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Abstract A bridge graph is special one of those graphs with more than one
cut-edge. In this paper we compute Wiener, hyper-Wiener, PI and vertex PI
indices of graphs with more than one cut-edge, which generalize results in
(12, 13, 14].
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1 Introduction

A topological index is a real number related to a molecular graph, which
does not depend on the labeling or the pictorial representation of a graph.
Several indices have been defined and have found applications as means
to model chemical, pharmaceutical and other properties of molecules. The
Wiener index, introduced in 1947 by H. Wiener as the path number for
characterization of alkanes, is the first topological index used in chemistry
[15, 16, 17]. The hyper-Wiener index of acyclic graphs was introduced by
M. Randié, and then Klein et al. [11] generalized Randié¢’s definition for all
connected graphs as a generalization of the Wiener index. I. Gutman et al.
[2, 3, 4, 10, 19] studied the mathematical properties of hyper-Wiener index
and its applications in chemistry. P. V. Khadikar and S. Karmarkar intro-
duced the PI index in (5] and showed in [6, 7) that the PI index correlates
highly with Wiener index as well as with the physicochemical properties
and biological activities of a large number of diverse and complex com-
pounds. M.H. Khalifeh et al. [8] defined the vertex PI index and computed
vertex PI indices of some graphs (1, 9, 18].
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Recall the definition of a bridge graph in [12]. Let {B;}2, be a set
of finite pairwise disjoint graphs with v; € V(B;). The bridge graph H =
B{By, B;,- - - By} is the graph obtained from By, - - - , By by connecting the
vertices v; and v;4.; by an edge for all i =1,2,--- ,h — 1, as in Fig. 1.

Fig. 1. A bridge graph H = B{B,, B>, - Bn}

Wiener, hyper-Wiener, PI and vertex PI indices of a bridge graph have been
computed in (12, 13, 14], respectively. A bridge graph is clearly one of these
graphs with more than one cut-edge. In this paper we obtain formulae of
Wiener, hyper-Wiener, PI and vertex PI indices of a graph with more than
one cut-edge, which generalize the results in [12, 13, 14].

2 Some notations

Suppose that G = (V(G), E(G)) is a graph with the cut-edge set €. Let
# =G\ €. A component of & is a block of G. We denote by T(G) the
characteristic tree of G obtained from G by contracting each block of G
into a vertex, as illustrated in Fig. 2.

G T©)
Fig. 2. The graph G and its characteristic graph T(G)

If one end of cut-edge e belongs to block B, then e and B are adjacent,
denoted by e ~ B. If e ~ B then we write ep for e. Let P = {(eg, B)|B €
B}. Given (ep,B) € P, we let B, B) be the set of such blocks B’
that the path from B to B’ in T(G) contains eg, and let N(ep,B) =
ZB’e@(,B_B, |B'| and N (ep, B) = Ea'ega(cﬂ',,) dr)(B , B)|B |, where
dr)(B, B') denotes the distance between vertices B and B’ in T(G) and
|B’| is the cardinality of the vertex set V(B’).
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3 Indices of graphs with more than one cut
edge

If e and f are two edges of a graph G, then we denote by dg(e, f) the short-
est one of distances between ends of e and ones of f; if v is a vertex of G,
then we denote by dg (v, €) the shorter one of distances between v and ends
of e. Set d*(e,G) = 3, cy(q) do(v,€) and d*¥(e,G) = 3 ey () & (v, €).
Recall that the Wiener index W(G) of a graph G is defined as W(G) =
2 (uwycv(c) 96 {u, v), where dg(u, v) denotes the distance between vertices
u and v in &

Theorem 1. Suppose that G is a graph with cut-edge set €. Let B = G\¥
and Q = {(eB, B, fg)| B € B,ep,f € €}. Then

W(G) =Y W(B)+ Y. N(es,B)d*(es, B)
Be® (es,B)EP
+ S N(es,B)N(fs,B)dc(es, fb)
(es,B,fB)EQ
+ > |B|IB |dr@)(B’,B").
{BI,B"}CQ

Proof. Suppose that = and y are two vertices of G, and that B’ and B”
are two blocks of G containing z and vy, respectively. Let B'’PB" be the
path in T(G) between B’ and B”, and ep' and eg~ be two cut-edges on
B'PB". Write B € B’PB" if cut-edges eg and fp are on B’PB"”. Thus

we have

dG(!B, y) = dG(xyeB’) + dG(y’ 63") + dT(G)(B,7B") + Z dG(CB, .fB)
BeB'PB"
(1)

Using the formula (1) we obtain

M(B,B)Y =Y > do(z,y)

zeB’ yeB”
=|B"|d*(ep:, B') +|B'|d* (e, B”)

+|B'(|B” |dr)(B',B") +|B'IIB"| > dgles, f5)
BeB'PB"
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Therefore, by the definition of W(G) and the equation above, we have
W)=Y WB+ Y A(B.B)

Bez {B',B"}c®

=Y W(®B)+ > N(ep,B)d*(ep,B)

Be# (ep,B)EP

+ Y. N(es,B)N(fs,B)dc(es, f5)
(es,B,fB)EQ

+ Y IB)1B ldr@) (B, B"). o
{B',B” }CQ

Recall that the hyper-Wiener index WW (G) of a graph G is defined as
follows

WW(G) = % Z (dg(u, v) +dg(u, v)z).
{u,v}CV(G)

Theorem 2. Suppose that G is a graph with cut-edge set €, and let B =
G\¥. Then

WW(G) = ) WW(B)
Be%#

> 1BB") ((dT(G) (B, B"))2 + dr(c) (B, B"))
{B'.B"}CQ

Yy (N(eg, B)d*+(ep, B) + N(eg, B)d* (e, B)
(eg,B)EP

+

+

BN = DN

+2N'(e5, B)d* (e5, B))

+ % >~ (2N'(e, B)N(f3,B) +2N'(f5,B)N(e5, B)
(35|Btf5)€Q
+ N(f, B)N(es, B) ) da(es, f5)

+ > dre)(B,B")BB"| Y. dgles, i)

{B',B"}C®B BeB'PB”

1 2
+ ) (d*(eBI,B')d+(ea~,B")+5|B'||B"|( > doles, f5))%).
{B’,B"}CQ BeBIPBIl

Proof. Suppose that x and y are two vertices of G, and that B’ and B” are
two blocks of G containing = and y, respectively. Let B’PB" be the path
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in T(G) between B’ and B”, and ep and eg~ be two cut-edges on B’PB”.
Write B € B’PB” if cut-edges eg and fp are on B’ PB”. According to the
formula (1), we have

A2(B,1-B”) = Z z da(:z:,y)2

zeB’ yeB"

=Y ¥ (do(a,en) +daly, e8+) + drc)(B', B")
z€B' yeB’

2
+ 0> dc(eB,fB))
BeB'PB"
—2d*(eg, B')d* (eg, B") + |B'|d** (egn, B")
+2|B"|d*(ep,B) Y dc(es,fB)
BGBIPBH
+ 2|B'|dr(c)(B’, B")d*(ep, B")

2
+1B1B"|( Y doles,fz)) +|B"Id**(en, B)
BeB'PB"
+2|B"|dy (B, B")d* (ep:, B')

+2dr(q) (B, B")|B'||B"| ) dcles, fp)
BeB'PB”

+2|B'ld*(epn, B") Y. dcles, f5) +|B|IB"|(dr(o) (B, B"))
BeB'PB"

2

Therefore, by the equation above, we further have

Z Az(B', Bn)

{B’,B”}CQ

=2 Y (1B"d*(es, B) +|B'|d* s+, B") . dales,fz)
{B',B"}c%® BeB'PB"

2
+ > IB,”B”l(dT(C-‘)(B"B”))
{B',B"}CRB
+2 ) d¥(ep:,B')d*(epn,B")
{B',B”}Cg

+ T (119" (e5 B) + Bd* (en, B))
{BI,BH}CQ
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o Y B Y delesss)

{B',B"}C @B BeB'PB"
+2 Y (1B"lr)(B',B")d* (s, B)
{B',B"}CSB

+|B'|drcy(B', B")d* (e, B"))
+2 Y. dpe)(B.B")BIB"| Y. doles fs)

{(B',B"}C® BeB'PB"
=2 Y (N'(es,B)N(f3,B) +N'(f5,B)N(es, B))dc(es, f5)
(eB'BrfB)eQ
+2 Y dre(B,B)B|B"| Y dcles,fs)
{B',B"}CB BEB'PB"
2
+ 3 BB Y deles fa))
{BI’BII}CQ BEB'PB"
2
+ Y 1B1B"|(dre (B, B")
{B’,B”}C@
+ Y. N(es,B)d**(es,B)+2 > N'(es,B)d*(es,B)
(ez,B)eP (es,B)eP
+2 > d¥(ep,B')d*(epr,B").
{B',B"}Cg

Therefore, by the definition of the Hyper-Wiener index and Theorem 1, we
obtain

1 2
WWEG) =5 Y. (do(wv)+do(u,v)?)
{u,v}CV(G)
1 1
=3W(G) +5 > do(u,v)?
{u,v}eV(G)
1 1 . 1
=§W(G)+§Z Y. ds(w,v) +3 D Ay(B,B")
Be% {u,v}CB {B',B"}e®
=sW@+ 3 d*(esB)d*(enn, B)
{B',B"}e%®
1 2 1
+5 Y IBIB"|(drc)(B\B") +5 D Nles B)d**(es,B)
(B",B"}c® (es,B)EP
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+ 3 N'(eB,B)d+(e3,B)+%Z > dp(u,v)?

(es,B)EP BERB {uv}CB

+ Y, (N'es,B)N(fs,B)+ N'(f, B)N(es, B))dc(es, f)
(eB,B,fB)EQ

+ D (dT(G)(B"B"NB'“B"l Y dgles, fs)

{B",B"}CR BeB’'PB"

FSIBUBY( Y does, fn))’)

BeB'PB”

1
= z WW(B) + 3 Z |B,”B”|((dT(G)(B,1 B"))2 +dT(G)(B',B"))
BGQ {BI,BII}GQ
42 S (Nees B)itH(es, By + Nies, B)d*(e5, B)
(eB,B)EP

+2N'(eg, B)d* (e, B))

+-;— > (2N'(es, BIN(f5,B) +2N'({3, B)N(e5, B)
(es.B.fB)EQ

+ N(fs, B)N(es, B) ) dc(es, f5)

+ Y drey(B.B")B|B"| ). dcles,fs)
{B',B"}C@ BeB’'PB"

+ Y d*(ep,B')d*(epn, B")

(B'.B"}eB

+3 X BB Y doles fn) o

{B',B"}e® BeB'PB"

Suppose that e = uv is an edge of a graph G = (V(G), E(G)). Then
we denote by N,(e|G) and N/(e|G) the set of vertices and edges lying
closer to u than to v, respectively. Let n,(e|G) = |Ny(e|G)| and n/,(e|G) =
|N!(e]G)|. Then the vertex PI index PI,(G) and PI index PI(G) of G
aré defined as following.PI,(G) = Y. [n.(e|G) + n,(e|G)], PI(G) =

e€E(G)

2 [nu(elG) + ni(elG)].
e€E(G)

If we denote by n,,(e|G) and nl,,(e|G) the number of vertices and edges
in G having the same distance from ends u and v of e, respectively, then
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PL(G) = |E(G)IIG|- e%%G) nuy(e|G),PI(G) = IE(G)I"’—eeEZ(G) T (€lG)-

Theorem 3. Suppose that G is a graph with cut-edge set €, and let
B =G\¥. For (fg,B) € P and e = uv € E(B), define

F(e,(fs,B)) = { (1): Z:grfu{zg:l) = dg(fB,v);

Then we have

PL,(G)=)_ PI(B)+|E(GIIG| - Y |E(B)|B|
Be# Be#

- X Y Fle(sB)N(z B).

(fB,B)EP e€ E(B)

Proof. We first have

D mu(el@) =3 Y mun(elG)+ 3 nunlelC)

e€E(G) Be % ecE(B) ec®

Note that ) ny,(e]G) = 0. We further have
e€E¥

> @ =Y Y (nwleB)+ Y nulelB)

e€E(G) B€E% ecE(B) Be®\B
=Y IEB)IBl- Y PL(B)+ Y. Y F(e(fs,B)N(fs,B)
Be® Be® (fB.B)EP e€E(B)
Thus
PI(G)=E@)|IG] = > nuulelG)
e€E(G)
=" PL(B)+|E@)IG| - Y |E(B)||B|
Be% Be2
- Z Z F(e,(fB,B))N(fB,B) D

(f8,B)eP ecE(B)

Similarly, we can obtain the following
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Theorem 4. Suppose that G is a graph with cut-edge set €, and let
@B =G\¥. For (fg,B) € P and e = uv € E(B), define

F(e,(fs,B)) ={ 1, ifde(fs,u) = da(fs,v);

0, otherwise.

Then we have

PI(G)= ) PI(B)+|E(G)* - > |E(B)?

Be® Be#
- Y X FleusB)( X IE®)
(f8,B)EP ecE(B) B'€B(.p.5)
1
+3 ' > dT(G)(BI)_l)'
BEQ(CB,B)

Remarks. As an application we use these formulae above to compute
those corresponding indices of bridge graph H = B{B, Bz --- Bp}. In the
bridge graph H, if we let e; = v;v;41, then we easily see that

P = {(ei,B,-), (e.-, B,‘+1)|i = 1,2, vy h - 1}
Q = {(e:, Bi,ei41)[i = 1,2,--- ,h—1}.
h

'@(ei,Bi) = {lej =4,i+1,---,h},N(e;, B;) = Z Ile’
j=itl

h
N'(eBi)= > (i —)|Bjl.

|3
'@(ei,Bi+l) = {lej =12, 'i}s N(eivBi+1) = Z |Bj|:
=1

N'(ei, Bis1) =) (i—j+1)|Bj|.

j=1
d*(e, By = > du(v,w)=d*(vi, B;).
veV(B:)
d*(ei, Biy1) = Z dy(v,vi41) = d¥ (vig1, Biga).
vEV(Bis1)
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d**(en, B)= Y  du(v,v)? =d**(v;,Bi).
veV(B;)

d**(e,, Bir1) = ), du(v,9i+1)? = AV (vis1, Birr)-
veV(Bis1) ‘

Thus, according to corresponding formulae above, we obtain the follow-
ing results.

h
W(H) = W(B:) + N(es, B1)d*(e1, B1) + N(en—1, Bn)d* (en—1, Bn)

i=1

h~1

+ 3 (Neim1, B)d* (ei-1, B)) + e, B)d* (e, By))

=2

+ Y |BillBjldrn(Bi, B;)

1<i<j<h

h-1

—ZW(B)+Z|B| > du(wu)+ ) 1Bl Y. du(v,va)

=1 3=2 veV(B) j=1 vEV(Bx)

h—1 i-1 h

+3 (1Bl Y dwey+ Y IBI Y dww)

i=2  j=1 veV(B;) j=i+l veV(B;)

+ Y BBl —d)

1<i<ji<h
—ZW(B)+Z((1H| IBAd)d* (i, B)) + Y. IBiIB;I(s - ).
i=1 1<i<j<h

h
WW(H) =Y WW(B)+ > |BillB;I("5"

i=1 1<i<j<h

+ 1N(e1, By)d* (es, By)

+ L N(en1, Br)d* (en_1, Br)

|!-‘k0

h-1
>~ (N(es1, Bi)d* (ei, B) + Nies, Bi)d* (es, By) )

i=2

N(el Bl)d++(el,Bl)+ N(eh 1,Bh)d++(eh 1,Bh)

*3

Ml»—a
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h—
+3 >3 (N(ei-1, Bi)d* (ei, Bi) + N(es, Bi)d** (es, By ))

=2
+ N'(ey, B,)d* (e1B1) + N'(en—1, Br)d* (en—1, Bn)
h-1
+ Z (N'(e,'_l,Bi)d'*'(e,-_l,B,-) + N’(ei,Bg)d+(€i, B,))
i=2
+ 3 (X dwe) Y dwy))
I<i<j<h veV(B;) veV(B;)
=ZWW(B.-)+ S BB + 2 ZlBl > dv,wm)
i=1 1<i<j<h 1—2 veV(B)
Z|B| > d(w,u)
veV(B,)
+;Z(Z|B, > d(vv‘)+Z|B[ > d(vvz))
i=2 veV(B;) J=i+l veV(B;)
2Zlel Y. dwu)+ Z|B| > dv,m)’
i=2 veV(B,) 1—1 veV(By)
+;Z(ZIBI > dv,w)?+ Z 1Bi| > d(u,u,-)Z)
i=2 j= veV(B;) .7"'""1 veV(Bi)
-1
+Z(Z(z‘—j)|Bj| 3 dwu)+ Z(j—i)w,-l > d,u)
i=1 j=1 veV(B;) =i+l veV(B:)
+ 3 (X dwe) Y do v))
I<i<j<h veV(B;) veV(B;)

—ZWW(B)+ > BBl

I<i<j<h

+ ; (181 = 1Bl (d+* (o, Bi) + d* (us, B))

+2 ) (G-i)Bildtw, B+ Y df(wi,Bi)d* (v, By).

1<i<j<h 1<i<j<h

if dg(u,v;) = dg(v, vi);
otherwise.

If e = uv is an edge of B;, then F(e, (e;, B;)) = { (1)’
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It is obvious that F (e, (e;—1, B;)) = F(e, (ei, B;)).

PL(H) = ZPI (B:) + |E(H)||H| - Z |E(B:)||Bi|

g=1

- > F(e, (en—1,Bn))N(en—1,Bn)

cEE(Bh)
—Z > (Fle (eim1, B))Nleio, Bi) + Fle, (ei, Bi)) N(es, B:))
i=2 ecE(B;)

> F(e (e1,B1))N(e1, B1)

e€E(B))

h
=ZPIu(Bi)+|E(H)||Hl
- IEB)B:l- Y F(e,(eh-l,Bh))ZlBil
i=1 e€E(By) i=
-3 5 R (e,,B))(Z|B|+ 518 )
i=1 e E(B;) j=i+l

— 3" PL(B) + DI - 3 BB
i=1 i=1
S= Fle (enr, Bn) (IH] - [Bu])

e€E(By)

5 S PleenB) (11~ 184).

i=1 e€E(B:)

If we denote by M, (G) the set of all edges ww’ in G such that d(w,v) =
d(w’,v) and by m,(G) the cardinality of M, (G), then

h h
PI,(H) =Y _ PL(B:)+|E(H)||H| - ) |E(B:)||Bi|
i=1 i=1
h
= > mu(B)(1H| - V(B).

i=1

These results identify with those corresponding ones in 12, 13, 14].

384



References

[1] A. R. Ashrafi, M. Ghorbani, M. Jalali, The vertex PI and Szeged in-
dices of an infinite family of fullerenes, Theor. Comput. Chem. 7(2)
(2008) 221-231.

[2] G. G. Cash, Relationship between the Hosoya polynomial and the
Hyper- Wiener indez, Appl. Math. Lett. 15 (2002) 893-895.

[3] G. G. Cash, Polynomial ezpressions for the hyper-Wiener index of
extended hydrocarbon networks, Comput. Chem. 25 (2001) 577-582.

[4] 1. Gutman, Relation between hyper- Wiener and Wiener inder, Chem.
Phys. Lett. 364 (2002) 352-356.

(5] P. V. Khadikar, On a novel structural descriptor PI, Natl. Acad. Sci.
Lett. 23 (2000) 113-118.

[6] P. V. Khadikar, S. Karmarkar, V. K. Agrawal, Relationships and rel-
ative correlation potential of the Wiener, Szeged and PI indices, Natl.
Acad. Sci. Lett. 23 (2000) 165-170.

[7] P. V. Khadikar, S. Karmarkar,A novel PI indez and its applications to
QSPR/QSAR studies, J. Chem. Inf. Comput. Sci. 41 (2001) 934-949.

[8] M. H. Khalifeh, H. Yousefi-Azari, A. R. Ashrafi, Vertez and edge PI
indeices of cartesian product graphs, Discrete Appl. Math. 72 (2008)
1780-1789.

[9] M. H. Khalifeh, H. Yousefi-Azari, A. R. Ashrafi, A matriz method for
computing Szeged and vertex PI indeces of join and composition of
graphs, Linear Alf. Appl. 429 (2008) 2702-2709.

[10] S. Klavzar, P. Zigert, I. Gutman, An algorithm for the calculation of
the hyper- Wiener indez of benzenoid hydrocarbons, Comput. Chem. 24
(2000) 229-233.

(11] D. J. Klein, I. Lukovits, I. Gutman, On the definition of the hyper-
Wiener index for cycle-containing structures, J. Chem. Inf. Comput.
Sci. 35 (1995) 50-52.

(12] T. Mansour, M. Schork, The vertez PI indez and Szeged index of bridge
graphs, Disc. Appl. Math. 157 (2008) 1600-1606.

(13] T. Mansour, M. Schork, The PI index of bridge and chain graphs,
MATCH Commum. Math. Comput. Chem. 61 (2009) 723-734.

385



[14] T. Mansour, M. Schork, Wiener, hyper-Wiener, detour and hyper-
detour indices of bridge and chain graphs, J. Math. Chem. 47 (2010)
72-98. .

[15] H. Wiener, Structural determination of paraffin boiling points, J. Am.
Chem. Soc. 69 (1947) 17-20.

[16] H. Wiener, Correlation of heats of isomerization and differences in
heats of vaporization of isomers among the paraffin hydrocarbons, J.
Am. Chem. Soc. 69 (1947) 2636-2638.

(17] H. Wiener, Influence of interatomic forces on paraffin properties, J.
Chem. Phys. 15 (1947) 766-766.

[18] H. Yousefi-Azari, A. R. Ashrafi, M. H. Khalifeh, Computing vertez-PI
index of single and multi-walled nanotubes, Digest Journal of Nano-
materials and Biostructures 3 (4) (2008) 315-318.

[19] B. Zhou, 1. Gutman, Relations between Wiener, hyper-Wiener and
Zagreb indices, Chem. Phys. Lett. 394 (2004) 93-95.

386



