the equations (1) and (2), it

.:,'=0 j=0 i=0

18
n
3 _ 1 Fr atn41) + Fr,an — Fi 3 3
ZFk.j s [ Trs "I [(-D"(Fins1 = Fin) - 1]

j=0 n
Follf:hg,ghe _same ﬂmces.-r,%(nmﬁmipk,-’m = Fs
— kn = (k2 4+ 9)2 Lis

D" Frsneny + (=1)"Fr3n — Fra + loFk.n+l — Fron — Fi 1
Lis Lia
ip’: 1 [Fk.7(ﬂ+l) + Fi,7n = Fi7
m 2 3
= (k2 + 4) Ly
_7(—1)"Fk.5(n+1) —(=1)"Fy5n — Fi.5
Lys
o fesean + Fean = Fia o (1) Flings = (D" Fln = Fra
Lis Li,1
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And, in general,

Z kr+1 (k2+4)rz(2r+1

3=0

(-1)’("“)Fk.(zr-g-l-zj)(n-x-l) — (=17 D o i1-2j)n — Fr2r41-25
Li,2r4+1~25

3 Even powers of the k—Fibonacci numbers

We will follow in this section a similar process that in the section 2: finding a combinatorial
formula for F,f_’;, and then a formula for its sum.

Theorem § Combinatorial formula for the even k~Fibonacci numbers

For an even power of tik-Fi number it is
Fir — (2r)
kn = (k2 4 g)r

Proof. Deuelopmg the @}nﬂet afg

Z( =D)L, o 4 (—1)nDr ™
j=0

k.n

\/(Tf+4—)2r Z( 7 () enriopy
oG
" [err - (D err=2roar + (5 )(ai‘)"“(awz)ﬂ" _
ok (MY e (7
(2 r @B or02)" + (d;)Zr]

@iy L+ = (e (o An o)

+ 2; ) (a§’r—4)" +a£2r—4)n) - (“’;)(-1)7. (0.{2r-6)n + agzr_e),.)

oo (1) (2:)]

*+ar + 4r

)(6")2'_4(6102)2"

1 2r 2r
i [Lk,2rn -( 1 =) L agr—ayn + (2 )Lh,2(r-—2)n

- (2;) (—1)"Lk'2(,-_3),, 4o (1R (2:)]

r—1
Zk_”l-*w [Z (2;)(—1)("“” Li,@r-2n + (—1)("“)'(2:)]
j=0

For the powers 2, 4, 6 and 8, it is

Fkn
Fim

Fkn

8
Fk,'n

= E,L—‘l (Lr2n —2(-1)")

1
m (Lk,dn ~4(-1)"Lg2n + 5)

1
= =Ty (Lr.6n — 6(=1)"Li,an + 15Lx 20 ~ (—1)"20)
1

= "o (Lk.Bn —8(—1)"Ly 6n + 28Lk 4n — 56(—1)" L an + 70)
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As particular ceses, and {;qéloufnz% the same process when r is odd, for
ksn

r= l,2,§[¢42twe ﬁtaig‘ijf 4) -)"

Lian = (K +4F, +4(-)"(*+4)FZ +2
Lion = (R2+3F8 +6(-1)"(k% +4PF8  +9(k* +4)FZ, +2(-1)"
Lign = (K +a)%F8, +8(-1)"(k? + 4)°FF , +20(k* + 4)°F} ,

+16(-1)" (k% + 4)FZ , + 2
With the coefficients of these erpressions we generate the Table 2, where the column T is
r

the sum by rows and the last column is Z(-l)"“am: This table corresponds to the even
3=0

Table 2: Coefficients of Fi 2rn

nelo 1 2 3 4 5 6 7| n|%
0 |2 3 2
1 (1 2 3|1
2 [1 4 2 7| -1
3 |1 6 9 2 18 | -2
4 |1 8 2 16 2 47 | a1
5 |1 10 35 50 25 2 123 | 1
6 {1 12 54 112 105 36 2 322 | 2
7 |1 14 77 210 204 196 49 2 |843 | 1

coefficients of the Lucas Polynomials (OEIS, A034807). )
We can build this table following the same rule as in the case of odd power: if a, ¢ is the
entry of the r-th row (for r =0,1,2,...) and the c-th column (forc=0,1,2,...,7), then

1. ap0o=a3,1 =2

2. aro=1foralr>1

8. arc=28r.1,6-148r_1,c — @r_2,c-2 : the same relation that for the odd k-Fibonacci

numbers.
All the diagonal sequences and the first four columns of this table are listed in OEIS.

The sequence {2,3,7,18,47,123,322,843,...} is the bisection of the classical Lucas se-
quence, Lon. The terms of this sequence verify the same recurrence relation that in the case
of the Table 1: bpy1 = 3bp — bn—1 but with the initial conditions bp = 2 and b; = 3.

We can find these numbers by appling the following formula: eopo = 2, for all + >

2r 2r—c—1
1, aro=1, eand arc = e S ) Consequently,
r
2r 2r —c-1 -
Luarn = (2 + 47 FEL + 3 (172 (7 70762 + o0 @)

e=1
For the clos$ian! Fiﬁonégz dnd(tddas sequences, it is
Lsn = 25F3 +20(—1)"F2 +2
Len 125F¢ + 150(~1)"F2 4 45F2 + 2(—1)"
Lgn 625F8 + 1000(—1)"F$ + 500F} + 80(—1)"F2 + 2
For instance, Lg = 625 — 1000 + 500 — 80 4 2 = 47
As final conclussion of this part, we can merge the formulas 6 and 8, obtaining

15)
(k2 +4)l§JFl:,n + Z(_l)ncg(f :—C.; 1)(k2 +4)l§J—CF,:‘;.2c =

e=z1
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® Fryn ifr is odd

® Ly pn if ris even.
In such case, the table of coefficients takes the form This table corresponds to the coefficients

Table 3: Coefficients of Fi rn

r\c|0O 1 2 3 4] %
0 2 2
1 1 1
2 1 2 3
3 1 3 4
4 1 4 2 7
5 1 5 5 11
6 1 6 9 2 18
7 1 7 14 7 29
8 1 8 20 16 2|47
of the Lucas Polynomials (OEIS, A034807) and the last column is the sequence of the classical

Lucas numbers.

The antidiagonal sums is the sequence {2,1,1,3,4,5,8,12,17,...} = A179070 which terms
verify the recurrence relation ant+) = an + an—2 for n > 2, with the initial conditions ag =
2,a1=1a=1

Theorem 6 Sum of the consecutive even powers of the k—Fibonacci numbers
The sum of the consecutive even powers of the k-Fibonacci numbers is given by

n j
F2r = Z( 1)(n+1)1 2" Ly, (2r—25)(n+1) = (1) Ly (2r—2j)n
ka = k2+4)f Li2r—2; — 2(-1)3

=0
2r—1 n+4l)r r
+(7 7 D 4 - +1)n))
It is enough to apply the formulas (3) and (4) to the formula (7).

Forr=1,2,3 itis

n 1 L 2(n+1) — Li,2n
P G FE. = : - (="
2,:0 kg k2 +4 ( Lia=-2 (-1

n = 1 Li,a(n+1) = Li,an Lk.z(n-u) + Li2n
i=0Fi; = #2142 ( —-4(-1) ———————"+6n+3

Lga~-2 Lra+2
L -L L L
Z"'— FS, = 1 k,6(n+1) k6n 6(=1)" k,a(n+1) + Lkan N
3=0" k.J (k2 +4)3 Lreg—2 Lea+2

Lio2-2
Finally, for the classical Fibonacci numbers (k =1), it is

TieoF? = g(Lans1 = (-1

Z,. Fé 1 (3L4n+l + Lan 4(_1)"L2";15+ﬁ +6n + 3)

L -L
+15 k,2(n+1) k,2n _ 10(_1),,)

j=0"7 25 5
1 2Lg + Len
N L6ntl T M6n _ o(_1)n —-10(-1)"
E:j=0 H 125( 4 2(-1)"Lan42 + 15L2n41 — 10(-1) )
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3.0.1 Conclusion

We have found a formula to calculate the sum of the powers of the k-Fibonacci numbers by
means of a linear combination of k-Fibonacci numbers or of k-Lucas numbers, according to
the power is odd or even, respectively.
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